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Pr❡❢❛❝❡
❚❤❡ ✇♦r❦s r❡♣♦rt❡❞ ✐♥ t❤✐s t❤❡s✐s ❤❛✈❡ ❜❡❡♥ ❝❛rr✐❡❞ ♦✉t ❛t t❤❡ ▲❛❜♦r❛t♦✐r❡ ❞✬❆✉t♦♠❛t✐q✉❡ ❞❡
❇❡s❛♥ç♦♥✱ ✇❤✐❝❤ ❜❡❝❛♠❡ t❤❡ ❞❡♣❛rt♠❡♥t ♦❢ ❆✉t♦♠❛t✐❝ ❈♦♥tr♦❧ ❛♥❞ ▼✐❝r♦▼❡❝❤❛tr♦♥✐❝ ❙②s✲
t❡♠s ✭❆❙✷▼✮ ♦❢ ❋❊▼❚❖✲❙❚ ■♥st✐t✉t❡ ✐♥ ✷✵✵✽✳ ❚❤❡s❡ ✇♦r❦s ❤❛✈❡ ❜❡❡♥ ✉♥❞❡r t❤❡ ❣✉❛r❛♥t❡❡
♦❢ ❉r P❤✐❧✐♣♣❡ ▲✉t③✱ ❋✉❧❧ Pr♦❢❡ss♦r ❛t t❤❡ ❯♥✐✈❡rs✐t② ♦❢ ❋r❛♥❝❤❡✲❈♦♠té✱ ✇❤♦ ❣❛✈❡ ♠❡ ❛ ❤✐❣❤
❛✉t♦♥♦♠② ❛♥❞ ❤✐s ❢✉❧❧ tr✉st t♦ ❡①♣❧♦r❡ t❤❡ ✜❡❧❞✳ ■ ✇♦✉❧❞ ❧✐❦❡ t♦ s✐♥❝❡r❡❧② ❛❝❦♥♦✇❧❡❞❣❡ ❤✐♠✳
■ ✇♦✉❧❞ ❧✐❦❡ t♦ t❤❛♥❦ ❉r ◆✐❝♦❧❛s ❈❤❛✐❧❧❡t✱ ❋✉❧❧ Pr♦❢❡ss♦r ❛t t❤❡ ❯♥✐✈❡rs✐t② ♦❢ ❋r❛♥❝❤❡✲
❈♦♠té ✲ ❞✐r❡❝t♦r ♦❢ t❤❡ ❆❙✷▼ ❞❡♣❛rt❡♠❡♥t ❜❡t✇❡❡♥ ✷✵✵✼ ❛♥❞ ✷✵✶✶ ✲ ❛♥❞ s✐♥❝❡✱ ❞✐r❡❝t♦r ♦❢
❋❊▼❚❖✲❙❚✱ ❢♦r ❛❧❧♦✇✐♥❣ ♠❡ ✇♦r❦ ✐♥ ❣♦♦❞ ❝♦♥❞✐t✐♦♥s ❛t t❤❡ ❞❡♣❛rt♠❡♥t ❛♥❞ ❢♦r t❤❡ ♦❝❝❛s✐♦♥❛❧
❜✉t ❢r✉✐t❢✉❧ ❞✐s❝✉ss✐♦♥s ✐♥ t❤❡ ✜❡❧❞s ♦❢ ♣✐❡③♦❡❧❡❝tr✐❝ s②st❡♠s✳ ▼② t❤❛♥❦s ❛❧s♦ ❣♦ t♦ Pr♦❢❡ss♦r
◆♦✉r❡❞❞✐♥❡ ❩❡r❤♦✉♥✐ ✭❞✐r❡❝t♦r ♦❢ t❤❡ ❆❙✷▼ ❞❡♣❛rt❡♠❡♥t ❜❡t✇❡❡♥ ✷✵✶✶ ❛♥❞ ✷✵✶✷✮ ❛♥❞ t♦ ❉r
▼✐❝❤❛ë❧ ●❛✉t❤✐❡r ✭❞❡♣✉t② ❞✐r❡❝t♦r ❜❡t✇❡❡♥ ✷✵✶✶ ❛♥❞ ✷✵✶✷✱ ❛♥❞ ❞✐r❡❝t♦r ♦❢ t❤❡ ❞❡♣❛rt❡♠❡♥t
s✐♥❝❡ ✷✵✶✷✮ ❢♦r ❛❧❧♦✇✐♥❣ ♠❡ ❤❛✈❡ ❣♦♦❞ ✇♦r❦s ❝♦♥❞✐t✐♦♥s✳ ❚❤❡ ✇♦r❦s r❡♣♦rt❡❞ ❤❡r❡ ❛r❡ ✇✐t❤✐♥
t❤❡ ❈❖❉❊ t❡❛♠ ♦❢ t❤❡ ❆❙✷▼ ❞❡♣❛rt♠❡♥t ❛♥❞ ■ t❤❛♥❦ ❨❛♥♥ ▲❡ ●♦rr❡❝✱ t❡❛♠ r❡s♣♦♥s✐❜❧❡✱ ❢♦r
✐ts ♠❛♥❛❣❡♠❡♥t✳
▼② ❢✉❧❧ ❣r❛t✐t✉❞❡ ❣♦❡s t♦ ❉r ■❛♥ ❘✳ P❡t❡rs❡♥✱ ❋✉❧❧ Pr♦❢❡ss♦r ❛t t❤❡ ❯♥✐✈❡rs✐t② ♦❢ ◆❡✇ ❙♦✉t❤
❲❛❧❡s ✲ t❤❡ ❆✉str❛❧✐❛♥ ❉❡❢❡♥❝❡ ❋♦r❝❡ ❆❝❛❞❡♠② ✭❯◆❙❲✲❆❉❋❆✮✱ t♦ ❉r ●✐❧❞❛s ❇❡s❛♥ç♦♥✱ ❋✉❧❧
Pr♦❢❡ss♦r ❛t t❤❡ ◆❛t✐♦♥❛❧ P♦❧②t❡❝❤♥✐❝ ■♥st✐t✉t❡ ✭■◆P●✮ ●r❡♥♦❜❧❡✱ ❛♥❞ t♦ ❉r ❊r✐❝ ❇✐❞❡❛✉①✱
❋✉❧❧ Pr♦❢❡ss♦r ❛t t❤❡ ◆❛t✐♦♥❛❧ ■♥st✐t✉t❡ ♦❢ ❆♣♣❧✐❡❞ ❙❝✐❡♥❝❡s ✭■◆❙❆✮ ▲②♦♥✱ ❢♦r ❤❛✈✐♥❣ ❛❝❝❡♣t❡❞
t♦ r❡✈✐❡✇ t❤✐s t❤❡s✐s✳ ❆❧s♦ ■ ✇♦✉❧❞ ❧✐❦❡ t♦ t❤❛♥❦ ❉r ◆❛❝✐♠ ❘❛♠❞❛♥✐✱ ❋✉❧❧ Pr♦❢❡ss♦r ❛t t❤❡
❯♥✐✈❡rs✐t② ♦❢ ❖r❧é❛♥s✱ ❢♦r ❤❛✈✐♥❣ ❛❝❝❡♣t❡❞ t♦ ❝❤❛✐r t❤❡ ❥✉r②✱ ❛♥❞ t♦ ❉r ❘❡③❛ ▼♦❤❡✐♠❛♥✐✱ ❋✉❧❧
Pr♦❢❡ss♦r ❛t t❤❡ ❯♥✐✈❡rs✐t② ♦❢ ◆❡✇❝❛st❧❡ ◆❙❲ ❆✉str❛❧✐❛✱ ❛♥❞ ❉r ❉❛♥ P♦♣❛✱ ❆ss♦❝✐❛t❡ Pr♦❢❡s✲
s♦r ❛t t❤❡ ❯♥✐✈❡rs✐t② ♦❢ ❚❡①❛s ❛t ❆r❧✐♥❣t♦♥ ✭❚❳ ❯❙❆✮✱ ❢♦r ❤❛✈✐♥❣ ❛❝❝❡♣t❡❞ t♦ ❜❡ ❡①❛♠✐♥❡rs
♦❢ t❤❡ t❤❡s✐s✳ ■♥ ♣❛rt✐❝✉❧❛r✱ ♠❛♥② t❤❛♥❦s t♦ ❉r ❘❡③❛ ▼♦❤❡✐♠❛♥✐ ❢♦r ✇❡❧❝♦♠✐♥❣ ♠❡ ❛t t❤❡
▲❛❜♦r❛t♦r② ❢♦r ❉②♥❛♠✐❝s ❛♥❞ ❈♦♥tr♦❧ ♦❢ ◆❛♥♦❙②st❡♠s ✭▲❉❈◆✮ ♦❢ t❤❡ ❯♥✐✈❡rs✐t② ♦❢ ◆❡✇❝❛st❧❡
❞✉r✐♥❣ t❤r❡❡ ♠♦♥t❤s ✐♥ ✷✵✶✷✳ ▼② st❛② t❤❡r❡ ✇❛s ❛ ✉♥✐q✉❡ ❡①♣❡r✐❡♥❝❡✱ ❜♦t❤ ✐♥ t❤❡ s❝✐❡♥t✐✜❝
❛s♣❡❝t ❛♥❞ ✐♥ t❤❡ ❤✉♠❛♥ ❛s♣❡❝t✳ ■ ✇✐❧❧ ❞❡✜♥✐t❡❧② ❞♦ ✐t ❛❣❛✐♥✳
❚❤❡ ♣r♦❣r❡ss ♦❢ ♠❛♥② ♦❢ t❤❡ ✇♦r❦s r❡♣♦rt❡❞ ❤❡r❡ ❤❛✈❡ ❛❧s♦ ❜❡❡♥ ♣♦ss✐❜❧❡ t❤❛♥❦s t♦ ♥❛✲
t✐♦♥❛❧ ❛♥❞ ✐♥t❡r♥❛t✐♦♥❛❧ ❞✐s❝✉ss✐♦♥s✱ ❡①❝❤❛♥❣❡s ❛♥❞ ❝♦❧❧❛❜♦r❛t✐♦♥s✳ ■ ❛♠ ♣❛rt✐❝✉❧❛r❧② t❤❛♥❦❢✉❧
t♦ ❉r ▼♦❤❛♠♠❛❞ ❆❧ ❏❛♥❛✐❞❡❤✱ ❆ss♦❝✐❛t❡ Pr♦❢❡ss♦r ❛t t❤❡ ❯♥✐✈❡rs✐t② ♦❢ ❏♦r❞❛♥✱ t♦ ❉r ▼❛t❤✐❡✉
●r♦ss❛r❞✱ r❡s❡❛r❝❤❡r ❛t t❤❡ ❈❊❆ P❛r✐s✱ t♦ ❉r ❙té♣❤❛♥❡ ❘é❣♥✐❡r✱ ❋✉❧❧ Pr♦❢❡ss♦r ❛t t❤❡ ❯P▼❈
P❛r✐s✱ t♦ ❉r ❘❡③❛ ▼♦❤❡✐♠❛♥✐ ❛♥❞ t♦ ❤✐s ♣♦st❞♦❝t♦r❛❧ ❛♥❞ P❤❉ ❢❡❧❧♦✇s❤✐♣s ❛t t❤❡ ❯♥✐✈❡rs✐t②
✐
✐✐
♦❢ ◆❡✇❝❛st❧❡ ❆✉str❛❧✐❛✱ ❛♥❞ t♦ ❉r ❉❛♥ P♦♣❛✱ ❆ss♦❝✐❛t❡ Pr♦❢❡ss♦r ❛t t❤❡ ❯♥✐✈❡rs✐t② ♦❢ ❚❡①❛s ❛t
❆r❧✐♥❣t♦♥ ✭❯❚❆✮✱ ❛♥❞ t♦ ❤✐s ♣♦st❞♦❝t♦r❛❧ ❛♥❞ P❤❉ ❢❡❧❧♦✇s❤✐♣s✳ ▼② ❣r❛t✐t✉❞❡ t♦ ❉r ❉❛♥ P♦♣❛
❢♦r ✇❡❧❝♦♠✐♥❣ ♠❡ ❛t t❤❡ ◆❡①●❡♥ ❧❛❜ ♦❢ t❤❡ ❯❚❆ ❞✉r✐♥❣ ♦♥❡ ♠♦♥t❤ ✐♥ ✷✵✶✶✳ ▼② ❣r❛t✐t✉❞❡ ❛❧s♦
❣♦❡s t♦ P❊❘❈■P■❖✲❘❖❇❖❚■❈❙ ❝♦♠♣❛♥② ✇✐t❤ ✇❤✐❝❤ t✇♦ ✐♠♣♦rt❛♥t ♣r♦❥❡❝ts ✭▼■▼✲❍❆❈ ❛♥❞
▼❨▼❊❙❨❙✮ ❤❛✈❡ r❡s✉❧t❡❞ ✐♥ ✐♥t❡r❡st✐♥❣ r❡s✉❧ts r❡♣♦rt❡❞ ✐♥ t❤✐s t❤❡s✐s✳
■ t❤❛♥❦ ❛❧❧ ♠② ❝♦❧❧❡❛❣✉❡s ❛t t❤❡ ❆❙✷▼ ❞❡♣❛rt❡♠❡♥t✳ ■♥ ♣❛rt✐❝✉❧❛r✱ ♠② ❢✉❧❧ t❤❛♥❦s t♦ t❤♦s❡
✇✐t❤ ✇❤♦♠ ■ ❤❛❞ ❝❧♦s❡ ❝♦❧❧❛❜♦r❛t✐♦♥s t♦ s✉❝❝❡❡❞ ✐♥ ♠❛♥② ♦❢ t❤❡ ✇♦r❦s r❡♣♦rt❡❞ ❤❡r❡✿ ❈é✲
❞r✐❝ ❈❧é✈②✱ ❏♦ë❧ ❆❣♥✉s✱ ❏♦ë❧ ❆❜❛❞✐❡✱ P❛tr✐❝❦ ❘♦✉❣❡♦t✱ ❑❛♥t② ❘❛❜❡♥♦r♦s♦❛✱ ❨❛ss✐♥❡ ❍❛❞❞❛❜✱
P❤✐❧✐♣♣❡ ▲✉t③✱ ◆✐❝♦❧❛s ❆♥❞r❡✛✱ ◆✐❝♦❧❛s ❈❤❛✐❧❧❡t ❛♥❞ ❨❛♥♥ ▲❡ ●♦rr❡❝✳ P❛rt✐❝✉❧❛r t❤❛♥❦s t♦
❈é❞r✐❝ ❈❧é✈② ❢♦r ❤✐s ♣❡r♣❡t✉❛❧ s✉♣♣♦rt ❞✉r✐♥❣ t❤❡s❡ ②❡❛rs ✐♥ ❜♦t❤ t❤❡ r❡s❡❛r❝❤ ❛♥❞ t❤❡ t❡❛❝❤✐♥❣
❛s♣❡❝ts✳ ❚❤❛♥❦ ②♦✉ P❛tr✐❝❦ ❢♦r t❤❡ ♣r♦♦❢r❡❛❞ ❛♥❞ ❢♦r t❤❡ ❢✉❧❧ s✉♣♣♦rt ❞✉r✐♥❣ t❤❡ t❤❡s✐s ✇r✐t✐♥❣✳
❇❡✐♥❣ ❧❡❝t✉r❡r ❛t t❤❡ ❯♥✐✈❡rs✐t②✱ ■ ✇♦✉❧❞ ❧✐❦❡ t♦ t❤❛♥❦ t❤❡ ♠❡♠❜❡rs ♦❢ t❤❡ ●❆P✶ t❡❛❝❤✐♥❣
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❈❤❛♣t❡r ✶
■♥tr♦❞✉❝t✐♦♥ ❛♥❞ ❝♦♥t❡①t
❚
❤❡ ❛✐♠ ♦❢ t❤✐s ❝❤❛♣t❡r ✐s t♦ r❡♠✐♥❞ t❤❡ ❝♦♥t❡①t ♦❢ ♠② r❡s❡❛r❝❤ ❛♥❞ t❤❡ s❝✐❡♥t✐✜❝ t❤❡♠❡s ❝❛rr✐❡❞
♦✉t s♦ ❢❛r✳ ❚❤✐s ✐♥❝❧✉❞❡s ♠② P❤❉ ✇♦r❦s ✭✷✵✵✸ ✲ ✷✵✵✻✮ ❛♥❞ ♠② ♣♦st✲P❤❉ ✇♦r❦s ✭✷✵✵✻ ♦♥✇❛r❞s✮
❛❧❧ ❡✛❡❝t✉❛t❡❞ ❛t t❤❡ ❞❡♣❛rt♠❡♥t ♦❢ ❆✉t♦♠❛t✐❝ ❈♦♥tr♦❧ ❛♥❞ ▼✐❝r♦▼❡❝❤❛tr♦♥✐❝ ❙②st❡♠s ✭❆❙✷▼✮
♦❢ ❋❊▼❚❖✲❙❚ ■♥st✐t✉t❡✳ ❆❢t❡r ♣r❡s❡♥t✐♥❣ t❤❡ ❝♦♥t❡①t✱ ❛ ❜r✐❡❢ ♣r❡s❡♥t❛t✐♦♥ ♦❢ t❤❡ P❤❉ ✇♦r❦s ✐s
✜rst ❣✐✈❡♥✳ ❚❤❡♥✱ ✇❡ ❣✐✈❡ ❛♥ ♦✈❡r✈✐❡✇ ♦❢ t❤❡ ♣♦st✲P❤❉ r❡s❡❛r❝❤ ✇♦r❦s✳ ❚❤✐s ❡♥❝♦♠♣❛ss❡s t❤❡
s✉♣❡r✈✐s❡❞ ✇♦r❦s✱ t❤❡ tr❛♥s❢❡r ♦❢ t❤❡ r❡s❡❛r❝❤ r❡s✉❧ts t♦ t❡❛❝❤✐♥❣ ❛♥❞ t❤❡ ✇♦r❦s ✇✐t❤✐♥ ✭❡①t❡r♥❛❧✮
❝♦❧❧❛❜♦r❛t✐✈❡ ❝♦♥t❡①t✳
❈♦♥t❡♥ts
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✶✳✶ ❈♦♥t❡①t✿ ♣r❡❝✐s❡ ❛♥❞ ❤✐❣❤ ❞②♥❛♠✐❝s ♣♦s✐t✐♦♥✐♥❣
P
r❡❝✐s❡ ♣♦s✐t✐♦♥✐♥❣ ❞❡❛❧s ✇✐t❤ t❤❡ ♣♦s✐t✐♦♥✐♥❣ t❤❛t r❡q✉✐r❡s ♠✐❝r♦♠❡tr✐❝ ♦r s✉❜♠✐❝r♦♠❡tr✐❝
❛❝❝✉r❛❝②✳ ❆❝t✉❛t❡❞ ♠✐♥✐❛t✉r✐③❡❞ s②st❡♠s✱ ♠✐❝r♦s②st❡♠s ♦r ❡✈❡♥ ▼❊▼❙✶ ❛r❡ ❝♦♥s✐❞❡r❡❞
❛s t❤❡ ❜❡st ❝❛♥❞✐❞❛t❡s t♦ ♣❡r❢♦r♠ ♣r❡❝✐s❡ ♣♦s✐t✐♦♥✐♥❣ ✐❢ t❤❡ tr❛✈❡❧ ❞✐st❛♥❝❡s ❛r❡ ♥♦t ❧❛r❣❡ ❬✶❪✳
❚❤❡② ❝❛♥ ♣r♦✈✐❞❡ ✈❡r② ❤✐❣❤ r❡s♦❧✉t✐♦♥ ♦❢ ♣♦s✐t✐♦♥✐♥❣ ✭t❤❡ r❛♥❣❡ ♦❢ ♥❛♥♦♠❡t❡r ✐s ♣♦ss✐❜❧❡✮ ❛♥❞
t❤✉s ✈❡r② ❤✐❣❤ ❛❝❝✉r❛❝② ✐❢ ❝♦♥tr♦❧❧❡❞✳ ❋✉rt❤❡r♠♦r❡✱ s✐♥❝❡ t❤❡ s✐③❡s ♦❢ t❤❡ s②st❡♠ ❛r❡ r❡❞✉❝❡❞✱
t❤❡ ❡♥❡r❣② ❝♦♥s✉♠♣t✐♦♥ ✐s ❧❡ss❡♥❡❞✳ ❋✐♥❛❧❧②✱ t❤❡ ♣r✐❝❡ ♦❢ t❤❡ ♦♣❡r❛t✐♦♥ ❛♥❞ ♦❢ t❤❡ ♣♦s✐t✐♦♥❡r
s②st❡♠s ❝♦✉❧❞ ❜❡ ♠✉❝❤ ❧❡ss t❤❛♥ ✐❢ ✇❡ ✉s❡❞ ❝❧❛ss✐❝❛❧❧② s✐③❡❞ ♣♦s✐t✐♦♥✐♥❣ s②st❡♠s✳ ❲❤❡♥ ❡♠✲
♣❧♦②✐♥❣ ❛❧❧ t❤❡s❡ ♠✐♥✐❛t✉r✐③❡❞ s②st❡♠s✱ t❤❡ t❛s❦ ✐s ❝❛❧❧❡❞ ♠✐❝r♦♣♦s✐t✐♦♥✐♥❣ ♦r ♥❛♥♦♣♦s✐t✐♦♥✐♥❣
❛❝❝♦r❞✐♥❣ t♦ t❤❡ r❡s♦❧✉t✐♦♥ ❛♥❞ t♦ t❤❡ ❛❝❝✉r❛❝② ♣❧❛②❡❞ ✐♥t♦ r♦❧❡✳ ❚❤❡ r❡st ♦❢ t❤✐s t❤❡s✐s ❞❡❛❧s
✇✐t❤ ♣r❡❝✐s❡ ♣♦s✐t✐♦♥✐♥❣ ✐♥ t❤✐s s♣✐r✐t✳
❚❤❡ ❛♣♣❧✐❝❛t✐♦♥s ♦❢ ♣r❡❝✐s❡ ♣♦s✐t✐♦♥✐♥❣ ✭♠✐❝r♦♣♦s✐t✐♦♥✐♥❣ ♦r ♥❛♥♦♣♦s✐t✐♦♥✐♥❣✮ ❛r❡ ♥✉♠❡r✲
♦✉s✱ ❛♠♦♥❣ ✇❤✐❝❤ t❤❡ ❢♦❧❧♦✇✐♥❣ ❛r❡ ✇✐❞❡❧② st✉❞✐❡❞ ♦r ❛r❡ ❡♠❡r❣✐♥❣✳
▼❡❞✐❝❛❧ s✉r❣❡r② ❛♣♣❧✐❝❛t✐♦♥s
microrobot vein
❋✐❣✉r❡ ✶✳✶✿ ❆ ♣r❡❝✐s❡❧② ❣✉✐❞❡❞ ♠✐❝r♦r♦❜♦t ❢♦r
♦♣❤t❤❛❧♠✐❝ s✉r❣❡r② ❬✶✷❪ ✭❊❚❍ ❩✉r✐❝❤✱ ❙✇✐t③❡r✲
❧❛♥❞✮✳
❆♥ ❡♠❡r❣✐♥❣ ♠❡❞✐❝❛❧ ❛♣♣❧✐❝❛t✐♦♥ ✐s t❤❡
❧❛s❡r s✉r❣❡r② ❬✷✕✽❪❬❈✺✺❪❬❈✹✻❪❬❈✹✺❪✳ ❆♥ ❡♥❞♦✲
s❝♦♣✐❝ ❡❧❡♠❡♥t ✐s ❜r♦✉❣❤t ✐♥s✐❞❡ t❤❡ ❤✉♠❛♥
❜♦❞② t♦ ❞r♦♣ ❧❛s❡r ✜❜❡rs ❛♥❞ ❝❛♠❡r❛s ❢r♦♠
t❤❡ ❡①t❡r♥❛❧✳ ❆t t❤❡ ❡①tr❡♠✐t② ♦❢ t❤❡ ❡♥❞♦✲
s❝♦♣❡ ❛r❡ ♣❧❛❝❡❞ ❛❝t✉❛t❡❞ ♠✐❝r♦str✉❝t✉r❡s ♦r
♠✐❝r♦r♦❜♦ts ✇❤✐❝❤ ♣❡r♠✐t t♦ ♣r❡❝✐s❡❧② r❡✢❡❝t
❛♥❞ ♦r✐❡♥t t❤❡ ❧❛s❡r ❜❡❛♠s t♦✇❛r❞s t❤❡ ❝❡❧❧s
t♦ ❜❡ tr❡❛t❡❞✳ ❚❤❡ ❝❛♣❛❜✐❧✐t② ♦❢ t❤❡ ♣♦s✐✲
t✐♦♥❡rs t♦ ♣❡r❢♦r♠ ♣r❡❝✐s❡ ❛♥❞ ❢❛st ♦r✐❡♥t❛✲
t✐♦♥ ♦❢ t❤❡ ❧❛s❡r ❜❡❛♠s ✐s ❢✉♥❞❛♠❡♥t❛❧ ✐♥ t❤✐s
❛♣♣❧✐❝❛t✐♦♥ ✐♥ ♦r❞❡r t♦ ❛✈♦✐❞ t❤❡ ❞❡str✉❝t✐♦♥
♦❢ ❛❧✐✈❡ ❝❡❧❧s ❛♥❞ t♦ ❛✈♦✐❞ s✐❞❡ ❡✛❡❝ts ❢r♦♠
t❤❡ s✉r❣❡r②✳ ❆♥♦t❤❡r s✉r❣❡r② ❛♣♣❧✐❝❛t✐♦♥ ♦❢
♣r❡❝✐s❡ ♣♦s✐t✐♦♥✐♥❣ ❝♦♥s✐sts ✐♥ ✐♥s❡rt✐♥❣ ♠✐✲
❝r♦r♦❜♦ts ✐♥ t❤❡ ❡②❡ ❢♦r ♦♣❤t❤❛❧♠✐❝ s✉r❣❡r②
❬✾✕✶✷❪✱ ❢♦r ✐♥st❛♥❝❡ t♦ ❡♥❛❜❧❡ s✉t✉r❡❧❡ss ❛♥❞
♣r❡❝✐s❡ ♦♣❤t❤❛❧♠✐❝ ♣r♦❝❡❞✉r❡s ✇❤✐❝❤ r❡q✉✐r❡ ❛ ♣r❡❝✐s❡ ♠♦✈❡♠❡♥t ♦❢ t❤❡ ♠✐❝r♦r♦❜♦ts✱ s❡❡
❋✐❣✳ ✶✳✶✳
▼✐❝r♦s❝♦♣❡s ❛♥❞ s✉r❢❛❝❡s s❝❛♥♥✐♥❣
■♥ s❝❛♥♥✐♥❣ ♣r♦❜❡ ♠✐❝r♦s❝♦♣❡s ✭❙P▼✮ ✇❤✐❝❤ ✐♥❝❧✉❞❡s ❛t♦♠✐❝ ❢♦r❝❡ ♠✐❝r♦s❝♦♣❡s✱ s❝❛♥♥✐♥❣
t✉♥♥❡❧❧✐♥❣ ♠✐❝r♦s❝♦♣❡s✱ ❡❧❡❝tr♦♥✐❝ ❢♦r❝❡ ♠✐❝r♦s❝♦♣❡s✱✳✳✳✱ ❛ t✐♣ ✐s ✉s❡❞ t♦ r❛st❡r s❝❛♥ ♦✈❡r ❛
✶▼❊▼❙✿ ▼✐❝r♦❊❧❡❝tr♦▼❡❝❤❛♥✐❝❛❧ ❙②st❡♠s✳
✽
s✉r❢❛❝❡ t♦ ❜❡ s❛♠♣❧❡❞ ❬✶✸✕✶✽❪✳ ❆ ❞❛t❛ ✐s ❝r❡❛t❡❞ ❢r♦♠ ❡❛❝❤ ❞✐s❝r❡t❡ ♣♦✐♥t ♦❢ t❤❡ r❛st❡r
s❝❛♥✳ ❋♦r ✐♥st❛♥❝❡✱ ✐♥ ❛t♦♠✐❝ ❢♦r❝❡ ♠✐❝r♦s❝♦♣❡s✱ t❤❡ ❞❛t❛ ❝♦rr❡s♣♦♥❞s t♦ t❤❡ ❞❡✢❡❝t✐♦♥ ♦❢
t❤❡ t✐♣ ❝❛✉s❡❞ ❜② ❛t♦♠✐❝ ❧❡✈❡❧ ❛ttr❛❝t✐♦♥ ❢♦r❝❡s ❜❡t✇❡❡♥ t❤✐s ❛♥❞ t❤❡ s✉r❢❛❝❡✳ ❚❤❡s❡ ❛ttr❛❝✲
t✐♦♥ ❢♦r❝❡s ❜❡❝♦♠❡ ✐♠♣♦rt❛♥t ✇❤❡♥ t❤❡ ❞✐st❛♥❝❡ ❜❡t✇❡❡♥ t❤❡ t✐♣ ❛♥❞ t❤❡ s✉r❢❛❝❡ ✐s s♠❛❧❧✳
commercial AFM MEMS nanopositioner
❋✐❣✉r❡ ✶✳✷✿ ❆♥ ❛t♦♠✐❝ ❢♦r❝❡ ♠✐❝r♦s❝♦♣② ✇✐t❤
✐♥t❡❣r❛t❡❞ ♣♦s✐t✐♦♥❡r ❛♥❞ ❛ ▼❊▼❙ ♥❛♥♦♣♦s✐✲
t✐♦♥❡r ❬✷✻❪ ✭❯♥✐✈❡rs✐t② ♦❢ ◆❡✇❝❛st❧❡✱ ❆✉str❛❧✐❛✮✳
❚❤✉s t❤❡ s❡t ♦❢ ❞❛t❛ ❛❢t❡r t❤❡ s❝❛♥♥✐♥❣ ♣r♦✲
✈✐❞❡s ❛ ♠❛♣ ♦❢ t❤❡ s❝❛♥♥❡❞ s✉r❢❛❝❡ ❛t ♠✐❝r♦✲
♠❡tr✐❝ ♦r ♥❛♥♦♠❡tr✐❝ ❧❡✈❡❧✳ ❚❤❡ s❝❛♥ r❛t❡
❞❡♣❡♥❞s ♦♥ t❤❡ ❜❛♥❞✇✐❞t❤ ♦❢ t❤❡ ❛❝t✉❛t♦r
❛♥❞ ♦♥ ✐ts ❝♦♥tr♦❧✳ P✐❡③♦❡❧❡❝tr✐❝ ❛❝t✉❛t♦rs
✇✐t❤ t✉❜✉❧❛r str✉❝t✉r❡ ✭♣✐❡③♦t✉❜❡ s❝❛♥♥❡rs ♦r
P❚❙✮ ❛r❡ ✇✐❞❡❧② ❡♠♣❧♦②❡❞ t♦ ♣r❡❝✐s❡❧② ♣♦✲
s✐t✐♦♥ t❤❡ t✐♣ ❞✉r✐♥❣ t❤❡ s❝❛♥♥✐♥❣✳ ❚❤❡s❡
❧❛st ②❡❛rs✱ t❤❡ ❞❡✈❡❧♦♣♠❡♥t ♦❢ ❛❞❞✐t✐♦♥❛❧ ♣♦✲
s✐t✐♦♥❡rs t♦ ✐♥❝r❡❛s❡ t❤❡ ♣❡r❢♦r♠❛♥❝❡s ♦❢ t❤❡
s❝❛♥♥✐♥❣ ❤❛s ❜❡❡♥ r❛✐s✐♥❣✳ ❚❤❡s❡ ♣♦s✐t✐♦♥✲
❡rs s❡r✈❡ ❛s ❝♦♠♣❧❡♠❡♥t❛r② s❝❛♥♥❡rs t♦ t❤❡
♣✐❡③♦t✉❜❡s s❝❛♥♥❡rs ❛♥❞ ❜r✐♥❣ ♠♦r❡ ♣r❡❝✐✲
s✐♦♥✱ ♠♦r❡ r❡s♦❧✉t✐♦♥✱ ♠♦r❡ r❛♥❣❡ ♦r ♠♦r❡
s❝❛♥ r❛t❡ ❬✶✾✕✷✽❪✳ ❋✐❣✳ ✶✳✷ ♣✐❝t✉r❡s ❛♥ ❡①❛♠✲
♣❧❡ ♦❢ ❝♦♠♠❡r❝✐❛❧ ❆❋▼ ❝♦❧❧❛❜♦r❛t✐♥❣ ✇✐t❤ ❛
t❤✐r❞ ♣r❡❝✐s❡ ▼❊▼❙ ♣♦s✐t✐♦♥❡r t❤❛t ❤♦❧❞s t❤❡
s✉r❢❛❝❡ s❛♠♣❧❡ ❬✷✻❪✳
❉❛t❛ st♦r❛❣❡
scan table voicecoil magnet
❋✐❣✉r❡ ✶✳✸✿ ❆ ▼❊▼❙ ❜❛s❡❞ ❞❛t❛ st♦r❛❣❡ ❬✸✻❪
✭■❇▼ ❩✉r✐❝❤✱ ❙✇✐t③❡r❧❛♥❞✮✳
❚❤❡ ❞❡✈❡❧♦♣♠❡♥t ♦❢ ✉❧tr❛✲❤✐❣❤ st♦r❛❣❡
❞❡♥s✐t✐❡s ❞❡✈✐❝❡s ❜❛s❡❞ ♦♥ ▼❊▼❙ ♣r❡❝✐s❡ ♣♦✲
s✐t✐♦♥❡rs ✐s r❛✐s✐♥❣ t❤❡s❡ ❧❛st ②❡❛rs✳ ❚❤❡
♣r✐♥❝✐♣❧❡ ✐s t❛❦❡♥ ❢r♦♠ s❝❛♥♥✐♥❣ ♣r♦❜❡ ♠✐✲
❝r♦s❝♦♣❡s ✭❙P▼✮✿ ♥❛♥♦♠❡t❡r s❤❛r♣ t✐♣s ❛r❡
❡♠♣❧♦②❡❞ t♦ ✐♥t❡rr♦❣❛t❡ ♠❛tt❡r ❞♦✇♥ t♦ t❤❡
❛t♦♠✐❝ s❝❛❧❡ ❬✷✾✕✸✼❪✳ ❚❤❡ ♣r❡s❡♥❝❡ ♦r t❤❡
❛❜s❡♥❝❡ ♦❢ ✐♥❞❡♥t❛t✐♦♥ ♦♥ t❤❡ ♠❛tt❡r ✭✐♥ ❣❡♥✲
❡r❛❧ t❤✐♥ ♣♦❧②♠❡r ✜❧♠s✮ ✐♥❞✐❝❛t❡s t❤❡ ❧♦❣✐❝❛❧
st❛t❡ ✭♦♥❡ ♦r ③❡r♦✮✳ ❊❛❝❤ t✐♣ ✐s ❛❝t✉❛t❡❞ ✐♥❞✐✲
✈✐❞✉❛❧❧② t♦ ❝r❡❛t❡ ♦r t♦ ✈❡r✐❢② t❤❡ ✐♥❞❡♥t❛t✐♦♥
♠❛❦✐♥❣ t❤❡ ✇r✐t✐♥❣ ♦r r❡❛❞✐♥❣ ♣♦ss✐❜❧❡✳ ❖♥❡
♦❢ t❤❡ ♣❛rt✐❝✉❧❛r✐t② ♦❢ t❤❡s❡ ♥♦✈❡❧ ❞❛t❛ st♦r✲
❛❣❡ t❡❝❤♥♦❧♦❣✐❡s ✐s t❤❛t ❛❧❧ t❤❡ t✐♣s ❛r❡ ✜①❡❞
✐♥ ❛ s✐♥❣❧❡ s❝❛♥♥❡r ❛♥❞ ❝❛♥ ❜❡ ♠♦✈❡❞ ✐♥ ♣❛r✲
❛❧❧❡❧ ✇❤✐❝❤ ♣❡r♠✐t t♦ ♠❛✐♥t❛✐♥ ❝♦♠♣❡t✐t✐✈❡
❞❛t❛ r❛t❡s r❡❧❛t✐✈❡ t♦ t❤❡ ❝❧❛ss✐❝❛❧ ❞❛t❛ st♦r❛❣❡ ❞❡✈✐❝❡s✳ ❚❤❡✐r ♠❛✐♥ ❢❡❛t✉r❡ ✐s t❤❡ ❤✐❣❤ st♦r❛❣❡
❞❡♥s✐t② ♦✛❡r❡❞✳ ❋✐❣✳ ✶✳✸ ♣✐❝t✉r❡s ❛ ▼❊▼❙ ❜❛s❡❞ ❞❛t❛ st♦r❛❣❡ ✇❤❡r❡ t❤❡ s❝❛♥ t❛❜❧❡✱ ♠♦✈❡❞
❛❧♦♥❣ ❛①✐s ① ❛♥❞ ❛①✐s ② ❜② t❤❡ ♠❛❣♥❡ts ❛♥❞ ✈♦✐❝❡❝♦✐❧s✱ ♣r❡❝✐s❡❧② ♣♦s✐t✐♦♥s ❛ s❡t ♦❢ t✐♣s ♦♥
✾
st♦r❛❣❡ ♠❡❞✐✉♠ ❢♦r t❤❡ r❡❛❞✐♥❣ ♦r ✇r✐t✐♥❣ ❬✸✻❪✳
▼✐❝r♦♠❛♥✐♣✉❧❛t✐♦♥ ❛♥❞ ♠✐❝r♦❛ss❡♠❜❧②
▼✐❝r♦♠❛♥✐♣✉❧❛t✐♦♥ ❞❡❛❧s ✇✐t❤ t❤❡ ♣r❡❝✐s❡ ♠❛♥✐♣✉❧❛t✐♦♥ ♦❢ s♠❛❧❧ ♦❜❥❡❝ts✱ ❛♥❞ ♠✐❝r♦❛ss❡♠❜❧②
❞❡❛❧s ✇✐t❤ t❤❡✐r ♣r❡❝✐s❡ ❛ss❡♠❜❧② t♦ ♣r♦❞✉❝❡ ♠♦r❡ ❝♦♠♣❧❡① s♠❛❧❧ str✉❝t✉r❡s✳ ▼✐❝r♦r♦❜♦ts ❛♥❞
❛❝t✉❛t❡❞ ♣r❡❝✐s❡ ♣♦s✐t✐♦♥❡rs ❛♥❞ ♠❛♥✐♣✉❧❛t♦rs ❛r❡ ✇✐❞❡❧② ❡♠♣❧♦②❡❞ t♦ ❡①❡❝✉t❡ t❤❡ t❛s❦s ✐♥ ♦r❞❡r
t♦ ❜❡♥❡✜t ❢r♦♠ t❤❡✐r ❤✐❣❤ r❡s♦❧✉t✐♦♥ ❬✸✽✕✹✷❪❬❏✷✾❪✳ ❚❤❡r❡ ❛r❡ s❡✈❡r❛❧ ✉s❛❣❡s ♦❢ ♠✐❝r♦♠❛♥✐♣✉❧❛✲
t✐♦♥ ❛♥❞ ♠✐❝r♦❛ss❡♠❜❧②✳ ❖♥❡ ♦❢ t❤❡ ❡♠❡r❣✐♥❣ ✐s t❤❡ ♣r❡❝✐s❡ ❛ss❡♠❜❧② ♦❢ ♦♣t✐❝❛❧ ❝♦♠♣♦♥❡♥ts t♦
♦❜t❛✐♥ ♦♣t✐❝❛❧ ❜❡♥❝❤❡s ❬✹✸✕✹✾❀ ✺✶✕✺✸❪❬❈✷✶❪✳ ■♥ ❋✐❣✳ ✶✳✹✲❛ ✐s ♣✐❝t✉r❡❞ ❛♥ ❡①❛♠♣❧❡ ♦❢ ❛ss❡♠❜❧❡❞
♦♣t✐❝❛❧ ❜❡♥❝❤ ❬✹✼❪✳ ❚❤❡ ❜❡♥❝❤ ✐s ❝♦♠♣♦s❡❞ ♦❢ ❛ r❛✐❧ ✐♥ ✇❤✐❝❤ ❛r❡ ♣❧❛❝❡❞ ❤♦❧❞❡rs ♦❢ ❧❡♥s❡s✳
500µm
lens holderrail
(a) (b)
50µm
❋✐❣✉r❡ ✶✳✹✿ ❆♥ ❛ss❡♠❜❧❡❞ ♦♣t✐❝❛❧ ❜❡♥❝❤
❬✹✼❪ ✭❆❙✷▼ ❞❡♣❛rt♠❡♥t ❇❡s❛♥ç♦♥✱ ❋r❛♥❝❡ ❛♥❞
❆❘❘■ ■♥st✐t✉t❡✴❯❚❆ ❆r❧✐♥❣t♦♥✱ ❚❳ ❯❙❆✮✳
❚❤❡ ❝❤❛❧❧❡♥❣❡ ❝♦♥s✐st❡❞ ✐♥ ✐♥s❡rt✐♥❣ ❛♥❞ ❣✉✐❞✲
✐♥❣ t❤❡ ❤♦❧❞❡rs ✐♥ t❤❡ r❛✐❧ ❛♥❞ t❤❡♥ ♣❡r❢♦r♠✲
✐♥❣ ❛ ✈❡r② ♣r❡❝✐s❡ ♣♦s✐t✐♦♥✐♥❣ t♦ ♠❛✐♥t❛✐♥ ❛
✇❡❧❧ ❞❡✜♥❡❞ ❞✐st❛♥❝❡ ❜❡t✇❡❡♥ t❤❡♠✳ P❧❛❝✲
✐♥❣ t❤❡ ❧❡♥s❡s ✐♥ t❤❡ ❤♦❧❞❡rs ♣♦s❡s ❛♥ ❛❞❞✐✲
t✐♦♥❛❧ ❝❤❛❧❧❡♥❣❡✳ ❆❢t❡r ♣❛❝❦❛❣✐♥❣✱ t❤✐s ♦♣t✐✲
❝❛❧ ❜❡♥❝❤ ❤❛s ❜❡❡♥ ✉s❡❞ ❢♦r ❣❛s ❝❤❛r❛❝t❡r✐✲
③❛t✐♦♥ ❜② s♣❡❝tr♦♠❡tr② ❬✹✾❪✳ ❋✐❣✳ ✶✳✹✲❜ ❞❡✲
♣✐❝ts t❤❡ s♠❛❧❧❡st ❝♦✇ ❛ss❡♠❜❧❡❞ ✐♥ t❤❡ ✇♦r❧❞✳
❈❛❧❧❡❞ ✧▼❛❣❤✐✧✷✱ t❤❡ ♠✐❝r♦✲❝♦✇ ❤❛s ❜❡❡♥ ❞❡✲
✈❡❧♦♣❡❞ ❜② ♠✐❝r♦❛ss❡♠❜❧② t❛s❦ ❛t t❤❡ ❆❙✷▼
❞❡♣❛rt♠❡♥t ❛♥❞ ✇❛s ♣r✐③❡❞ ✧♠✐❝r♦♥ ❞✬♦r✧
❞✉r✐♥❣ t❤❡ ✷✵✵✽ ▼✐❝r♦♥♦r❛ ❝♦♥❣r❡ss ❤❡❧❞ ✐♥
❇❡s❛♥ç♦♥ ❬✺✵❪✳ ▼✐❝r♦♠❛♥✐♣✉❧❛t✐♦♥ ❤❛s ❛❧s♦
❜❡❡♥ ❡①t❡♥s✐✈❡❧② ❡♠♣❧♦②❡❞ t♦ ♠❛♥✐♣✉❧❛t❡ ❛♥❞
t♦ ❝❤❛r❛❝t❡r✐③❡ ❜✐♦❧♦❣✐❝❛❧ ❝❡❧❧s ❬✺✹✕✺✼❪✳ ❙✐♥❝❡
♠♦r❡ t❤❛♥ ❛ ❞❡❝❛❞❡✱ ✇❡ ❛❧s♦ ❛ss✐st t♦ t❤❡ ❡♠❡r❣❡♥❝❡ ♦❢ ♥❛♥♦♠❛♥✐♣✉❧❛t✐♦♥✱ ✇❤❡r❡ t❤❡ s✐③❡s ♦❢
t❤❡ ♠❛♥✐♣✉❧❛t❡❞ ♦❜❥❡❝ts ❞♦✇♥s❝❛❧❡ ❛♥❞ ✇❤❡r❡ t❤❡ r❡s♦❧✉t✐♦♥ ❛♥❞ ❛❝❝✉r❛❝② r❡q✉✐r❡❞ ❛r❡ ♠♦r❡
s❡✈❡r t❤❛♥ ✐♥ ♠✐❝r♦♠❛♥✐♣✉❧❛t✐♦♥ ❬✺✽❪✳
❆ ❝♦♠♠♦♥ ❝❤❛r❛❝t❡r✐st✐❝ ♦❢ ♣r❡❝✐s❡ ♣♦s✐t✐♦♥✐♥❣ ❜❛s❡❞ ♦♥ ♠✐♥✐❛t✉r✐③❡❞ s②st❡♠s ✐s t❤❛t✱
❣❡♥❡r❛❧❧②✱ ❤✐❣❤ ❜❛♥❞✇✐❞t❤ ❝❛♥ ❜❡ ❛❝❤✐❡✈❡❞✳ ■♥ ❢❛❝t✱ ❞✉❡ t♦ t❤❡ s♠❛❧❧ s✐③❡s ♦❢ t❤❡ s②st❡♠s✱
t❤❡ ✐♥❡rt✐❛ ✐s ✇❡❛❦ ❛♥❞ t❤✉s t❤❡ ❝❛♣❛❜✐❧✐t② ♦❢ t❤❡ str✉❝t✉r❡ t♦ ♠♦✈❡ q✉✐❝❦❧② ✐s ✐♥❝r❡❛s❡❞✳ ❚❤✐s
❧❛r❣❡ ❜❛♥❞✇✐❞t❤ ✐s ❝♦♥❣r✉❡♥t ✇✐t❤ t❤❡ r❡q✉✐r❡♠❡♥t ♦❢ ♠❛♥② ♦❢ t❤❡ t❛r❣❡t❡❞ ❛♣♣❧✐❝❛t✐♦♥s s✉❝❤ ❛s
❧❛s❡r s✉r❣❡r② ❛♣♣❧✐❝❛t✐♦♥s✱ ❤✐❣❤ ❝❛❞❡♥❝❡ ♠✐❝r♦❛ss❡♠❜❧② ❛♥❞ ♠✐❝r♦♠❛♥✐♣✉❧❛t✐♦♥✱ ❞❛t❛✲st♦r❛❣❡✳✳✳
❚❤❡ ❞❡♣❛rt♠❡♥t ♦❢ ❆✉t♦♠❛t✐❝ ❝♦♥tr♦❧ ❛♥❞ ▼✐❝r♦▼❡❝❤❛tr♦♥✐❝s ❙②st❡♠s ✭❆❙✷▼✮ ♦❢ ❋❊▼❚❖✲
❙❚ ■♥st✐t✉t❡ ❞❡❛❧s ✇✐t❤ t❤❡ ❞❡✈❡❧♦♣♠❡♥t ♦❢ ♣r❡❝✐s❡ ♣♦s✐t✐♦♥✐♥❣ s②st❡♠s ✭♠✐❝r♦❛❝t✉❛t♦rs✱ ❛❝t✉✲
❛t❡❞ ♠✐❝r♦s②st❡♠s✱ ❛♥❞ ♠✐❝r♦r♦❜♦ts✮ s✐♥❝❡ ✶✾✾✺✳ ❚❤❡ ♠❛✐♥ t❛r❣❡t❡❞ ❛♣♣❧✐❝❛t✐♦♥s ♦❢ t❤❡s❡ s②s✲
t❡♠s ❤❛✈❡ ❜❡❡♥ ❜❡✐♥❣ ♠✉❧t✐♣❧❡✿ ♠✐❝r♦♠❛♥✐♣✉❧❛t✐♦♥ ❛♥❞ ❝❤❛r❛❝t❡r✐③❛t✐♦♥ ♦❢ ❜✐♦❧♦❣✐❝❛❧ ❝❡❧❧s✱ ♠✐✲
❝r♦♠❛♥✐♣✉❧❛t✐♦♥ ❛♥❞ ❝❤❛r❛❝t❡r✐③❛t✐♦♥ ♦❢ ❛rt✐✜❝✐❛❧ ♦❜❥❡❝ts ✭♥♦♥❜✐♦❧♦❣✐❝❛❧ ♦❜❥❡❝ts✮✱ ♠✐❝r♦❛ss❡♠✲
✷▼❛❣❤✐✿ ▼✐❝r♦❆ss❡♠❜❧② ✇✐t❤ ●r✐♣♣❡r ❍❛♥❞❧✐♥❣ ✭✐♥ ❡♥❣❧✐s❤✮✱ ▼✐❝r♦✲❆ss❡♠❜❧❛●❡ ❞✬❍❡r❜■✈♦r❡s ✭✐♥ ❢r❡♥❝❤✮
✶✵
❜❧② ♦❢ ❛rt✐✜❝✐❛❧ ♦❜❥❡❝ts s✉❝❤ ❛s ♦♣t✐❝❛❧ ❝♦♠♣♦♥❡♥ts✱ ♠❡❛s✉r❡♠❡♥t ❛♥❞ ❝❤❛r❛❝t❡r✐③❛t✐♦♥ ♦❢ ❢♦r❝❡s
❛t t❤❡ ♠✐❝r♦s❝❛❧❡✱ ❛♥❞ s✐♥❝❡ ❛ ❝♦✉♣❧❡ ♦❢ ②❡❛rs t❤❡ ♣r❡❝✐s❡ ❧❛s❡r ♣❤♦♥♦♠✐❝r♦s✉r❣❡r②✳ ❚❤♦✉❣❤✱
♠✐❝r♦♠❛♥✐♣✉❧❛t✐♦♥ ❛♥❞ ♠✐❝r♦❛ss❡♠❜❧② ♦❢ ❛rt✐✜❝✐❛❧ ♦❜❥❡❝ts ❛r❡ ♣❛rt✐❝✉❧❛r❧② t❤❡ ♣r✐♥❝✐♣❛❧ ❝♦r❡✳
❚❤❡s❡ ❞❡✈❡❧♦♣♠❡♥ts ❛♥❞ t❤❡s❡ ❛♣♣❧✐❝❛t✐♦♥s ❤❛✈❡ ❜❡❡♥ ❝❛rr✐❡❞ ♦✉t ✇✐t❤✐♥ ❞✐✛❡r❡♥t ♥❛t✐♦♥❛❧✱
❡✉r♦♣❡❛♥ ❛♥❞ ✐♥t❡r♥❛t✐♦♥❛❧ ♣r♦❥❡❝ts ❛♥❞ ❝♦❧❧❛❜♦r❛t✐♦♥s ❛♥❞ ♠❛❞❡ t❤❡ ❞❡♣❛rt♠❡♥t ✇❡❧❧ r❛♥❦❡❞
✐♥ t❤❡ ✜❡❧❞ ❛t t❤❡ ✐♥t❡r♥❛t✐♦♥❛❧ ❧❡✈❡❧✳ ❲❤❡♥ ■ ❛rr✐✈❡❞ ❛t t❤❡ ❆❙✷▼ ❞❡♣❛rt♠❡♥t✸ ✐♥ ♥♦✈❡♠❜❡r
✷✵✵✸ ❛s ❛ P❤❉ st✉❞❡♥t ✇✐t❤ ❛ ♠✐♥✐st❡r✐❛❧ s❝❤♦❧❛rs❤✐♣ ❣r❛♥t✱ ■ ✇❛s ❣✐✈❡♥ t❤❡ ♦♣♣♦rt✉♥✐t② t♦ ❞❡✲
s✐❣♥✱ ❞❡✈❡❧♦♣ ❛♥❞ ❝♦♥tr♦❧ ♥♦✈❡❧ ♠✐❝r♦❛ss❡♠❜❧② st❛t✐♦♥s ❝❛♣❛❜❧❡ ♦❢ ❛✉t♦♠❛t✐❝ ♦r s❡♠✐✲❛✉t♦♠❛t✐❝
♠❛♥✐♣✉❧❛t✐♦♥ ♦r ❛ss❡♠❜❧② ♦❢ s♠❛❧❧ ♦❜❥❡❝ts✳ ❚❤❡ s✉❜❥❡❝t✱ ✈❡r② ❡①❝✐t✐♥❣ ❛♥❞ ♠✉❧t✐❞✐s❝✐♣❧✐♥❛r✱
✇❛s ♣❛rt ♦❢ ❛♥ ❡✉r♦♣❡❛♥ ♣r♦❥❡❝t ❞❡❛❧✐♥❣ ✇✐t❤ t❤❡ ❞❡✈❡❧♦♣♠❡♥t ♦❢ ♠♦❞✉❧❛r ♠✐❝r♦❢❛❝t♦r✐❡s✱ ❛
♥❡✇ ❝♦♥❝❡♣t ♦❢ ❢❛❝t♦r✐❡s ♦❢ t❤❡ ❢✉t✉r❡ ✇✐t❤ r❡❝♦♥✜❣✉r❛❜✐❧✐t② ♣r♦♣❡rt② ❛♥❞ ❢♦r t❤❡ ♣r♦❞✉❝t✐♦♥ ♦❢
♠✐❝r♦✲♣r♦❞✉❝ts ❛t ❧♦✇ ❝♦st✳ ❚❤❡ P❤❉ ✇♦r❦s ❝♦♠♣r✐s❡❞ t❤❡ ❞❡s✐❣♥ ❛♥❞ ❞❡✈❡❧♦♣♠❡♥t ♦❢ ❛ ♣✐❡③♦✲
❡❧❡❝tr✐❝ ♠✐❝r♦r♦❜♦t✱ ✐ts ♠♦❞❡❧✐♥❣ ❛♥❞ ❝♦♥tr♦❧✱ ❛♥❞ t❤❡ ❛✉t♦♠❛t✐♦♥ ♦❢ t❤❡ ✇❤♦❧❡ ♠✐❝r♦❛ss❡♠❜❧②
st❛t✐♦♥ ❜❛s❡❞ ♦♥ t❤✐s ♠✐❝r♦r♦❜♦t✳
✶✳✷ P✐❡③♦❡❧❡❝tr✐❝ ♠❛t❡r✐❛❧s ❜❛s❡❞ ♣♦s✐t✐♦♥✐♥❣ s②st❡♠s
❚❤❡ ❞❡s✐❣♥ ❛♥❞ ❞❡✈❡❧♦♣♠❡♥t ♦❢ ♠✐♥✐❛t✉r✐③❡❞ s②st❡♠s ❢♦r ♣r❡❝✐s❡ ❛♥❞ ❤✐❣❤ ❞②♥❛♠✐❝s ♣♦s✐✲
t✐♦♥✐♥❣ ❛r❡ ✈❡r② ❞✐✛❡r❡♥t ❢r♦♠ t❤❡ ❞❡s✐❣♥ ❛♥❞ ❞❡✈❡❧♦♣♠❡♥t ♦❢ ❝❧❛ss✐❝❛❧❧② s✐③❡❞ ♣♦s✐t✐♦♥✐♥❣
s②st❡♠s ❧✐❦❡ r♦❜♦ts✱ ❛r♠s✱ ❝♦♥✈❡②♦rs✳ ❋♦r t❤❡s❡ ❧❛tt❡rs✱ t❤❡ ❛❝t✉❛t♦rs ✉s❡❞ ✭❉❈ ♠♦t♦rs✱
♣♥❡✉♠❛t✐❝ ❛❝t✉❛t♦rs✱ ♠❛❣♥❡t✐❝ ❛❝t✉❛t♦rs✱✳✳✳✮ ❛r❡ ❝♦♠♣♦s❡❞ ♦❢ s❡✈❡r❛❧ s✉❜❝♦♠♣♦♥❡♥ts s✉❝❤
❛s st❛t♦r✱ r♦t♦r✱ ♠♦✈❛❜❧❡ ♣❛rts✱ ❛♥❞ ♦❢ ♦t❤❡r ❡❧❡♠❡♥ts t❤❛t ♣❡r♠✐t t♦ ❛tt❛❝❤ t❤❡♠ ✭s❝r❡✇s✱
♥✉ts✱✳✳✳✮✳ ❚❤❡s❡ ❛❝t✉❛t♦rs ❛r❡ ❛❢t❡r✇❛r❞s ✐♥t❡❣r❛t❡❞ ✇✐t❤ ♦t❤❡r ♠❡❝❤❛♥✐❝❛❧ ❝♦♠♣♦♥❡♥ts ❛♥❞
❤✐♥❣❡s t♦ tr❛♥s❢♦r♠ t❤❡ ♠♦✈❡♠❡♥t ❢r♦♠ r♦t❛t✐♦♥ ✐♥t♦ tr❛♥s❧❛t✐♦♥ ✭♦r ❝♦♥✈❡rs❡❧②✮✱ t♦ ❛♠♣❧✐❢②
t❤❡ str♦❦❡s ♦r t❤❡ t♦rq✉❡s✱ t♦ tr❛♥s♠✐t t❤❡♠✱ ♦r t♦ ✐♥❝r❡❛s❡✴❞❡❝r❡❛s❡ t❤❡ s♣❡❡❞✳ ❆t t❤❡ ❡♥❞✱
t❤❡ ♣♦s✐t✐♦♥✐♥❣ s②st❡♠s ❛r❡ ♠❛❞❡ ✉♣ ♦❢ ♠❛♥② ❝♦♠♣♦♥❡♥ts✳ ❋♦r ♠✐♥✐❛t✉r✐③❡❞ ♣r❡❝✐s❡ ♣♦s✐✲
t✐♦♥✐♥❣ s②st❡♠s✱ s✉❝❤ ♠❡t❤♦❞ ♦❢ ❞❡s✐❣♥ ❛♥❞ ❞❡✈❡❧♦♣♠❡♥t ✇✐❧❧ ♥♦t ✇♦r❦✳ ❋✐rst✱ ❛s t❤❡ s✐③❡s
❞♦✇♥s❝❛❧❡✱ ✐t ✐s ❞✐✣❝✉❧t ♦r ❡✈❡♥ ✐♠♣♦ss✐❜❧❡ t♦ ❢❛❜r✐❝❛t❡ t❤❡ s✉❜❝♦♠♣♦♥❡♥ts✳ ❙❡❝♦♥❞✱ ❛ss❡♠✲
❜❧②✐♥❣ t♦♦ ♠❛♥② s♠❛❧❧ s✉❜❝♦♠♣♦♥❡♥ts ✐s ❛ ✈❡r② ❝❤❛❧❧❡♥❣✐♥❣ t❛s❦✳ ❋✐♥❛❧❧②✱ t❤❡ ♠❡❝❤❛♥✐❝❛❧
♣❧❛②s ❛♥❞ ❜❛❝❦❧❛s❤❡s ❢♦✉♥❞ ✐♥ t❤❡ ❛ss❡♠❜❧❡❞ s✉❜❝♦♠♣♦♥❡♥ts ❛s ✇❡❧❧ ❛s t❤❡ ❢r✐❝t✐♦♥s ❜❡t✇❡❡♥
t❤❡♠ ❛r❡ ♥♦t ❢❛✈♦✉r❛❜❧❡ ❢♦r t❤❡ ♦❜t❡♥t✐♦♥ ♦❢ ❤✐❣❤ r❡s♦❧✉t✐♦♥ ♦❢ ♣♦s✐t✐♦♥✐♥❣✳ ◆❡✇ ♠❡t❤♦❞s
♦❢ ❞❡s✐❣♥ ❛♥❞ ♦❢ ❞❡✈❡❧♦♣♠❡♥t ❤❛✈❡ t❤❡r❡❢♦r❡ ❜❡❡♥ r❛✐s❡❞ ❜② ❡♥❣✐♥❡❡rs ❛♥❞ r❡s❡❛r❝❤❡rs✳ ❚❤❡
♠❛✐♥ ✐❞❡❛ ✐s t❤❛t✱ ✐♥st❡❛❞ ♦❢ ✉s✐♥❣ s❡✈❡r❛❧ ❛ss❡♠❜❧❡❞ ❝♦♠♣♦♥❡♥ts ✭❛❝t✉❛t♦rs ❛♥❞ ❛rt✐❝✉❧❛✲
t✐♦♥s✮✱ ♦♥❡ ❡♠♣❧♦②s s♠❛rt ♠❛t❡r✐❛❧s ❛♥❞ ❞❡❢♦r♠❛❜❧❡ str✉❝t✉r❡s✳ ❚❤❡s❡ ♠❛t❡r✐❛❧s ❛♥❞ str✉❝✲
t✉r❡s r❡❛❝t ❛♥❞ ❣❡♥❡r❛t❡ ♠♦t✐♦♥ ❛♥❞ t♦rq✉❡s s✉❜❥❡❝t❡❞ t♦ ❡①t❡r♥❛❧ ❡①❝✐t❛t✐♦♥ ❧✐❦❡ ❡❧❡❝tr✐❝❛❧
✈♦❧t❛❣❡s ❛♥❞ ✜❡❧❞s✱ ♠❛❣♥❡t✐❝ ✜❡❧❞s✱ t❡♠♣❡r❛t✉r❡✱✳✳✳ ❚❤❡ ♠♦st ✉s❡❞ ✐♥ ♣r❡❝✐s❡ ♣♦s✐t✐♦♥✐♥❣ ❝♦♠✲
♣r✐s❡✿ t❤❡r♠❛❧❧② ❛♥❞ ❡❧❡❝tr♦t❤❡r♠❛❧❧② ♠♦✈❛❜❧❡ ♦r ❞❡❢♦r♠❛❜❧❡ str✉❝t✉r❡s✱ s❤❛♣❡ ♠❡♠♦r② ❛♥❞
♠❛❣♥❡t✐❝ s❤❛♣❡ ♠❡♠♦r② ❛❧❧♦②s✱ ❡❧❡❝tr♦❛❝t✐✈❡ ❛♥❞ ♠❛❣♥❡t♦❛❝t✐✈❡ ♣♦❧②♠❡rs✱ ♠❛❣♥❡t♦str✐❝t✐✈❡
♠❛t❡r✐❛❧s✱ ❡❧❡❝tr♦st❛t✐❝❛❧❧② ❞r✐✈❡♥ str✉❝t✉r❡s✱ ❛♥❞ ❧❛st ❜✉t ♥♦t ❧❡❛st ♣✐❡③♦❡❧❡❝tr✐❝ ♠❛t❡r✐❛❧s✳
✸❆t t❤✐s t✐♠❡✱ t❤❡ ❆❙✷▼ ❞❡♣❛rt♠❡♥t ♥❛♠❡ ✇❛s ▲❆❇ ✭▲❛❜♦r❛t♦✐r❡ ❞✬❆✉t♦♠❛t✐q✉❡ ❞❡ ❇❡s❛♥ç♦♥✮✳ ❚❤❡ ❛❝t✉❛❧
♥❛♠❡ ✭❆❙✷▼✮ ✇❛s ❣✐✈❡♥ ✐♥ ❥❛♥✉❛r② ✷✵✵✽ ✇❤❡♥ t❤❡ ❞❡♣❛rt♠❡♥t ❜❡❝♦♠❡s ❛ ❞❡♣❛rt♠❡♥t ♦❢ ❋❊▼❚❖✲❙❚ ■♥st✐t✉t❡✳
✶✶
❋✐❣✉r❡ ✶✳✺✿ ❘❡♣❧❛❝❡♠❡♥t ♦❢ ❛ ❝❧❛ss✐❝❛❧ ♣♦❧✲
②❛rt✐❝✉❧❛t❡❞ ❛r♠ ❜② ❛ ❜✉❧❦ s♠❛rt ♠❛t❡r✐❛❧✳
❇② ✉s✐♥❣ t❤❡♠✱ t❤❡ s❡t ♦❢ s✉❜❝♦♠♣♦✲
♥❡♥ts ❛r❡ r❡♣❧❛❝❡❞ ❜② ♦♥❡ ❜✉❧❦ ♠❛t❡r✐❛❧
✇❤✐❝❤ ❝❛♥ ♣❡r❢♦r♠ t❤❡ s❛♠❡ ❢✉♥❝t✐♦♥❛❧✐✲
t✐❡s✳ ❚♦ s❤♦✇ t❤❡ ♣r✐♥❝✐♣❧❡✱ ❋✐❣✳ ✶✳✺ ❞❡✲
♣✐❝ts t❤❡ r❡♣❧❛❝❡♠❡♥t ♦❢ ❛ ♣♦❧②❛rt✐❝✉❧❛t❡❞
❛r♠ ❜② ❛ ❜✉❧❦ s♠❛rt ♠❛t❡r✐❛❧✳ ❇♦t❤
s②st❡♠s ❝❛♥ ♣r♦✈✐❞❡ ❛ ❞✐s♣❧❛❝❡♠❡♥t ❛t
t❤❡✐r ❡①tr❡♠✐t✐❡s✳ ❲✐t❤ t❤❡ s♠❛rt ♠❛✲
t❡r✐❛❧✱ t❤❡ ❛❜s❡♥❝❡ ♦❢ ♠❡❝❤❛♥✐❝❛❧ ♣❧❛②s✱
♦❢ ❝❧❡❛r❛♥❝❡s ❛♥❞ ♦❢ ❢r✐❝t✐♦♥ ♠❛❦❡s ♣♦ss✐✲
❜❧❡ ❛ ♣♦s✐t✐♦♥✐♥❣ ✇✐t❤ ❛ ✈❡r② ❤✐❣❤ r❡s♦❧✉✲
t✐♦♥✳
P✐❡③♦❡❧❡❝tr✐❝ ♠❛t❡r✐❛❧s ❛r❡ ✈❡r② ✇❡❧❧ r❡❝♦❣♥✐③❡❞ ✐♥ t❤❡ ❞❡✈❡❧♦♣♠❡♥t ♦❢ ♣r❡❝✐s❡ ❛♥❞ ❤✐❣❤
❞②♥❛♠✐❝s ♣♦s✐t✐♦♥✐♥❣ s②st❡♠s✳ ❚❤✐s r❡❝♦❣♥✐t✐♦♥ ✐s t❤❛♥❦s t♦ t❤❡ ❤✐❣❤ r❡s♦❧✉t✐♦♥ ✭✉♣ t♦ ♥❛♥♦✲
♠❡tr✐❝ ❧❡✈❡❧✮✱ t❤❡ ❤✐❣❤ ❜❛♥❞✇✐❞t❤ ✭t❡♥s ♦❢ ❦✐❧♦❍❡rt③✮ ❛♥❞ t❤❡ ❤✐❣❤ st✐✛♥❡ss t❤❛t ♠❛♥② ♦❢ t❤❡♠
❝❛♥ ♦✛❡r✳ ❚❤❡s❡ ♣r♦♣❡rt✐❡s r❡♥❞❡r t❤❡♠ ✇❡❧❧ ❛❞❛♣t❡❞ t♦ ❤✐❣❤ r❡s♦❧✉t✐♦♥ ❛♥❞ ❤✐❣❤ s♣❡❡❞ ❛❝✲
t✉❛t✐♦♥✳ ❋✉rt❤❡r♠♦r❡✱ t❤❡ ❢❛❝t t❤❛t t❤❡✐r ❡①❝✐t❛t✐♦♥ ✐s ❡❧❡❝tr✐❝❛❧ ❡❛s❡s t❤❡✐r ✐♥t❡❣r❛t✐♦♥ ❛♥❞
✉t✐❧✐③❛t✐♦♥✳ ❋✐♥❛❧❧②✱ t❤❡② ❝❛♥ ❜❡ ✉s❡❞ ❛s s❡♥s♦rs ♦r ❛s ❛❝t✉❛t♦rs ❛♥❞ t❤✉s ♦♣❡♥s t❤❡✐r r❛♥❣❡ ♦❢
❛♣♣❧✐❝❛t✐♦♥s ❜r♦❛❞❡r✳ ❆t t❤❡ ❆❙✷▼ ❞❡♣❛rt♠❡♥t✱ ♣✐❡③♦❡❧❡❝tr✐❝ ♠❛t❡r✐❛❧s✱ ♠❛✐♥❧② ❧❡❛❞✲③✐r❝♦♥❛t❡✲
t✐t❛♥❛t❡ ✭P❩❚✮ ❝❡r❛♠✐❝s✱ ❛r❡ ❡①t❡♥s✐✈❡❧② ❡♠♣❧♦②❡❞ t♦ ❞❡✈❡❧♦♣ ♠✐❝r♦❣r✐♣♣❡rs ❢♦r ♠✐❝r♦❛ss❡♠❜❧②
❛♥❞ ♠✐❝r♦♠❛♥✐♣✉❧❛t✐♦♥ ❛✐♠s✳ P❩❚ ♣✐❡③♦❝❡r❛♠✐❝s ❡①❤✐❜✐t ❛ ❧❛r❣❡ st✐✛♥❡ss ❛♥❞ ❛ ❤✐❣❤ ❝♦✉♣❧✐♥❣
❢❛❝t♦r ❛♥❞ ❛r❡ ✇✐❞❡❧② ❛✈❛✐❧❛❜❧❡ ✐♥ ❝♦♠♠❡r❝❡s ❛t ❧♦✇ ❝♦sts✳ ❚❤❡s❡ ♣✐❡③♦❡❧❡❝tr✐❝ ♠✐❝r♦❣r✐♣♣❡rs
❛r❡ ♠♦st ♦❢ t❤❡ t✐♠❡ ♠❛❞❡ ✉♣ ♦❢ t✇♦ ♣✐❡③♦❡❧❡❝tr✐❝ ❝❛♥t✐❧❡✈❡rs ✇✐t❤ r❡❝t❛♥❣✉❧❛r s❡❝t✐♦♥ ✇❤✐❝❤✱
✇❤❡♥ ❞r✐✈❡♥ ❜② ✐♥❞❡♣❡♥❞❡♥t ✈♦❧t❛❣❡s✱ ❛r❡ ❛❜❧❡ t♦ ♣✐❝❦✱ tr❛♥s♣♦rt ❛♥❞ ♣❧❛❝❡ ♦r t♦ ❛ss❡♠❜❧❡
s♠❛❧❧ ♦❜❥❡❝ts ✇✐t❤ ❛ ✈❡r② ❤✐❣❤ ♣♦s✐t✐♦♥✐♥❣ r❡s♦❧✉t✐♦♥✳ ❚❤❡ ❞❡✈❡❧♦♣♠❡♥t ❛♥❞ t❤❡ ✉t✐❧✐③❛t✐♦♥ ♦❢
t❤❡s❡ ♠✐❝r♦❣r✐♣♣❡rs r❛✐s❡❞ s❡✈❡r❛❧ P❤❉ t❤❡s✐s ✇♦r❦s ❛♥❞ ♣❛t❡♥ts ❢r♦♠ t❤❡ ❆❙✷▼ ❞❡♣❛rt♠❡♥t
❬✺✾✕✻✻❪✹✳ ❋✐❣✳ ✶✳✻✲❛✱ ❜✱ ❝✱ ❞ ❛♥❞ ❡ ❞❡♣✐❝t ❞✐✛❡r❡♥t ✈❡rs✐♦♥s ♦❢ t❤❡ ❞❡✈❡❧♦♣❡❞ ♠✐❝r♦❣r✐♣♣❡rs ❛t
t❤❡ ❞❡♣❛rt♠❡♥t ❛♥❞ ❋✐❣✳ ✶✳✻✲❢✱ ❣ ❛♥❞ ❤ s♦♠❡ ❡①❛♠♣❧❡s ♦❢ t❤❡✐r ✉t✐❧✐③❛t✐♦♥ t♦ ♠❛♥✐♣✉❧❛t❡ ♦r t♦
❛ss❡♠❜❧❡ s♠❛❧❧ ❣❡❛rs✳
❚❤❡ ✇♦r❦s r❡♣♦rt❡❞ ✐♥ t❤✐s t❤❡s✐s ❞❡❛❧ ✇✐t❤ t❤❡ ❞❡s✐❣♥ ❛♥❞ ❞❡✈❡❧♦♣♠❡♥t ♦❢ ♣✐❡③♦❡❧❡❝tr✐❝ ❝❛♥✲
t✐❧❡✈❡r❡❞ str✉❝t✉r❡s s②st❡♠s✱ t❤❡✐r ♠♦❞❡❧✐♥❣✱ ❝♦♥tr♦❧ ❛♥❞ s✐❣♥❛❧ ❡st✐♠❛t✐♦♥✳ ❚❤❡ s②st❡♠s ❛r❡
❞❡✈♦t❡❞ t♦ ♣r❡❝✐s❡ ❛♥❞ ❤✐❣❤ ❞②♥❛♠✐❝s ♣♦s✐t✐♦♥✐♥❣✳ ❚❤❡ ❞❡✈❡❧♦♣♠❡♥t ❝♦♠♣r✐s❡s ♠✐❝r♦❣r✐♣♣❡rs✱
♠♦r❡ ❝♦♠♣❧❡① str✉❝t✉r❡❞ s②st❡♠s ✭❢♦r ❡①❛♠♣❧❡✿ ✇✐t❤ ♠♦r❡ ❞❡❣r❡❡s ♦❢ ❢r❡❡❞♦♠✮ ♦r ♠♦r❡ ♣❡r❢♦r✲
♠❛♥t s②st❡♠s ✭❢♦r ❡①❛♠♣❧❡ ✇✐t❤ ❤✐❣❤❡r r❛♥❣❡✮✳ ■t ✐s s❤♦✇♥ t❤❛t s✐♠♣❧❡ ♣✐❡③♦❡❧❡❝tr✐❝ ❝❛♥t✐❧❡✈❡r
str✉❝t✉r❡s ❝❛♥ ❜❡ ❡①♣❧♦✐t❡❞ t♦ ❞❡✈❡❧♦♣ ❞❡①t❡r♦✉s ❛♥❞ ❤✐❣❤❧② ♣❡r❢♦r♠❛♥t s②st❡♠s ✇✐t❤ ♦t❤❡r
❝❛♣❛❜✐❧✐t✐❡s t❤❛♥ s✐♠♣❧❡ ❜❡♥❞✐♥❣✳ ❲❡ ✇✐❧❧ ❛❧s♦ ❞❡♠♦♥str❛t❡ t❤❛t ❝♦♥tr♦❧ t❤❡♦r② t♦♦❧s ✭♠♦❞❡❧✲
✐♥❣✱ r♦❜✉st♥❡ss✱ ❝♦♥tr♦❧✱ ❡st✐♠❛t✐♦♥✱✳✳✳✮ ❜r✐♥❣ ❛❞❞✐t✐♦♥❛❧ ♣♦ss✐❜✐❧✐t✐❡s✱ ♦r ❛r❡ ❡✈❡♥ ♥❡❝❡ss❛r②✱ t♦
r❡❛❝❤ t❤❡s❡ t❛r❣❡ts✳ ■♥ t❤❡ ❝♦♥tr♦❧ s✐❞❡✱ ❛♥ ✐♠♣♦rt❛♥t ❛✐♠ ✐s t❤❛t t❤❡ ❝♦♥tr♦❧❧❡rs s❤♦✉❧❞ s❛t✐s❢②
t❤❡ s❡✈❡r❡ ♣❡r❢♦r♠❛♥❝❡s r❡q✉✐r❡❞ ✐♥ ♣r❡❝✐s❡ ❛♥❞ ❤✐❣❤ ❞②♥❛♠✐❝s ♣♦s✐t✐♦♥✐♥❣ ✭s❡tt❧✐♥❣ t✐♠❡ ❧❡ss
t❤❛♥ t❡♥s ♦❢ ♠✐❧❧✐s❡❝♦♥❞s✱ ♥♦✲♦✈❡rs❤♦♦t ❛♥❞ ♥♦✲✈✐❜r❛t✐♦♥s ❢r♦♠ t❤❡ ❛❝t✉❛t♦rs ❞✉r✐♥❣ t❤❡ t❛s❦s✱
✹❚❤❡ r❡❢❡r❡♥❝❡s ❞♦ ♥♦t ✐♥❝❧✉❞❡ ♠② ✇♦r❦s ❛s t❤❡② ✇✐❧❧ ❜❡ ❝✐t❡❞ ❛s ❝♦♥tr✐❜✉t✐♦♥ ✐♥ t❤❡ r❡st ♦❢ t❤❡ t❤❡s✐s✳
✶✷
♠✐❝r♦♠❡tr✐❝ ❛❝❝✉r❛❝②✮ ✇✐t❤ ❛ ✇♦rr② ❛❜♦✉t t❤❡✐r s✐♠♣❧✐❝✐t② t♦ ♠❛t❝❤ ✇✐t❤ r❡❛❧✲t✐♠❡ ✐♠♣❧❡♠❡♥✲
t❛t✐♦♥ ❛♥❞ ✇✐t❤ t❤❡ ❛❝t✉❛❧ ❛✈❛✐❧❛❜❧❡ r❡❛❧✲t✐♠❡s ♠❛❝❤✐♥❡s ✭❧✐♠✐t❡❞ ✐♥ ❝♦♠♣✉t✐♥❣ ♣♦✇❡rs ❛♥❞
♠❡♠♦r✐❡s✮✳
(a)
(b)
(c)
(d)
(e) (f)
(g)
(h)
❋✐❣✉r❡ ✶✳✻✿ P✐❡③♦❡❧❡❝tr✐❝ ♠✐❝r♦❣r✐♣♣❡rs ❞❡✈❡❧♦♣❡❞ ❛t t❤❡ ❆❙✷▼ ❞❡♣❛rt♠❡♥t✳ ✭❛✮✿ t❤❡ ✜rst
✈❡rs✐♦♥ ♦❢ ♣✐❡③♦❡❧❡❝tr✐❝ ♠✐❝r♦❣r✐♣♣❡r ❛t t❤❡ ❆❙✷▼ ❞❡♣❛rt♠❡♥t ❬✺✾❀ ✻✵❪✳ ✭❜✮ ❛♥❞ ✭❝✮✿ ❛ ✹✲❉❖❋
♠✐❝r♦❣r✐♣♣❡r ♦♥ ❝❤✐♣ ❬✻✶❀ ✻✷❪✳ ✭❞✮✿ ❛ ❤②❜r✐❞ t❤❡r♠♦♣✐❡③♦❡❧❡❝tr✐❝ ♠✐❝r♦❣r✐♣♣❡r ❬P❚✶❪❬❏✶✹❪✳ ✭❡✮✿
❛ ♠✐❝r♦❣r✐♣♣❡r ✇✐t❤ ♦♣t✐♠✐③❡❞ s❡♥s✐♥❣ ❛♥❞ ❛❝t✉❛t✐♦♥ ❝❛♣❛❜✐❧✐t② ❬✻✹✕✻✻❪✳ ✭❢✮❬❈✶✶❪✱ ✭❣✮ ❬✻✶❪✱
❛♥❞ ✭❤✮ ❬✻✸❪✿ ✉t✐❧✐③❛t✐♦♥ ♦❢ t❤❡ ♠✐❝r♦❣r✐♣♣❡rs ❢♦r ♠✐❝r♦♠❛♥✐♣✉❧❛t✐♦♥ ♦r ♠✐❝r♦❛ss❡♠❜❧② t❛s❦s✳
✶✳✸ ❈❤❛❧❧❡♥❣❡s ♣♦s❡❞ ✐♥ ♣r❡❝✐s❡ ❛♥❞ ❤✐❣❤ ❞②♥❛♠✐❝s ♣♦s✐t✐♦♥✐♥❣
✇✐t❤ ♣✐❡③♦❡❧❡❝tr✐❝ s②st❡♠s
P✐❡③♦❡❧❡❝tr✐❝ ❝❛♥t✐❧❡✈❡rs ❜❛s❡❞ ♣♦s✐t✐♦♥✐♥❣ s②st❡♠s ♣♦ss❡ss ✈❡r② ❤✐❣❤ r❡s♦❧✉t✐♦♥✱ ❤✐❣❤ ❜❛♥❞✲
✇✐❞t❤ ❛♥❞ ❤✐❣❤ st✐✛♥❡ss ❛♥❞ ❛r❡ r❡❧❛t✐✈❡❧② ❡❛s② t♦ ❞❡✈❡❧♦♣✳ ❍♦✇❡✈❡r t❤❡② ❡①❤✐❜✐t str♦♥❣
♥♦♥❧✐♥❡❛r✐t✐❡s ✇❤✐❝❤ ❛r❡ t❤❡ ❤②st❡r❡s✐s ❛♥❞ t❤❡ ❝r❡❡♣✱ ❛♥❞ ❛r❡ t②♣✐✜❡❞ ❜② ❜❛❞❧② ❞❛♠♣❡❞ ✈✐✲
❜r❛t✐♦♥s✳ ❋✉rt❤❡r♠♦r❡ t❤❡② ❛r❡ ✈❡r② s❡♥s✐t✐✈❡ t♦ t❤❡ ❡♥✈✐r♦♥♠❡♥t ✭t❡♠♣❡r❛t✉r❡✱ s✉rr♦✉♥❞✐♥❣
✈✐❜r❛t✐♦♥s✮✳ ❚❤❡ ♥♦♥❧✐♥❡❛r✐t✐❡s ❧❡❛❞ t♦ ❛ ❧♦ss ♦❢ ♣❡r❢♦r♠❛♥❝❡s ✭♠❛✐♥❧② t❤❡ ✜♥❛❧ ♣r❡❝✐s✐♦♥✮ ♦❢ t❤❡
♠✐❝r♦♠❛♥✐♣✉❧❛t✐♦♥ ❛♥❞ ♠✐❝r♦❛ss❡♠❜❧② t❛s❦s ❛♥❞ t❤❡ ✈✐❜r❛t✐♦♥s str♦♥❣❧② ❝♦♠♣r♦♠✐s❡ t❤❡✐r st❛✲
❜✐❧✐t②✳ ■♥ ❛ ❝❧♦s❡❞✲❧♦♦♣ s❝❤❡♠❡✱ ❜♦t❤ t❤❡ ♥♦♥❧✐♥❡❛r✐t✐❡s ❛♥❞ t❤❡ ✈✐❜r❛t✐♦♥s ❛✛❡❝t t❤❡ st❛❜✐❧✐t② ✐❢
♥♦t ✇❡❧❧ ❛❝❝♦✉♥t❡❞ ❢♦r✳ ❚❤❡s❡ ♣r♦♣❡rt✐❡s s❤♦✉❧❞ ❞❡✜♥✐t❡❧② ❜❡ ❝♦♥s✐❞❡r❡❞ ❜② ❝♦♥tr♦❧ t❡❝❤♥✐q✉❡s
t♦ r❡❛❝❤ t❤❡ ♣❡r❢♦r♠❛♥❝❡s r❡q✉✐r❡❞ ✐♥ ♠✐❝r♦♠❛♥✐♣✉❧❛t✐♦♥ ❛♥❞ ♠✐❝r♦❛ss❡♠❜❧② t❛s❦s✳ ❆❞❞✐t✐♦♥✲
❛❧❧② t♦ t❤❡s❡ ♣r♦♣❡rt✐❡s✱ ♦t❤❡r ❝❤❛r❛❝t❡r✐st✐❝s t❤❛t ❛r❡ ❢♦✉♥❞ ✐♥ ♠✐❝r♦s②st❡♠s ❛♥❞ ♠✐♥✐❛t✉r✐③❡❞
s②st❡♠s ✐♥ ❣❡♥❡r❛❧ ❛❧s♦ ♣♦s❡ ❝❤❛❧❧❡♥❣❡s✳ ❚❤❡② ❛r❡ ❛❧❧ q✉✐❝❦❧② r❡♠✐♥❞❡❞ ❜❡❧♦✇✳
✶✸
❍②st❡r❡s✐s ♣❤❡♥♦♠❡♥♦♥
voltage [V]
d
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p
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en
t 
[µ
m
]
❋✐❣✉r❡ ✶✳✼✿ ❊①❛♠♣❧❡ ♦❢ ❤②st❡r❡s✐s ♦❜t❛✐♥❡❞
❢r♦♠ ❛ ♣✐❡③♦❡❧❡❝tr✐❝ ❝❛♥t✐❧❡✈❡r❡❞ ❛❝t✉❛t♦r
❬❇❈✺❪✳
❚❤❡ ❤②st❡r❡s✐s ✐♥ ♣✐❡③♦❡❧❡❝tr✐❝ s②st❡♠s ❛r❡
❛ ♥♦♥❧✐♥❡❛r ♣❤❡♥♦♠❡♥♦♥ ✐♥ ✇❤✐❝❤ ❢♦rt❤ ❛♥❞
❜❛❝❦ ❞✐s♣❧❛❝❡♠❡♥t ♣❛t❤s ❛r❡ ❞✐✛❡r❡♥t ❬✼✵❀ ✼✶❪
❛♥❞ t❤✉s ❝❛✉s❡ ❛♥ ✐♠♣♦rt❛♥t ♣♦s✐t✐♦♥✐♥❣ ❡r✲
r♦r✳ ❚♦ ❝❤❛r❛❝t❡r✐③❡ t❤❡ ❤②st❡r❡s✐s✱ ❛ s✐♥❡
❞r✐✈✐♥❣ ✈♦❧t❛❣❡ s✐❣♥❛❧ ✇✐t❤ ❛ ✜①❡❞ ❢r❡q✉❡♥❝②
✐s ❛♣♣❧✐❡❞ t♦ t❤❡ ♣✐❡③♦❡❧❡❝tr✐❝ ❛❝t✉❛t♦r✳ ❚❤❡♥
t❤❡ ♦✉t♣✉t ❞✐s♣❧❛❝❡♠❡♥t ✐s r❡❝♦r❞❡❞✳ ❚❤❡
❛♠♣❧✐t✉❞❡ ♦❢ t❤❡ ❤②st❡r❡s✐s hH × 100% ✭s❡❡
❋✐❣✳ ✶✳✼✮ ✐s t❤❡r❡❢♦r❡ ❝❛❧❝✉❧❛t❡❞ ❢r♦♠ t❤❡
✐♥♣✉t✲♦✉t♣✉t ♠❛♣ ❬❇✹❪✳ ❚❤❡ ❤②st❡r❡s✐s ✐♥
♣✐❡③♦❡❧❡❝tr✐❝ s②st❡♠s ❛r❡ ❦♥♦✇♥ t♦ ❜❡ r❛t❡✲
❞❡♣❡♥❞❡♥t ✭♦r ❞②♥❛♠✐❝✮✿ t❤❡ s❤❛♣❡ ♦❢ t❤❡
❤②st❡r❡s✐s ✈❛r✐❡s ❛❝❝♦r❞✐♥❣ t♦ t❤❡ ❢r❡q✉❡♥❝② ♦r
t♦ t❤❡ r❛t❡ ♦❢ t❤❡ ❞r✐✈✐♥❣ ✈♦❧t❛❣❡ s✐❣♥❛❧✳ ❚❤✐s
r❡♥❞❡rs t❤❡ ❞②♥❛♠✐❝ ❝♦♥tr♦❧ ♦❢ t❤❡ ♣✐❡③♦❡❧❡❝✲
tr✐❝ ♣♦s✐t✐♦♥✐♥❣ s②st❡♠s ♠♦r❡ ❝♦♠♣❧❡①✳ ❋✐❣✳ ✶✳✼ ❞❡♣✐❝ts ❛♥ ❡①❛♠♣❧❡ ♦❢ ❤②st❡r❡s✐s ♦❢ ❛ ♣✐❡③♦❡❧❡❝✲
tr✐❝ ❝❛♥t✐❧❡✈❡r str✉❝t✉r❡❞ ❛❝t✉❛t♦r ❬❇❈✺❪✳ ❚❤❡ ❛♠♣❧✐t✉❞❡ ♦❢ t❤❡ ❤②st❡r❡s✐s ✐s ♦❢ 40µm160µm = 25%
✇❤✐❝❤ ✐s ✈❡r② ✐♠♣♦rt❛♥t✳
❈r❡❡♣ ♣❤❡♥♦♠❡♥♦♥
❚❤❡ ❝r❡❡♣ ♣❤❡♥♦♠❡♥♦♥ ✐s ❞❡✜♥❡❞ ❛s t❤❡ ♣r♦❣r❡ss✐✈❡ t✐♠❡✲❞❡♣❡♥❞❡♥t ✐♥❡❧❛st✐❝ ❞❡❢♦r♠❛t✐♦♥
♦❢ ❛ ♠❛t❡r✐❛❧ ✉♥❞❡r ❝♦♥st❛♥t ❧♦❛❞ ❛♥❞ t❡♠♣❡r❛t✉r❡✳ ❚❤❡ s❤❛♣❡ ♦❢ t❤❡ ❝r❡❡♣ ❛♥❞ t❤❡ ❞✉r❛✲
t✐♦♥ ♦❢ t❤❡ ❝r❡❡♣ st❛❣❡s ❞❡♣❡♥❞ str♦♥❣❧② ♦♥ t❤❡ str❡ss ❛♥❞ t❡♠♣❡r❛t✉r❡ ✈❛❧✉❡s ❬✼✷❪❬❇✹❪✳ ■♥
❛♥ ❛♥❛❧♦❣♦✉s ✇❛②✱ t❤❡ ❝r❡❡♣ ✐♥ ♣✐❡③♦❡❧❡❝tr✐❝ ♠❛t❡r✐❛❧s ✐s ❞❡✜♥❡❞ ❛s t❤❡ ❞r✐❢t ✐♥ ❞❡❢♦r♠❛t✐♦♥
❛❢t❡r ❛♣♣❧②✐♥❣ ❛ ❝♦♥st❛♥t ❡❧❡❝tr✐❝ ✜❡❧❞✱ t❤❡ ❡✈❛❧✉❛t✐♦♥ ❜❡✐♥❣ ♠❛❞❡ ❛t ❝♦♥st❛♥t t❡♠♣❡r❛t✉r❡✳
final value
if without creep
transient part
(oscillating)
displacement [µm]
creep
time [s]
❋✐❣✉r❡ ✶✳✽✿ ❊①❛♠♣❧❡ ♦❢ ❝r❡❡♣ ✐♥ ❛ ♣✐❡③♦❡❧❡❝tr✐❝
❝❛♥t✐❧❡✈❡r ❬❏✼❪✳
❚❤❡ ❝r❡❡♣✱ s✐♠✐❧❛r❧② t♦ t❤❡ ❤②st❡r❡s✐s✱ ✐s ❞✉❡
t♦ ❛ ❝♦♠♣❧❡① ♣❤❡♥♦♠❡♥♦♥ ✐♥s✐❞❡ t❤❡ ♠❛t❡✲
r✐❛❧✳ ■t ❞❡♣❡♥❞s ♦♥ t❤❡ ✐♥t❡r♥❛❧ str✉❝t✉r❡ ❛♥❞
♣r♦♣❡rt✐❡s ♦❢ t❤❡ ♠❛t❡r✐❛❧ s✉❝❤ ❛s t❤❡ ❞♦✲
♠❛✐♥s ✇❛❧❧s✱ ✐♠♣✉r✐t✐❡s ❛♥❞ ✈❛❝❛♥❝✐❡s✳ ❚❤❡
❝r❡❡♣ ✐s ♠♦r❡ ✐♠♣♦rt❛♥t ✇❤❡♥ t❤❡ t❡♠♣❡r✲
❛t✉r❡ ✐s ❤✐❣❤✳ ❋✉rt❤❡r♠♦r❡✱ t❤❡ ❝r❡❡♣ ❞✉❡
t♦ ❛♥ ❡❧❡❝tr✐❝❛❧ ❡①❝✐t❛t✐♦♥ ✐s ♠♦r❡ ✐♠♣♦rt❛♥t
t❤❛♥ t❤❛t t❤❡ ❝r❡❡♣ ❞✉❡ t♦ ❛ ♠❡❝❤❛♥✐❝❛❧ str❡ss
✐♥ ♣✐❡③♦❡❧❡❝tr✐❝ ♠❛t❡r✐❛❧s✳ ❚❤❡ ♦❜s❡r✈❛t✐♦♥ ♦❢
t❤❡ ❝r❡❡♣ ✐s ♠❛❞❡ ❜② ❛♣♣❧②✐♥❣ ❛ st❡♣ ✈♦❧t❛❣❡
t♦ t❤❡ ♣✐❡③♦❡❧❡❝tr✐❝ s②st❡♠✳ ❚❤❡ ♣❤❡♥♦♠❡♥♦♥
✐s t❛❦❡♥ ❛s t❤❡ ❧♦✇ r❛t❡ ❞r✐❢t t❤❛t ♦❝❝✉rs ❥✉st
❛❢t❡r t❤❡ tr❛♥s✐❡♥t ♣❛rt✱ s❡❡ ❋✐❣✳ ✶✳✽✳ ❚❤❡ s❡t✲
t❧✐♥❣ t✐♠❡ ♦❢ t❤❡ tr❛♥s✐❡♥t ♣❛rt ✐s ✈❡r② q✉✐❝❦
❛♥❞ ❞♦❡s ♥♦t ❡①❝❡❡❞ ❤✉♥❞r❡❞s ♦❢ ♠✐❧❧✐s❡❝♦♥❞s
✶✹
✇❤✐❧❡ t❤❡ s❡tt❧✐♥❣ t✐♠❡ ♦❢ t❤❡ ❞r✐❢t ❝❛♥ ❜❡ ♠❛♥② ❤♦✉rs✳ ❆s ❛♥ ❡①❛♠♣❧❡✱ ❋✐❣✳ ✶✳✽ ❞❡♣✐❝ts t❤❡
st❡♣ r❡s♣♦♥s❡ ♦❢ ❛ ♣✐❡③♦❡❧❡❝tr✐❝ ❝❛♥t✐❧❡✈❡r❡❞ ❛❝t✉❛t♦r ✇✐t❤ 20mm × 2mm × 0.3mm s✐③❡s ❛♥❞
❜❛s❡❞ ♦♥ ❧❡❛❞ ③✐r❝♦♥❛t❡ t✐t❛♥❛t❡ ✭P❩❚✮ ❛♥❞ ❝♦♣♣❡r ♠❛t❡r✐❛❧s✳ ❚❤❡ r❡s♣♦♥s❡ ❤❛s ❜❡❡♥ r❡❝♦r❞❡❞
❢♦r ❛ ❧♦♥❣ ♣❡r✐♦❞✳ ❚❤❡ s❡tt❧✐♥❣ t✐♠❡ ♦❢ t❤❡ tr❛♥s✐❡♥t ♣❛rt ✐s ❝❛❧❝✉❧❛t❡❞ ❛s ❛❜♦✉t 82ms ✇❤✐❧st
t❤❡ ❞r✐❢t ✐s st✐❧❧ ❡✈♦❧✉t✐♥❣ ❡✈❡♥ ❛❢t❡r 10min ♦❢ ♦❜s❡r✈❛t✐♦♥ ❬❏✼❪✳
❇❛❞❧② ❞❛♠♣❡❞ ✈✐❜r❛t✐♦♥s
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❋✐❣✉r❡ ✶✳✾✿ ❙t❡♣ r❡s♣♦♥s❡ ✭t❤❡ tr❛♥s✐❡♥t ♣❛rt✮
♦❢ ❛ ♣✐❡③♦❡❧❡❝tr✐❝ ❛❝t✉❛t♦r ❬❏✼❪✳
Pr❡❝✐s❡ ♣♦s✐t✐♦♥✐♥❣ s②st❡♠s ❜❛s❡❞ ♦♥
♣✐❡③♦❡❧❡❝tr✐❝ ❝❛♥t✐❧❡✈❡r ❛❝t✉❛t♦rs ❡✈✐❞❡♥t❧②
❡①❤✐❜✐t ❧✐❣❤t❧② ❞❛♠♣❡❞ ✈✐❜r❛t✐♦♥s✳ ❚❤✐s ✐s
❞✉❡ t♦ t❤❡ ❝❛♥t✐❧❡✈❡r str✉❝t✉r❡ ✐ts❡❧❢ ❛♥❞ t♦
t❤❡ ❤✐❣❤ ◗✲❢❛❝t♦r ♦❢ t❤❡ ♠❛t❡r✐❛❧s ❬✼✸❪❬❇✹❪✳
❚❤❡s❡ ✈✐❜r❛t✐♦♥s ✐♥❡✈✐t❛❜❧② ❛✛❡❝t t❤❡ ♠✐❝r♦✲
♠❛♥✐♣✉❧❛t✐♦♥ ❛♥❞ ♠✐❝r♦❛ss❡♠❜❧② t❛s❦s✳ ■❢
t❤❡ ♦✈❡rs❤♦♦ts ❛r❡ t♦♦ ❤✐❣❤✱ t❤❡ ♠❛♥✐♣✉❧❛t❡❞
♦❜❥❡❝ts ♦r t❤❡ ❛❝t✉❛t♦rs ❝❛♥ ❜❡ ❞❡str♦②❡❞✳
❋✉rt❤❡♠♦r❡✱ ❡✈❡♥ ✐❢ t❤❡ ♣✐❡③♦❡❧❡❝tr✐❝ s②st❡♠
♣♦ss❡ss❡s ❛ ❤✐❣❤ ❜❛♥❞✇✐❞t❤✱ t❤❡ s❡tt❧✐♥❣ t✐♠❡
✐s ❤✐❣❤ ❞✉❡ t♦ t❤❡ ❧✐❣❤t❧② ❞❛♠♣❡❞ ✈✐❜r❛t✐♦♥s✳
❋✐♥❛❧❧②✱ t❤❡ st❛❜✐❧✐t② ♦❢ t❤❡ t❛s❦s ✐ts❡❧❢ ✐s
❝♦♠♣r♦♠✐s❡❞✳ ❋✐❣✳ ✶✳✾ ❞❡♣✐❝ts t❤❡ st❡♣ r❡✲
s♣♦♥s❡ ✭tr❛♥s✐❡♥t ♣❛rt✮ ♦❢ t❤❡ s❛♠❡ ♣✐❡③♦❡❧❡❝✲
tr✐❝ ❝❛♥t✐❧❡✈❡r❡❞ ❛❝t✉❛t♦r t❤❛♥ ❢♦r t❤❡ ❝r❡❡♣
✐♥ ❋✐❣✳ ✶✳✽✳ ❚❤✐s ✜❣✉r❡ ❝♦rr❡s♣♦♥❞s t♦ t❤❡ tr❛♥s✐❡♥t ♣❛rt ❜❡❢♦r❡ t❤❡ ❝r❡❡♣ st❛rts✳ ❆ q✉✐❝❦
✐❞❡♥t✐✜❝❛t✐♦♥ s❤♦✇s t❤❛t t❤❡ ❛❝t✉❛t♦r ❡①❤✐❜✐ts ❛ ❞❛♠♣✐♥❣ r❛t✐♦ ♦❢ ξ = 0.01 ❛t t❤❡ ♥❛t✉r❛❧
❢r❡q✉❡♥❝② ♦❢ 4713rad/s ❬❏✼❪✳
❍✐❣❤ ♥♦✐s❡✲t♦✲s✐❣♥❛❧ r❛t✐♦
❚❤❡ r❛♥❣❡s ♦❢ t❤❡ ✉s❡❢✉❧ s✐❣♥❛❧s✺ ✐♥✈♦❧✈❡❞ ✐♥ ♣r❡❝✐s❡ ♣♦s✐t✐♦♥✐♥❣ s②st❡♠s ❛r❡ ✇❡❛❦ ❛♥❞ t❤❡
❛❝❝✉r❛❝② r❡q✉✐r❡❞ ✐♥ t❤❡ t❛s❦s ❛r❡ s❡✈❡r❡ ✭♠✐❝r♦♠❡tr✐❝ ♦r s✉❜♠✐❝r♦♠❡tr✐❝✮✳ ❆♥② ♥♦✐s❡ ✐♥tr♦✲
❞✉❝❡❞ ❜② t❤❡ s❡♥s♦rs ♦r ❝❛✉s❡❞ ❜② t❤❡ ❡♥✈✐r♦♥♠❡♥t ✭t❤❡r♠❛❧ ♥♦✐s❡✱ ♠❡❝❤❛♥✐❝❛❧ ✈✐❜r❛t✐♦♥s✱✳✳✳✮
✇✐❧❧ ❞r♦✇♥ t❤❡ s✐❣♥❛❧s ❬✼✹✕✼✻❪❬❇❈✼❪✳ ■t r❡s✉❧ts ✐♥ ❛ ❤✐❣❤ ♥♦✐s❡✲t♦✲s✐❣♥❛❧ r❛t✐♦ t❤❛t ❝♦♥❞✐t✐♦♥s
t❤❡ s✉❝❝❡ss ♦❢ t❤❡ ♠✐❝r♦♠❛♥✐♣✉❧❛t✐♦♥ ♦r ♠✐❝r♦❛ss❡♠❜❧② t❛s❦s✳
❍✐❣❤ s❡♥s✐✈✐t② t♦ ❡♥✈✐r♦♥♠❡♥t❛❧ ❞✐st✉r❜❛♥❝❡s
❆s t❤❡ s✐③❡s ♦❢ t❤❡ ♠❛tt❡r ❞♦✇♥s❝❛❧❡✱ ❢♦r❝❡s ✐♠♣❡r❝❡♣t✐❜❧❡ ❛t t❤❡ ❝❧❛ss✐❝❛❧ s✐③❡s ❜❡❝♦♠❡
♣r❡❞♦♠✐♥❛♥t ❢❛❝❡ t♦ ✈♦❧✉♠❡ ❢♦r❝❡s ✭✇❡✐❣❤ts✮✳ ❈❛❧❧❡❞ s✉r❢❛❝❡ ❢♦r❝❡s✱ t❤❡② ✐♥❝❧✉❞❡ t❤❡ ❡❧❡❝tr♦✲
st❛t✐❝ ❢♦r❝❡✱ t❤❡ ✈❛♥ ❞❡r ❲❛❛❧s ❢♦r❝❡s ❛♥❞ t❤❡ ❝❛♣✐❧❧❛r② ❢♦r❝❡ ❬✼✼✕✼✾❪✳ ❲❤❡♥ t❤❡ s✐③❡s ♦❢ t❤❡
♠❛♥✐♣✉❧❛t❡❞ ♦❜❥❡❝ts ♦r ♦❢ t❤❡ ♣♦s✐t✐♦♥✐♥❣ s②st❡♠s ❛r❡ t♦♦ s♠❛❧❧✱ t❤❡s❡ ❢♦r❝❡s ✐♥❡✈✐t❛❜❧② ❛✛❡❝t
✺❘❛♥❣❡ ♦❢ ✉s❡❢✉❧ s✐❣♥❛❧s✿ r❛♥❣❡ ♦❢ ♣♦s✐t✐♦♥✐♥❣ ♦r r❛♥❣❡ ♦❢ ❢♦r❝❡✳
✶✺
t❤❡ t❛s❦s✳ ▲❛st✱ ♠✐♥✐❛t✉r✐③❡❞ ♣♦s✐t✐♦♥✐♥❣ s②st❡♠s ❛r❡ ✈❡r② s❡♥s✐t✐✈❡ t♦ t❤❡ ❡♥✈✐r♦♥♠❡♥t❛❧ ❝♦♥✲
❞✐t✐♦♥s ❧✐❦❡ t❤❡ t❡♠♣❡r❛t✉r❡ ♦r s✉rr♦✉♥❞✐♥❣ ✈✐❜r❛t✐♦♥s ❬✽✵❪✳ ❆ s♠❛❧❧ ❛♠♦✉♥t ♦❢ t❡♠♣❡r❛t✉r❡
✈❛r✐❛t✐♦♥ t❤❛t ✐s ❝❧❛ss✐❝❛❧❧② ✐rr❡❧❡✈❛♥t ❝❛♥ ❣r❡❛t❧② ✐♠♣❛❝t t❤❡ ♣r❡❝✐s✐♦♥ ♦❢ ♠✐♥✐❛t✉r✐③❡❞ s②st❡♠s✳
❉✐✣❝✉❧t② t♦ s❡♥s❡ ❛♥❞ t♦ ♠❡❛s✉r❡
❲❤❡♥ ✇♦r❦✐♥❣ ✇✐t❤ s♠❛❧❧ s✐③❡❞ s②st❡♠s✱ ❛ ❝❤❛r❛❝t❡r✐st✐❝ ✐s t❤❡ ❞✐✣❝✉❧t② t♦ s❡♥s❡✳ ❚❤✉s✱
❝❛♠❡r❛ ❛♥❞ ♠✐❝r♦s❝♦♣❡s ❛r❡ ♦❢t❡♥ ✉t✐❧✐③❡❞ t♦ ❢♦❧❧♦✇ t❤❡ ♠✐❝r♦♠❛♥✐♣✉❧❛t✐♦♥ ❛♥❞ ♠✐❝r♦❛ss❡♠❜❧②
t❛s❦s✳ ▼❡❛♥✇❤✐❧❡✱ t❤✐s ✐s ♥♦t ❛❧✇❛②s r❡❛❧✐s❛❜❧❡ ✐❢ t❤❡ s♣❛❝❡ ❛✈❛✐❧❛❜❧❡ ❢♦r t❤❡ ✈✐s✉❛❧✐s❛t✐♦♥
✐s r❡str✐❝t❡❞✳ ❋✐♥❛❧❧②✱ ♠❡❛s✉r✐♥❣ t❤❡ ♠♦✈❡♠❡♥t ❛♥❞ t❤❡ ❢♦r❝❡s ✐♥ ♣r❡❝✐s❡ ❛♥❞ ❤✐❣❤ ❞②♥❛♠✐❝s
♣♦s✐t✐♦♥✐♥❣ s②st❡♠s ✐s st✐❧❧ ❧✐♠✐t❡❞ ♥♦✇❛❞❛②s✳ ❆s ✇❡ ✇✐❧❧ ❞✐s❝✉ss ✐♥ ❈❤❛♣t❡r ✹ ❛♥❞ ✐♥ ❈❤❛♣t❡r ✺✱
s❡♥s♦rs t❤❛t ❤❛✈❡ t❤❡ r❡q✉✐r❡❞ ♣❡r❢♦r♠❛♥❝❡s t♦ tr❛❝❦ t❤❡s❡ s✐❣♥❛❧s ❛r❡ ❜✉❧❦②✱ ♥♦t ✐♥t❡❣r❛❜❧❡
❛♥❞ ✈❡r② ❡①♣❡♥s✐✈❡ ✭❡①❛♠♣❧❡s✿ ♦♣t✐❝❛❧ s❡♥s♦rs ✇✐t❤ tr✐❛♥❣✉❧❛t✐♦♥ ♣r✐♥❝✐♣❧❡✮ ✇❤✐❧st s❡♥s♦rs t❤❛t
❛r❡ ❡♠❜❡❞❞❛❜❧❡ ❛r❡ ♥♦t ❝♦♥✈❡♥✐❡♥t ❢♦r ❝❡rt❛✐♥ ❛♣♣❧✐❝❛t✐♦♥s ❞✉❡ t♦ t❤❡✐r ❧✐♠✐t❡❞ ♣❡r❢♦r♠❛♥❝❡s
✭❧✐♠✐t❡❞ r❛♥❣❡s ❛♥❞ ♣r❡❝✐s✐♦♥✮✳
✶✳✹ P❤❉ ✇♦r❦s ✭✷✵✵✸ ✲ ✷✵✵✻✮
✶✳✹✳✶ ❈♦♥t❡①t ❛♥❞ r❡s✉❧ts
▼② P❤❉ ✇♦r❦s ✇❡r❡ ❝❛rr✐❡❞ ♦✉t ❛t t❤❡ ❆❙✷▼ ❞❡♣❛rt♠❡♥t ❜❡t✇❡❡♥ ♥♦✈❡♠❜❡r ✷✵✵✸ ❛♥❞ ♥♦✈❡♠✲
❜❡r ✷✵✵✻✳ ❚❤❡② ❞❡❛❧t ✇✐t❤ t❤❡ ❞❡s✐❣♥✱ ❞❡✈❡❧♦♣♠❡♥t ❛♥❞ ❝♦♥tr♦❧ ♦❢ ❛ ♠✐❝r♦❛ss❡♠❜❧② st❛t✐♦♥
❛♥❞ ✇❡r❡ ✉♥❞❡r t❤❡ ❣✉✐❞❛♥❝❡ ♦❢ P❤✐❧✐♣♣❡ ▲✉t③ ❛♥❞ ❨❛ss✐♥❡ ❍❛❞❞❛❜✳ ❚❤❡ ✇♦r❦s ❛r❡ ♣❛rt ♦❢ ❛♥
❡✉r♦♣❡❛♥ ♣r♦❥❡❝t ✭❊❯P❆❙❙ ♣r♦❥❡❝t✮ t❤❛t ❛✐♠❡❞ t♦ ❞❡✈❡❧♦♣ r❡❝♦♥✜❣✉r❛❜❧❡ ♠✐❝r♦❢❛❝t♦r✐❡s ❬✽✵❪✳
❚❤❡ ♠✐❝r♦❢❛❝t♦r✐❡s ❛r❡ ♠✐♥✐❛t✉r✐③❡❞ ❢❛❝t♦r✐❡s ❝❛♣❛❜❧❡ ♦❢ ♣r♦❞✉❝✐♥❣ ♠✐♥✐❛t✉r✐③❡❞ ♣r♦❞✉❝ts ❛t
❧♦✇ ❝♦sts✳
the TRING-module microrobotend-effector support
❋✐❣✉r❡ ✶✳✶✵✿ ❆ ❚❘■◆●✲♠♦❞✉❧❡✿ ❛ ✈❡r② ❤✐❣❤
r❡s♦❧✉t❡ ✷✲❉❖❋ ♠✐❝r♦r♦❜♦t ✇✐t❤ ❛♥❣✉❧❛r ❛♥❞
❧✐♥❡❛r ♠♦t✐♦♥ ❝❛♣❛❜✐❧✐t✐❡s✳
❖♥❡ ♦❢ t❤❡ ✐♠♣♦rt❛♥t ♦✉t❝♦♠❡s ♦❢ t❤❡
P❤❉ ✇♦r❦s ✇❛s t❤❡ ❞❡✈❡❧♦♣♠❡♥t ♦❢ ♥❡✇ ♠✐✲
❝r♦r♦❜♦ts ✭❝❛❧❧❡❞ ❚❘■◆●✲♠♦❞✉❧❡✮ ❝❛♣❛❜❧❡ ♦❢
♣❡r❢♦r♠✐♥❣ ✈❡r② ♣r❡❝✐s❡ ❛♥❣✉❧❛r ❛♥❞ ❧✐♥❡❛r
♠♦t✐♦♥s ✭✷✲❉❖❋✮ ❬❇❈✶❪❬❏✸❪❬❈✺❪❬❈✹❪❬❈✷❪✱ s❡❡
❋✐❣✳ ✶✳✶✵✳ ❇❛s❡❞ ♦♥ t❤❡ st✐❝❦✲s❧✐♣ ♠♦t✐♦♥
♣r✐♥❝✐♣❧❡ ❛♥❞ ♦♥ ♣✐❡③♦❡❧❡❝tr✐❝ ❛❝t✉❛t♦rs✱ ♦♥❡
❚❘■◆●✲♠♦❞✉❧❡ ❝❛♥ ♠♦✈❡ ✇✐t❤ ❛ st❡♣ ❜❡✲
t✇❡❡♥ 70nm ❛♥❞ 200nm✳ ■ts ❧✐♥❡❛r ✈❡❧♦❝✐t②
❝❛♥ ❜❡ ✐♥ ❡①❝❡ss ♦❢ 2mm/s ❛♥❞ t❤❡ ❛♥❣✉❧❛r
✈❡❧♦❝✐t② ✐s ❛❜♦✉t 1 r♦✉♥❞ ♣❡r 18s✳ ❲❤❡♥
✇♦r❦✐♥❣ ✐♥ s✉❜✲st❡♣✱ t❤❡ r❡s♦❧✉t✐♦♥ ♦❢ t❤❡
♠♦✈❡♠❡♥t ✐s ♥❛♥♦♠❡tr✐❝ ✭❜❡tt❡r t❤❛♥ 10nm✮✳
❆❞❞✐t✐♦♥❛❧❧② t♦ t❤❡ ✈❡r② ❤✐❣❤ r❡s♦❧✉t✐♦♥✱ ❛♥✲
♦t❤❡r ❛❞✈❛♥t❛❣❡ ❢r♦♠ t❤❡ ❚❘■◆●✲♠♦❞✉❧❡s ✐s
t❤❡ ✈❡r② ❤✐❣❤ r❛♥❣❡✿ s❡✈❡r❛❧ t❡♥s ♦❢ ❝❡♥t✐♠❡✲
t❡rs ❛r❡ ♣♦ss✐❜❧❡✳
✶✻
❚❤❡ P❤❉ ✇♦r❦s ❛❧s♦ ✐♥❝❧✉❞❡ t❤❡ ❞❡✈❡❧♦♣♠❡♥t ♦❢ ❛ ✇❤♦❧❡ st❛t✐♦♥ ❜❛s❡❞ ♦♥ ♦♥❡ ♦r s❡✈❡r❛❧
❚❘■◆●✲♠♦❞✉❧❡s ❬❈✸❪❬❈✶❪✱ ❛♥❞ t❤❡ ♠♦❞❡❧✐♥❣ ❛♥❞ ❝♦♥tr♦❧ ♦❢ ❛❧❧ t❤❡ ♠♦❞✉❧❡s ✇✐t❤✐♥ t❤❡ st❛t✐♦♥✳
❆ ♥♦✈❡❧ ❝♦♥tr♦❧ t❡❝❤♥✐q✉❡ ❢♦r st❡♣♣❡r ♠✐❝r♦r♦❜♦ts ❤❛s ❜❡❡♥ ♣r♦♣♦s❡❞ ❬❇❈✶❪❬❏✶❪❬❈✽❪❬❈✻❪✳ ❈❛❧❧❡❞
✈♦❧t❛❣❡✴❢r❡q✉❡♥❝② ♣r♦♣♦rt✐♦♥❛❧ ❝♦♥tr♦❧✱ t❤❡ t❡❝❤♥✐q✉❡ ❡♥❝♦♠♣❛ss❡s t❤❡ ❡①✐st✐♥❣ ♦♥❡s ❛♥❞ ✐s
♠♦r❡ ❣❡♥❡r❛❧✳ ❆ ♠❛✐♥ ❛❞✈❛♥t❛❣❡ ♦❢ t❤✐s t❡❝❤♥✐q✉❡ ✐s t❤❛t t❤❡ t✇♦ ♠♦❞❡s ♦❢ ♠♦✈❡♠❡♥t✱ ✐✳❡✳
t❤❡ st❡♣✲❜②✲st❡♣ ♠♦t✐♦♥ ❢♦r t❤❡ ❝♦❛rs❡ ♣♦s✐t✐♦♥✐♥❣ ❛♥❞ t❤❡ s✉❜st❡♣ ❢♦r t❤❡ ✜♥❡ ♣♦s✐t✐♦♥✐♥❣✱
❛r❡ ❛✉t♦♠❛t✐❝❛❧❧② s✇✐t❝❤❡❞ ❜② t❤❡ ❝♦♥tr♦❧❧❡r✳ ❲❡ ❤❛✈❡ ❛❧s♦ ❞❡♠♦♥str❛t❡❞ t❤❛t t❤❡ ▲②❛♣✉♥♦✈
st❛❜✐❧✐t② ✐s ❣✉❛r❛♥t❡❡❞ ❜② t❤❡ ♥♦✈❡❧ ❝♦♥tr♦❧ t❡❝❤♥✐q✉❡ ❢♦r ❛♥② st✐❝❦✲s❧✐♣ ♠✐❝r♦r♦❜♦t✳ ❋✐♥❛❧❧②✱
❛♥♦t❤❡r ♣r✐♥❝✐♣❛❧ r❡s✉❧t ♦❢ t❤❡ P❤❉ ✇♦r❦s ✐s t❤❡ ♠♦❞❡❧✐♥❣ ❛♥❞ ❝♦♥tr♦❧ ♦❢ ♣✐❡③♦❡❧❡❝tr✐❝ ❝❛♥t✐❧❡✈❡rs
✉s❡❞ ❛s ❛❝t✐✈❡ ❡♥❞✲❡✛❡❝t♦r ❢♦r t❤❡ ♠✐❝r♦r♦❜♦ts ❬❏✷❪❬❈✶✵❪❬❈✾❪❬❈✼❪✳ ▼② ✇♦r❦s r❡❣❛r❞✐♥❣ t❤❡
♣✐❡③♦❡❧❡❝tr✐❝ ❝❛♥t✐❧❡✈❡r❡❞ str✉❝t✉r❡s ✇✐t❤ r❡❝t❛♥❣✉❧❛r s❡❝t✐♦♥s st❛rt❡❞ ✇✐t❤ t❤✐s r❡s✉❧t✳
✶✳✹✳✷ P❤❉ ❣❡♥❡r❛❧ ✐♥❢♦r♠❛t✐♦♥
❚❛❜❧❡ ✶✳✹✳✷ s✉♠♠❛r✐③❡s t❤❡ ❛❞♠✐♥✐str❛t✐✈❡ ✐♥❢♦r♠❛t✐♦♥ r❡❧❛t✐✈❡ t♦ ♠② P❤❉ ❛♥❞ t♦ ✐ts ❞❡❢❡♥s②✳
❧✐❣❤t❣r❛② ●❡♥❡r❛❧ ✐♥❢♦r♠❛t✐♦♥
❙t❛r✐♥❣ ❞❛t❡ ◆♦✈❡♠❜❡r ✸✱ ✷✵✵✸
❉❛t❡ ♦❢ ❞❡❢❡♥s② ◆♦✈❡♠❜❡r ✸✵✱ ✷✵✵✻
❯♥✐✈❡rs✐t② ❯♥✐✈❡rs✐t② ♦❢ ❋r❛♥❝❤❡✲❈♦♠té ✭❯❋❈✮ ❛t ❇❡s❛♥ç♦♥
▲❛❜♦r❛t♦r② ❆✉t♦♠❛t✐❝ ❈♦♥tr♦❧ ❛♥❞ ▼✐❝r♦▼❡❝❤❛tr♦♥✐❝ ❙②st❡♠s ✭❆❙✷▼✮✱
❋❊▼❚❖✲❙❚ ■♥st✐t✉t❡ ❈◆❘❙ ❯▼❘✻✶✼✹ ✴ ❯❋❈ ✴ ❊◆❙▼▼ ✴ ❯❚❇▼
❙♣❡❝✐❛❧✐t② ❈♦♥tr♦❧ ❙②st❡♠s
❚✐t❧❡ ❉é✈❡❧♦♣♣❡♠❡♥t ❡t ❝♦♠♠❛♥❞❡ ♠♦❞✉❧❛✐r❡ ❞✬✉♥❡ st❛t✐♦♥ ❞❡ ♠✐❝r♦❛ss❡♠❜❧❛❣❡
❧✐❣❤t❣r❛② ❈♦♠♠✐tt❡❡ ♠❡♠❜❡rs
❘❡✈✐❡✇❡rs ✲ ❍❡♥r✐ ❇♦✉r❧ès✱ ❋✉❧❧ Pr♦❢❡ss♦r ❈◆❆▼ P❛r✐s ❋r❛♥❝❡
✲ ❍❡r✈é✲❚❛♥♥❡❣② ❘❡❞❛r❝❡✱ ❋✉❧❧ Pr♦❢❡ss♦r ■◆❙❆ ▲②♦♥ ❋r❛♥❝❡
❊①❛♠✐♥❡rs ✲ ❏❡❛♥✲▼❛r❝ ❇r❡❣✉❡t✱ ❉✐r❡❝t♦r ♦❢ ●r♦✉♣ ❊P❋▲ ▲❛✉s❛♥♥❡ ❙✇✐t③❡r❧❛♥❞
✲ ◆✐❝♦❧❛s ❈❤❛✐❧❧❡t✱ ❋✉❧❧ Pr♦❢❡ss♦r ❯❋❈ ❇❡s❛♥ç♦♥ ❋r❛♥❝❡
✲ ❋r❛♥ç♦✐s P✐❡rr♦t✱ ❉✐r❡❝t♦r ♦❢ ❘❡s❡❛r❝❤ ▲■❘▼▼ ▼♦♥t♣❡❧❧✐❡r ❋r❛♥❝❡
✲ ❙té♣❤❛♥❡ ❘é❣♥✐❡r✱ ❋✉❧❧ Pr♦❢❡ss♦r ❯P▼❈ P❛r✐s ❋r❛♥❝❡
❆❞✈✐s♦rs ✲ P❤✐❧✐♣♣❡ ▲✉t③✱ ❋✉❧❧ Pr♦❢❡ss♦r ❯❋❈ ❇❡s❛♥ç♦♥ ❋r❛♥❝❡
✲ ❨❛ss✐♥❡ ❍❛❞❞❛❜✱ ❆ss♦❝✐❛t❡ Pr♦❢❡ss♦r ❊◆❙▼▼ ❇❡s❛♥ç♦♥ ❋r❛♥❝❡
❧✐❣❤t❣r❛② ❍✐❣❤❧✐❣❤ts
▼✐♥✐st❡r✐❛❧ s❝❤♦❧❛rs❤✐♣ ❛✇❛r❞
❯❋❈ ❜❡st P❤❉ t❤❡s✐s ✜♥❛❧✐st
■❊❊❊ ■❈❆❘❈❱✲✷✵✵✻ ❜❡st ♣❛♣❡r ❛✇❛r❞ ✜♥❛❧✐st ✭✹ ♣❛♣❡rs s❡❧❡❝t❡❞ ❛♠♦♥❣ ✺✽✵ ♣❛♣❡rs✮
❚❛❜❧❡ ✶✳✶✿ ■♥❢♦r♠❛t✐♦♥ s✉♠♠❛r② r❡❣❛r❞✐♥❣ ♠② P❤❉ ✇♦r❦s✳
✶✼
✶✳✹✳✸ P✉❜❧✐❝❛t✐♦♥s r❡❧❛t❡❞ t♦ t❤❡ P❤❉ ✇♦r❦s
❚❤❡ ❧✐st ♦❢ ♣✉❜❧✐❝❛t✐♦♥s r❡❧❛t❡❞ t♦ t❤❡ P❤❉ ✇♦r❦s ❛r❡ ❧✐st❡❞ ✐♥ ❆♣♣❡♥❞✐① ❇ ❛♥❞ ❛r❡ ❝❧❛r✐✜❡❞ ❜②
t❤❡ ✧✭r❡❧❛t❡❞ t♦ ♠② P❤❉ ✇♦r❦s✮✧ st❛t❡♠❡♥t✳ ❚❤❡② ✐♥❝❧✉❞❡ ♦♥❡ ❜♦♦❦✻✱ ♦♥❡ ❜♦♦❦ ❝❤❛♣t❡r✱ t❤r❡❡
❥♦✉r♥❛❧s✱ t❡♥ ✐♥t❡r♥❛t✐♦♥❛❧ ❝♦♥❢❡r❡♥❝❡s ♦r ✇♦r❦s❤♦♣s ♣❛♣❡rs ❛♥❞ ❢♦✉r ♥❛t✐♦♥❛❧ ❛♥❞ r❡❣✐♦♥❛❧
✇♦r❦s❤♦♣s✳
✶✳✺ P♦st✲P❤❉ ✇♦r❦s ✭✷✵✵✻ ♦♥✇❛r❞s✮
✶✳✺✳✶ ❋✉♥❞❛♠❡♥t❛❧ t❤❡♠❡s
▼② ✇♦r❦s s✐♥❝❡ ✷✵✵✻ ❝❛♥ ❜❡ s♣❧✐tt❡❞ ✐♥t♦ t❤r❡❡ ❢✉♥❞❛♠❡♥t❛❧ t❤❡♠❡s✿ ✶✮ t❤❡ ❞❡s✐❣♥ ❛♥❞ t❤❡
❞❡✈❡❧♦♣♠❡♥t ♦❢ ♣✐❡③♦❡❧❡❝tr✐❝ ❜❛s❡❞ ♣r❡❝✐s❡ ❛♥❞ ❤✐❣❤ ❞②♥❛♠✐❝s ♣♦s✐t✐♦♥✐♥❣ s②st❡♠s✱ ✷✮ t❤❡✐r
❝♦♥tr♦❧✱ ✸✮ ❛♥❞ t❤❡ st✉❞② ♦❢ ♠❡❛s✉r❡♠❡♥t t❡❝❤♥✐q✉❡s ❢♦r t❤❡♠✳
❉❡s✐❣♥ ❛♥❞ ❞❡✈❡❧♦♣♠❡♥t ♦❢ ♣✐❡③♦❡❧❡❝tr✐❝ s②st❡♠s
❚❤✐s t❤❡♠❡ ✐s r❡❧❛t❡❞ t♦ t❤❡ ❞❡s✐❣♥ ❛♥❞ ❞❡✈❡❧♦♣♠❡♥t ♦❢ ♣r❡❝✐s❡ ❛♥❞ ❤✐❣❤ ❞②♥❛♠✐❝s ♣♦s✐t✐♦♥✲
✐♥❣ s②st❡♠s ❜❛s❡❞ ♦♥ ♣✐❡③♦❡❧❡❝tr✐❝ ♠❛t❡r✐❛❧s✳ ❈❛♥t✐❧❡✈❡r str✉❝t✉r❡s ✇✐t❤ r❡❝t❛♥❣✉❧❛r s❡❝t✐♦♥
❛r❡ ♣r✐♥❝✐♣❛❧❧② t❤❡ ❜❛s✐s✳ ■t ✐s s❤♦✇♥ t❤❛t t❤❡s❡ s✐♠♣❧❡ str✉❝t✉r❡s ♦❢ ♣✐❡③♦❡❧❡❝tr✐❝ ❛❝t✉❛t♦rs
❝❛♥ ❜❡ ✉t✐❧✐③❡❞ t♦ ②✐❡❧❞ ♠♦r❡ ❝♦♠♣❧❡① ♦r ♠♦r❡ ♣❡r❢♦r♠❛♥t s②st❡♠s✳ ❋♦r ❡①❛♠♣❧❡s✱ t❤❡② ❤❛✈❡
❜❡❡♥ ❡♠♣❧♦②❡❞ ❢♦r t❤❡ ❞❡s✐❣♥ ♦❢ ❛ ♥❡✇ ❤✐❣❤ r❛♥❣❡ ❛♥❞ ❤✐❣❤ r❡s♦❧✉t✐♦♥ ❤②❜r✐❞ ❛❝t✉❛t♦r ✭s❡❡
❙❡❝t✐♦♥ ✷✳✸✮✱ ♦❢ ❛ ❤✐❣❤ r❛t❡ s❝❛♥♥❡r ✐♥ ♣❤♦♥♦s✉r❣❡r② ✭s❡❡ ❙❡❝t✐♦♥ ✷✳✹✮✱ ♦r ♦❢ ❝❛rt❡s✐❛♥ ▼❊▼❙
✇✐t❤ t❤r❡❡ ❉❖❋ ❝❛♣❛❜✐❧✐t✐❡s ✭s❡❡ ❙❡❝t✐♦♥ ✷✳✺✮✳ ❋✐♥❛❧❧②✱ ❝♦♥tr♦❧ t❤❡♦r② t♦♦❧s ✭✐♥t❡r✈❛❧ t❡❝❤♥✐q✉❡s
❛♥❞ ♠♦❞❡❧✐♥❣✮ ❤❛✈❡ ❛❧s♦ ❜❡❡♥ ♣r♦♣♦s❡❞ t♦ ♠❛❦❡ ❞❡s✐❣♥ ♦❢ t❤❡s❡ s②st❡♠s ✇✐t❤ ❣✉❛r❛♥t❡❡❞ ♣❡r✲
❢♦r♠❛♥❝❡s✳
❈♦♥tr♦❧ ♦❢ ♣✐❡③♦❡❧❡❝tr✐❝ s②st❡♠s
❚❤❡ ♦❜❥❡❝t✐✈❡ ♦❢ t❤✐s t❤❡♠❡ ✐s t❤❡ ❝♦♥tr♦❧ ♦❢ ♣✐❡③♦❡❧❡❝tr✐❝ ❜❛s❡❞ ♣♦s✐t✐♦♥✐♥❣ s②st❡♠s✳ ❇♦t❤
♦♣❡♥✲❧♦♦♣ ✭❢❡❡❞❢♦r✇❛r❞✮ ❛♥❞ ❝❧♦s❡❞✲❧♦♦♣ ✭❢❡❡❞❜❛❝❦✮ s❝❤❡♠❡s ❛r❡ st✉❞✐❡❞✳ ❋❡❡❞❢♦r✇❛r❞ s❝❤❡♠❡
❤❛✈❡ ❜❡❡♥ ♣r♦♣♦s❡❞ t♦ s❛t✐s❢② t❤❡ ❧❛❝❦ ♦❢ ❝♦♥✈❡♥✐❡♥t s❡♥s♦rs✳ ■♥ ❢❡❡❞❜❛❝❦ s❝❤❡♠❡✱ r♦❜✉st♥❡ss
❢❛❝❡ t♦ t❤❡ ❞✐st✉r❜❛♥❝❡s ❛♥❞ t♦ t❤❡ ♠♦❞❡❧ ✉♥❝❡rt❛✐♥t✐❡s ❛♥❞ s✐♠♣❧✐❝✐t② ♦❢ t❤❡ ❝♦♥tr♦❧❧❡rs ✭❧♦✇
♦r❞❡rs✮ ❛r❡ t❤❡ ♠❛✐♥ ❝r✐t❡r✐❛ ❢♦r t❤❡ s②♥t❤❡s✐s✳ ■♥ ❜♦t❤ s❝❤❡♠❡s✱ ♠♦❞❡❧✐♥❣ t❤❡ ❜❡❤❛✈✐♦r ♦❢
t❤❡ ♣✐❡③♦❡❧❡❝tr✐❝ s②st❡♠s ❝♦♥st✐t✉t❡s ❛♥ ✐♠♣♦rt❛♥t ♣❛rt ❛♥❞ s✉❝❝❡ss ♦❢ t❤❡ ❝♦♥tr♦❧❧❡rs s②♥t❤❡✲
s✐s✳ ❚❤❡ ♣r♦♣❡rt✐❡s ♣r❡✈✐♦✉s❧② ❧✐st❡❞✱ ✐♥ ♣❛rt✐❝✉❧❛r t❤❡ ♥♦♥❧✐♥❡❛r✐t✐❡s✱ t❤❡ ✈✐❜r❛t✐♦♥s✱ ❛♥❞ t❤❡
s❡♥s✐t✐✈✐t② t♦ t❤❡ ❡♥✈✐r♦♥♠❡♥t ✭♠❛♥✐♣✉❧❛t❡❞ ♦❜❥❡❝ts✱ ❛♠❜✐❡♥t t❡♠♣❡r❛t✉r❡✮✱ ❛r❡ ❝♦♥✈❡♥✐❡♥t❧②
❝♦♥s✐❞❡r❡❞ ✐♥ t❤❡ ♠♦❞❡❧✐♥❣ ❛♥❞ ✐♥ t❤❡ ❝♦♥tr♦❧❧❡rs s②♥t❤❡s✐s✳
▼❡❛s✉r❡♠❡♥t t❡❝❤♥✐q✉❡s
❚❤❡ ♠❛✐♥ ❧✐♠✐t❛t✐♦♥ t♦ ✉t✐❧✐③❡ ❢❡❡❞❜❛❝❦ ❝♦♥tr♦❧ t❡❝❤♥✐q✉❡s ✐♥ t❤❡ st✉❞✐❡❞ ♣✐❡③♦❡❧❡❝tr✐❝ s②s✲
t❡♠s ✐s t❤❡ ❛❝t✉❛❧ ❧❛❝❦ ♦❢ ❡♠❜❡❞❞❛❜❧❡ ❛♥❞ ♣❡r❢♦r♠❛♥t s❡♥s♦rs✳ ❘❡❣❛r❞✐♥❣ t❤❡ ❢❡❡❞❢♦r✇❛r❞
✻■♥ ❢❛❝t t❤❡ P❤❉ ✐ts❡❧❢ ❤❛s ❜❡❡♥ ♣✉❜❧✐s❤❡❞ ❜② t❤❡ ❊❞✐t✐♦♥s ❯♥✐✈❡rs✐t❛✐r❡s ❊✉r♦♣é❡♥♥❡s ❛s ❛ ❜♦♦❦ ❧❛t❡r ♦♥✳
✶✽
t❡❝❤♥✐q✉❡s✱ t❤❡ ♠❛✐♥ ❧✐♠✐t❛t✐♦♥ ✐s t❤❡ ❧❛❝❦ ♦❢ r♦❜✉st♥❡ss r❡❧❛t✐✈❡ t♦ ♠♦❞❡❧s ✉♥❝❡rt❛✐♥t✐❡s ❛♥❞
r❡❧❛t✐✈❡ t♦ ❡①t❡r♥❛❧ ❞✐st✉r❜❛♥❝❡s✳ ❚❤✉s✱ ✇❡ ❛❧s♦ st✉❞✐❡❞ t❤❡ ❞❡✈❡❧♦♣♠❡♥t ♦❢ ♠❡❛s✉r❡♠❡♥t
t❡❝❤♥✐q✉❡s ❞❡✈♦t❡❞ t♦ ♣✐❡③♦❡❧❡❝tr✐❝ s②st❡♠s✳ ❙❡❧❢✲s❡♥s✐♥❣ ♠❡❛s✉r❡♠❡♥t t❡❝❤♥✐q✉❡s ❛r❡ ❛♠♦♥❣
t❤❡♠✳ ❲❡ ❛❧s♦ s❤♦✇ t❤❛t ❝♦♠❜✐♥✐♥❣ ❝♦♥tr♦❧ t❤❡♦r② t♦♦❧s ✭♦❜s❡r✈❡rs✮ ✇✐t❤ t❤❡ ❡①✐st✐♥❣ ♦r ❞❡✲
✈❡❧♦♣❡❞ ✐♥str✉♠❡♥ts ❝❛♥ ❤❡❧♣ t♦ ❣♦ ❢✉rt❤❡r ✐♥ t❤❡ ♠❡❛s✉r❡♠❡♥t ❝❛♣❛❜✐❧✐t✐❡s✳ ❖❜s❡r✈❡rs ❛r❡
✈❡r② ✐♥t❡r❡st✐♥❣ ❝♦♠♣❧❡♠❡♥t❛r② t♦♦❧s ❢♦r t❤❡ ❡①✐st✐♥❣ s❡♥s✐♥❣ t❡❝❤♥♦❧♦❣✐❡s t♦ ❡①❡❝✉t❡ ♠❡❛s✉r❡✲
♠❡♥t ❞✉r✐♥❣ ♠✐❝r♦♠❛♥✐♣✉❧❛t✐♦♥ ❛♥❞ ♠✐❝r♦❛ss❡♠❜❧② t❛s❦s ❛♥❞ ❢♦r ♣r❡❝✐s❡ ❛♥❞ ❤✐❣❤ ❞②♥❛♠✐❝s
♣♦s✐t✐♦♥✐♥❣ ✐♥ ❣❡♥❡r❛❧✳
✶✳✺✳✷ ❆♣♣❧✐❝❛t✐♦♥s
❋✐❣✳ ✶✳✶✶ s✉♠♠❛r✐③❡s t❤❡ ❧✐♥❦s ❜❡t✇❡❡❡♥ t❤❡ ❝♦♥t❡①t✱ t❤❡ ❢✉♥❞❛♠❡♥t❛❧ t❤❡♠❡s ❛♥❞ t❤❡ ❛♣✲
♣❧✐❝❛t✐♦♥s ♦❢ ♠② ✇♦r❦s✳ Pr❡❝✐s❡ ❛♥❞ ❤✐❣❤ ❞②♥❛♠✐❝s ♣♦s✐t✐♦♥✐♥❣ ✐s t❤❡ ♣r✐♥❝✐♣❛❧ ❝♦♥t❡①t ❛♥❞
♠♦t✐✈❛t✐♦♥✳ ❚❤❡ t❤r❡❡ ❢✉♥❞❛♠❡♥t❛❧ t❤❡♠❡s ❛r❡ t♦ r❡❛❝❤ t❤❡ ♦❜❥❡❝t✐✈❡s ✐♥ t❤✐s ❝♦♥t❡①t✳ ❚❤❡
❛♣♣❧✐❝❛t✐♦♥s ❛r❡ ♠❛✐♥❧② t❤❡ ♠✐❝r♦♠❛♥✐♣✉❧❛t✐♦♥ ❛♥❞ ♠✐❝r♦❛ss❡♠❜❧② t❛s❦s ❛s ✇❡❧❧ ❛s t❤❡ ♣❤♦♥♦✲
s✉r❣❡r② ❜② ♠✐❝r♦r♦❜♦ts✳ ❚❤❡s❡ ❛♣♣❧✐❝❛t✐♦♥s ❛r❡ ❛❧❧ tr❡❛t❡❞ ❛t t❤❡ ❆❙✷▼ ❞❡♣❛rt♠❡♥t s✐♥❝❡
♠❛♥② ②❡❛rs✳ ▼② ❝♦♥tr✐❜✉t✐♦♥ t♦ t❤❡♠ ✐s r❡❧❛t❡❞ t♦ t❤❡ ♣✐❡③♦❡❧❡❝tr✐❝ ♠❛t❡r✐❛❧s ❜❛s❡❞ s②st❡♠s
t♦ ❡①❡❝✉t❡ t❤❡ t❛s❦s✳
DESIGN CONTROL
MEASUREMENT
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specifications specifications
Modeling
❋✐❣✉r❡ ✶✳✶✶✿ ▲✐♥❦s ❜❡t✇❡❡♥ t❤❡ ❝♦♥t❡①t ❛♥❞ ♠♦t✐✈❛t✐♦♥✱ ❢✉♥❞❛♠❡♥t❛❧ t❤❡♠❡s ❛♥❞ ❛♣♣❧✐❝❛t✐♦♥s✳
✶✾
✶✳✺✳✸ ❙✉♣❡r✈✐s❡❞ ✇♦r❦s
❙✐♥❝❡ ✷✵✵✻✱ ■ ✇❛s ❛❞✈✐s♦r ♦r ❝♦✲❛❞✈✐s♦r ♦❢ s✐① ♣♦st✲❞♦❝ ❢❡❧❧♦✇s✱ ❢♦✉r P❤❉ st✉❞❡♥ts ❛♥❞ ▼❙❝✱
❇❙❝ ♦r ❊♥❣✐♥❡❡rs st✉❞❡♥ts✳ ❚❛❜❧❡ ✶✳✺✳✸ ♣r❡s❡♥ts t❤❡ r❡♣❛rt✐t✐♦♥ ♦❢ t❤❡✐r ✇♦r❦s ❛❝❝♦r❞✐♥❣ t♦ t❤❡
t❤❡♠❡✳ ❚❤❡ ♥✉♠❜❡rs ♦❢ ♠♦♥t❤s ❝♦♥s❡❝r❛t❡❞ t♦ ❡❛❝❤ t❤❡♠❡ ❛r❡ ❛♣♣r♦①✐♠❛t✐✈❡✳ Mtot ✐s t❤❡ t♦t❛❧
♥✉♠❜❡r ♦❢ ♠♦♥t❤s ♦❢ r❡❝r✉✐t♠❡♥t✳ ❚❤❡r❡ ❛r❡ 85 ♠♦♥t❤s ♦❢ ♣♦st✲❞♦❝ ❢❡❧❧♦✇s❤✐♣s✱ 144 ♠♦♥t❤s
❢♦r P❤❉ ❢❡❧❧♦✇s❤✐♣s✱ ❛♥❞ 58 ♠♦♥t❤s ❢♦r ✐♥t❡r♥s❤✐♣s✳
❧✐❣❤t❣r❛② P♦st✲❞♦❝
❋❡❧❧♦✇ ♦r st✉❞❡♥t ❉❡s✐❣♥ ❈♦♥tr♦❧ ▼❡❛s✉r❡♠✳ ❚♦t❛❧ ✭Mtot✮
❖♠❛r ❆❧ ❏❛♥❛✐❞❡❤ 0 3.5 3.5 7
❱✐♥❝❡♥t ❈❤❛❧✈❡t 6 3 0 9
❚♦♥ P❡♥❣✇❛♥❣ ❊❛❦❦❛❝❤❛✐ 12 0 0 12
■♦❛♥ ❆❧❡①❛♥❞r✉ ■✈❛♥ 0 0 6 6
❆❧❡① ❇✐❡♥❛✐♠é 12 0 0 12
❏✉❛♥ ❆♥t♦♥✐♦ ❊s❝❛r❡♥♦ 0 15 0 15
■♦❛♥ ❆❧❡①❛♥❞r✉ ■✈❛♥ 9.6 2.4 12 24
②❡❧❧♦✇ ❚♦t❛❧ ✭♠♦♥t❤s✮ ②❡❧❧♦✇ ✸✾✳✻ ②❡❧❧♦✇ ✷✸✳✾ ②❡❧❧♦✇ ✷✶✳✺ ②❡❧❧♦✇ = 85
❧✐❣❤t❣r❛② P❤❉
❨❛ss❡r ❆❧ ❍❛♠✐❞✐ 0 36 0 36
❉✐❞❛❝❡ ❍❛❜✐♥❡③❛ 3.6 32.4 0 36
❙❡r❣✐♦ ▲❡s❝❛♥♦ 27 9 0 36
❙♦✜❛♥❡ ❑❤❛❞r❛♦✉✐ 5.4 30.6 0 36
②❡❧❧♦✇ ❚♦t❛❧ ✭♠♦♥t❤s✮ ②❡❧❧♦✇ ✸✻ ②❡❧❧♦✇ ✶✵✽ ②❡❧❧♦✇ ✵ ②❡❧❧♦✇ = 144
❧✐❣❤t❣r❛② ■♥t❡r♥s❤✐♣s ✭▼❙❝✱ ❇❙❝✱ ❊♥❣❡♥❡❡rs✮
❋❛❞✇❛ ❍♦✉ss❛❧✐ 5 0 0 5
❱✐♥❝❡♥t ❚r❡♥❝❤❛♥t 0 3.5 3.5 7
❊r✇❛♥♥ ❉✉♣♦♥t 3.5 3.5 0 7
■s♠❛ë❧ ❆❤♠❡❞ ■s♠❛ë❧ 5 0 0 5
❨❛ss❡r ❆❧ ❍❛♠✐❞✐ 0 2 0 2
❆❞✐❛s❛ ❆❞✐❛s❛ 5 0 0 5
◗✉❡♥t✐♥ ❆ss❛✐❧❧② 5 0 0 5
▼♦❤❛♠❡❞ ▲❛♠✐♥❡ ❇❡rr❛♥❞❥✐❛ 0 0 2 2
P❛✉❧ ▼✐❝❤❛ë❧ ▼♦♦r❡ 1 0 1 2
◗✐❤♦♥❣ ❩❤♦✉ 0 2 0 2
❑❛♠❡❧ ◆❝✐r 3 0 3 3
❊❧♦❞✐❡ ❍❛✈❡t 6 0 0 6
▼❛♠❛❞♦✉ ❈✐ssé ❉✐♦✉❢ 0 4 0 4
②❡❧❧♦✇ ❚♦t❛❧ ✭♠♦♥t❤s✮ ②❡❧❧♦✇ ✸✸✳✺ ②❡❧❧♦✇ ✶✺ ②❡❧❧♦✇ ✾✳✺ ②❡❧❧♦✇ = 58
❚❛❜❧❡ ✶✳✷✿ ❊✛❡❝t✐✈❡ ♠♦♥t❤s ❛♥❞ t❤❡♠❡s ❢♦r t❤❡ ❛❞✈✐s❡❞ ❢❡❧❧♦✇s❤✐♣s ❛♥❞ ✐♥t❡r♥s❤✐♣s✳
✷✵
❋✐♥❛❧❧②✱ ❋✐❣✉r❡ ✶✳✶✷✲❛ ✐s ❛ s❡❝t♦r ✈✐❡✇ ♦❢ t❤❡ ❛❜♦✈❡ r❡♣❛rt✐t✐♦♥✱ t❤❡ t♦t❛❧ ♠♦♥t❤s ♥✉♠❜❡r
❜❡✐♥❣ 287✳ ❆s ✇❡ ❝❛♥ s❡❡✱ t❤❡ ❝♦♥tr♦❧ t❤❡♠❡ ♣r❡s❡♥ts t❤❡ ❤✐❣❤❡st ✈♦❧✉♠❡ ♦❢ ✐♥✈❡st✐❣❛t✐♦♥ ✭✐♥
❡①❝❡ss ♦❢ 51%✮✳ ❋✐❣✉r❡ ✶✳✶✷✲❜ s✉♠♠❛r✐③❡s t❤❡ r❡♣❛rt✐t✐♦♥ ♦❢ t❤❡ t❤❡♠❡s ❛❝❝♦r❞✐♥❣ ✐❢ t❤❡② ✇❡r❡
❛✛❡❝t❡❞ t♦ ♣♦st✲❞♦❝✱ P❤❉ ♦r ✐♥t❡r♥s❤✐♣s✳ ❲❡ ❝❛♥ ❝♦♥❝❧✉❞❡ t❤❛t ❞❡s✐❣♥ ✐s ❡q✉✐t❛❜❧② ❛✛❡❝t❡❞ t♦
t❤❡ t❤r❡❡ t②♣❡s ♦❢ ❢❡❧❧♦✇s❤✐♣s✱ ❝♦♥tr♦❧ ✐s ♣r✐♥❝✐♣❛❧❧② ❛✛❡❝t❡❞ t♦ P❤❉ st✉❞❡♥ts ❛♥❞ ♠❡❛s✉r❡♠❡♥t
t❤❡♠❡ ❤❛s ❜❡❡♥ ♠♦st❧② ❝❛rr✐❡❞ ♦✉t ❜② ♣♦st✲❞♦❝ ❛♥❞ ✐♥t❡r♥s❤✐♣s✳
(measurement
33.5 months)
design control measurement
(a)
38%
(design 109.1 months)
51.2%
(control 146.9 months)
10.8%
Post-doc
PhD
Internship
(b)
❋✐❣✉r❡ ✶✳✶✷✿ ●❡♥❡r❛❧ r❡♣❛rt✐t✐♦♥ ✭✐♥ ♠♦♥t❤s ♥✉♠❜❡r✮ ♦❢ t❤❡ s✉♣❡r✈✐s❡❞ ✇♦r❦s✳
✶✳✺✳✹ Pr♦❥❡❝ts ❛♥❞ ❢✉♥❞✐♥❣s
❚❛❜❧❡ ✶✳✺✳✹ ❧✐sts t❤❡ ♣❛st ❛♥❞ t❤❡ ♦♥❣♦✐♥❣ ♣r♦❥❡❝ts t❤❛t ■ ❤❛✈❡ ❝♦♦r❞✐♥❛t❡❞ ♦r t♦ ✇❤✐❝❤ ■ ❤❛✈❡
❝♦♥tr✐❜✉t❡❞✳ ❈♦♠♣❧❡♠❡♥t❛r② ✐♥❢♦r♠❛t✐♦♥ ♦♥ t❤❡s❡ ♣r♦❥❡❝ts ❛r❡ ❛❧s♦ ❣✐✈❡♥ ✐♥ ❆♣♣❡♥❞✐① ❆✳✷✳✹
❛♥❞ ✐♥ ❆♣♣❡♥❞✐① ❆✳✷✳✺✳ ❘❡❣❛r❞✐♥❣ t❤❡ ❝♦♦r❞✐♥❛t❡❞ ♣r♦❥❡❝ts✱ t❤❡ ❛♠♦✉♥t ♦❢ ❢✉♥❞✐♥❣s ❛♥❞ ❣r❛♥ts
❣✐✈❡♥ t♦ t❤❡ ❞❡♣❛rt♠❡♥t ❛r❡ ❛❧s♦ ❞✐s♣❧❛②❡❞ ✐♥ t❤❡ t❛❜❧❡✳ ❚❤❡ t♦t❛❧ ❛♠♦✉♥t ✐♥ t❤❡s❡ ❝♦♦r❞✐♥❛t❡❞
♣r♦❥❡❝ts ✐s 827ke✳ ❚❤❡r❡ ❛r❡ ♦♥❡ ❡✉r♦♣❡❛♥ ✭µP❆❉❙✮ ❛♥❞ t✇♦ ♥❛t✐♦♥❛❧ ❝♦♦r❞✐♥❛t❡❞ ♣r♦❥❡❝ts
✭❈✲▼❯▼❙ ❛♥❞ ▼❨▼❊❙❨❙✮✱ ♦♥❡ ♦❢ ✇❤✐❝❤ ✐s ❛ ②♦✉♥❣ ✐♥✈❡st✐❣❛t♦r ❛✇❛r❞✳ ❙❡❧❢✲❢✉♥❞✐♥❣ ♠❡❛♥s
t❤❛t t❤❡r❡ ✐s ♥♦ ❛❧❧♦✇❛♥❝❡✳ ❚❤✐s ❝❛s❡ ❝♦♥❝❡r♥s ❛ P❤❉ st✉❞❡♥t ✭❨❛ss❡r ❆❧ ❍❛♠✐❞✐✮ ❛♥❞ ❛♥
✐♥t❡r♥s❤✐♣ ✭▼♦❤❛♠❡❞ ▲❛♠✐♥❡ ❇❡rr❛♥❞❥✐❛✮ ❝❛♠❡ ✇✐t❤ t❤❡✐r ♦✇♥ ❢✉♥❞✐♥❣s✳
■♥ ♦r❞❡r t♦ ❤❛✈❡ ❛♥ ✐❞❡❛ ♦❢ t❤❡ ✐♥✈❡st✐❣❛t❡❞ t❤❡♠❡ ✐♥ ❡❛❝❤ ♣r♦❥❡❝t✱ t❤❡ ♥✉♠❜❡r ♦❢ ♠♦♥t❤s
❡✛❡❝t✉❛t❡❞ ❜② t❤❡ ❛❧❧ s✉♣❡r✈✐s❡❞ ❢❡❧❧♦✇s❤✐♣s ✇✐t❤♦✉t ❞✐st✐♥❝t✐♦♥ ✭♣♦st✲❞♦❝✱ P❤❉ ❛♥❞ ✐♥t❡r♥✲
s❤✐♣s✮ ❤❛s ❛❧s♦ ❜❡❡♥ ♣✉t ✐♥ t❤❡ t❛❜❧❡✳ ❚❤❡② ❛r❡ ✐♥❞✐❝❛t❡❞ ❜② md ✭♥✉♠❜❡r ♦❢ ♠♦♥t❤s ❞❡✈♦t❡❞
t♦ t❤❡ ❞❡s✐❣♥ t❤❡♠❡✮✱ mc ✭❢♦r t❤❡ ❝♦♥tr♦❧ t❤❡♠❡✮ ❛♥❞ mm ✭❢♦r t❤❡ ♠❡❛s✉r❡♠❡♥t t❤❡♠❡✮✳ ❚❤❡
t♦t❛❧ ♠♦♥t❤s ♥✉♠❜❡r ♦❢ s✉♣❡r✈✐s❡❞ ✇♦r❦s ✐♥ ❡❛❝❤ ♣r♦❥❡❝t ✐s✿ Mtot = md+mc+mm✳ ■t ✐s ✇♦rt❤
t♦ ♥♦t✐❝❡ t❤❛t ♦t❤❡r ❝♦♥❝❡r♥s ❧✐❦❡ ❡q✉✐♣♠❡♥ts ❝♦sts ❛r❡ ♥♦t ❛ss❡ss❡❞ ❛♥❞ ❛r❡ ♥♦t ❝♦♥s✐❞❡r❡❞ ✐♥
t❤❡ t❤❡♠❡s r❡♣❛rt✐t✐♦♥✳
✷✶
❧✐❣❤t❣r❛② ❉✉r❛t✐♦♥ ✭✐♥ ♠♦♥t❤s✮ ♦❢ ❢❡❧❧♦✇s❤✐♣s ❢♦r ❡❛❝❤ ♣r♦❥❡❝t✳
Pr♦❥❡❝t✴❢✉♥❞✐♥❣
❉❡s✐❣♥
✭md✮
❈♦♥tr♦❧
✭mc✮
▼❡❛s✉r❡♠✳
✭mm✮
❚♦t❛❧
✭Mtot✮
❈♦♦r❞✐♥❛t❡❞ ♣r♦❥❡❝ts ❛♥❞ ❢✉♥❞✐♥❣s
µP❆❉❙ ✭✷✵✵✽✲✷✵✶✵✱ 171ke✮ 9.6 2.4 12 24
❆◆❘ ❈✲▼❯▼❙ ✭✷✵✶✷✲✷✵✶✻✱ 177ke✮ 3.6 32.4 0 36
❆◆❘ ▼❨▼❊❙❨❙ ✭✷✵✶✷✲✷✵✶✹✱ 300ke✮ 23 6.5 9.5 39
❯❋❈ ♣♦st✲❞♦❝ ❢❡❧❧♦✇s❤✐♣ ✭✷✵✶✹✱ 21ke✮ 0 3.5 3.5 7
❯❋❈ ♣♦st✲❞♦❝ ❢❡❧❧♦✇s❤✐♣ ✭✷✵✶✸✱ 27ke✮ 9 0 0 9
❇◗❘ ❯❋❈ ✭✷✵✶✷✲✷✵✶✸✱ 16ke✮ 5 0 0 5
❈●❉ ❢✉♥❞✐♥❣ ✭✷✵✵✾✲✷✵✶✷✱ 90ke✮ 5.4 30.6 0 36
❇◗❘ ❊◆❙▼▼ ✭✷✵✶✵✲✷✵✶✶✱ 14ke✮ 4 0 0 4
❇◗❘ ❯❋❈ ✭✷✵✶✵✲✷✵✶✶✱ 5ke✮ 0 0 0 0
❖❙❊❖✲❆◆❱❆❘ ✭✷✵✵✼✱ 6ke✮ 0 4 0 4
s❡❧❢✲❢✉♥❞✐♥❣ 0 40 0 40
❈♦♥tr✐❜✉t❡❞ ♣r♦❥❡❝ts
µ❘❆▲P ✭✷✵✶✷✲✷✵✶✺✮ 43.5 12.5 0 56
◆❊❚✹▼ ✭✷✵✶✶✲✷✵✶✹✮ 0 0 0 0
▼■▼✲❍❆❈ ✭✷✵✶✷✲✷✵✶✹✮ 0 15 0 15
◆❆◆❖❘❖▲ ✭✷✵✵✽✲✷✵✶✷✮ 0 0 0 0
▼❛t✉r❛t✐♦♥ ❇♦✉r❣♦❣♥❡✲❋❈ ✭✷✵✶✷✮ 0 0 0 0
▼✐❝r♦❋❛❝t♦r②✲✷ ✭✷✵✶✵✲✷✵✶✷✮ 0 0 0 0
▼✐❝r♦❋❛❝t♦r② ✭✷✵✵✼✲✷✵✵✾✮ 6 0 0 6
②❡❧❧♦✇ ❚♦t❛❧ ♠♦♥t❤s ❢♦r ❛❧❧ ❢❡❧❧♦✇✲
s❤✐♣s
②❡❧❧♦✇
✶✵✾✳✶
②❡❧❧♦✇
✶✹✻✳✾
②❡❧❧♦✇ ✸✶
②❡❧❧♦✇
= 287
❚❛❜❧❡ ✶✳✸✿ ▲✐st ♦❢ ♣r♦❥❡❝ts ❛♥❞ s✉♣❡r✈✐s❡❞ ✇♦r❦s ❢♦r ❡❛❝❤ ♣r♦❥❡❝t✳
❇❛s❡❞ ♦♥ t❤✐s r❡♣❛rt✐t✐♦♥✱ ❛ s②♥t❤❡s✐s ❞✐❛❣r❛♠ ✐s ❣✐✈❡♥ ✐♥ ❋✐❣✉r❡ ✶✳✶✸✳ ❚❤❡ ❞✐❛❣r❛♠ ♣❡r✲
♠✐ts t♦ q✉✐❝❦❧② s❡❡ t❤❡ ♥♦t❛❜❧❡ ❡✛♦rt ❝♦♥s❡❝r❛t❡❞ ♦♥ ❞❡s✐❣♥ ❞✉r✐♥❣ t❤❡ µ❘❆▲P ♣r♦❥❡❝t✳ ❚❤✐s
♣r♦❥❡❝t ❝♦♥s✐sts ✐♥ ❞❡✈❡❧♦♣✐♥❣ ♣❛r❛❧❧❡❧ ♠✐❝r♦r♦❜♦ts ❞❡✈♦t❡❞ t♦ ♦r✐❡♥t ❧❛s❡r ❜❡❛♠s ❢♦r ♣❤♦♥♦♠✐✲
❝r♦s✉r❣❡r②✳ ❚❤❡ ❤✐❣❤ ❝❤❛❧❧❡♥❣❡ r❛✐s❡❞ ❜② t❤✐s ❞❡✈❡❧♦♣♠❡♥t ✭s❡✈❡r❡ ♣❡r❢♦r♠❛♥❝❡s✱ ✈❡r② ❝♦♠♣❛❝t
s✐③❡s✱ ♥♦✈❡❧ ♠✐❝r♦❢❛❜r✐❝❛t✐♦♥ t❡❝❤♥♦❧♦❣✐❡s✮ ❤❛❞ ♠❛❞❡ t❤✐s t❛s❦ r❡q✉✐r❡ ♠♦r❡ ❡♥❡r❣② ❛♥❞ t✐♠❡✳
❚❤❡ ♥❛t✐♦♥❛❧ ❆◆❘ ▼❨▼❊❙❨❙ ♣r♦❥❡❝t ❛❧s♦ ❡①❤✐❜✐ts ❛ ♥♦♥✲♥❡❣❧✐❣❡❛❜❧❡ ♠♦♥t❤s ♥✉♠❜❡r ❝♦♥s❡✲
❝r❛t❡❞ t♦ ❞❡s✐❣♥✳ ❋✐♥❛❧❧②✱ ♥♦t❛❜❧❡ ❡✛♦rts ❤❛✈❡ ❜❡❡♥ ❣✐✈❡♥ t♦ t❤❡ ❝♦♥tr♦❧ t❤❡♠❡ ✇✐t❤✐♥ t❤r❡❡
♣r♦❥❡❝ts ✇❤✐❝❤ ❝♦rr❡s♣♦♥❞ t♦ P❤❉ ❢✉♥❞✐♥❣s✳
✷✷
design control measurement
(A) (B)
(C) (D)
(E) (F)
(G) (H)
(I) (J)
(K) (L)
(M) (N)
(O) (P)
(Q) (R)
(A)
(B)
(C)
(E)
(F)(G)
(H)
(L)
(R)
(A)
(B)
(C)
(D)
(G)
(J)
(K)
(L)
(O)
(A)
(C)
(D) (H)
(K)
❋✐❣✉r❡ ✶✳✶✸✿ ●❡♥❡r❛❧ r❡♣❛rt✐t✐♦♥ t❤❛t ❧✐♥❦s ♣r♦❥❡❝ts ✇✐t❤ s✉♣❡r✈✐s❡❞ ✇♦r❦s ✭✐♥ ♠♦♥t❤s✮✳
✶✳✺✳✺ ❋r♦♠ r❡s❡❛r❝❤ t♦ t❡❛❝❤✐♥❣
❚❡❛❝❤✐♥❣
■ t❡❛❝❤ ❈♦♥tr♦❧ ❙②st❡♠s✱ ❘♦❜♦t✐❝s ❛♥❞ ▼✐❝r♦♠❡❝❤❛tr♦♥✐❝s ❛t t❤❡ ❯♥✐✈❡rs✐t② ♦❢
❋r❛♥❝❤❡✲❈♦♠té ❛t ❇❡s❛♥ç♦♥✳ ▼② ❝♦✉rs❡s ❛r❡ ♣r✐♥❝✐♣❛❧❧② ❢♦r ❥✉♥✐♦r ✉♥❞❡❣r❛❞ st✉❞❡♥ts✼ ♦♥
❊❧❡❝tr✐❝❛❧ ❊♥❣✐♥❡❡r✐♥❣ ✭❊❊❆✿ ❊❧❡❝tr♦t❡❝❤♥✐q✉❡✱ ❊❧❡❝tr♦♥✐q✉❡✱ ❆✉t♦♠❛t✐q✉❡✮✱ ❢♦r ♣r♦❢❡ss✐♦♥❛❧
❜❛❝❤❡❧♦r✽ ❛♥❞ ❢♦r ♣♦st❣r❛❞ st✉❞❡♥ts ✐♥ ♣r❡♣❛r❛t✐♦♥ ♦❢ t❤❡✐r ♠❛st❡r✬s ❞❡❣r❡❡ ♦♥ ▼❡❝❤❛tr♦♥✐❝s✳
❈♦♠♣❧❡♠❡♥t❛r② ✐♥❢♦r♠❛t✐♦♥ ♦♥ t❡❛❝❤✐♥❣ ❛r❡ ❣✐✈❡♥ ✐♥ ❆♣♣❡♥❞✐① ❆✳✸✳
❈♦♥tr♦❧ ❙②st❡♠s ♠♦❞✉❧❡s ✐♥❝❧✉❞❡ ❝♦♥t✐♥♦✉s ❛♥❞ ❞✐❣✐t❛❧ ❧✐♥❡❛r s②st❡♠s ✭♠♦❞❡❧✐♥❣ ❛♥❞
❝♦♥tr♦❧✮✱ ❑❛❧♠❛♥ ✜❧t❡r✐♥❣✱ st❛t❡✲s♣❛❝❡ ♠♦❞❡❧✐♥❣ ❛♥❞ ❝♦♥tr♦❧✱ ❛♥❞ ♠✉❧t✐✈❛r✐❛❜❧❡ r♦❜✉st ❝♦♥✲
tr♦❧ ✭H∞ ❛♥❞ ✐ts ❞❡r✐✈❛t✐✈❡s✮✳ ❋♦r ❇❛❝❤❡❧♦r st✉❞❡♥ts✱ t❤❡ ♦❜❥❡❝t✐✈❡s ❛r❡ t♦ ♣r♦✈✐❞❡ s✉✣❝✐❡♥t
❦♥♦✇❧❡❞❣❡s t♦ ❢❛❝❡ t❤❡ ♠♦❞❡❧✐♥❣ ❛♥❞ t❤❡ ❝♦♥tr♦❧❧❡rs s②♥t❤❡s✐s ✐♥ ✐♥❞✉str✐❛❧ ❛♥❞ ✐♥❞✉str✐❛❧✐③❡❞
♣r♦❝❡ss❡s✳ ❆❢t❡r ❣r❛❞✉❛t✐♦♥✱ t❤❡② ✇✐❧❧ ❜❡ ❛❜❧❡ t♦ ❝❤❛r❛❝t❡r✐③❡ ❛♥❞ t♦ ♠♦❞❡❧ t❤❡s❡ s②st❡♠s
❛♥❞ t♦ s②♥t❤❡s✐③❡ ❛♥❞ t♦ t✉♥❡ ❝❧❛ss✐❝❛❧ ❝♦♥tr♦❧❧❡rs ✭P■❉✱ ❜❛♥❣✲❜❛♥❣✱ ✳✳✳✮✳ ❋♦r ▼❛st❡r st✉❞❡♥ts✱
✼❏✉♥✐♦r ✉♥❞❡❣r❛❞ st✉❞❡♥ts✿ 3rd ✐♥ t❤❡ ♣r❡♣❛r❛t✐♦♥ ♦❢ t❤❡ ❜❛❝❤❡❧♦r✱ ▲✐❝❡♥❝❡ 3eme ❛♥♥é❡✳
✽Pr♦❢❡ss✐♦♥❛❧ ❜❛❝❤❡❧♦r✿ ▲✐❝❡♥❝❡ Pr♦❢❡ss✐♦♥♥❡❧❧❡
✷✸
❛❞✈❛♥❝❡❞ ♥♦t✐♦♥s ♦❢ ❝♦♥tr♦❧ t❤❡♦r② ❛r❡ ❣✐✈❡♥ s✉❝❤ t❤❛t t❤❡② ❝❛♥ ❜❡ ❛❜❧❡ t♦ ❣♦ ❢✉rt❤❡r ♦♥ t❤❡
♠♦❞❡❧✐♥❣ ❛♥❞ ❝♦♥tr♦❧❧❡rs s②♥t❤❡s✐s ❛♥❞ t❤✉s t♦ ❢❛❝❡ ❝♦♠♣❧❡① ♣r♦❝❡ss❡s ✭❛❡r♦s♣❛❝❡✱ ♠❡❞✐❝❛❧✱ ✳✳✳✮✳
❋♦r ✐♥st❛♥❝❡✱ t❤❡ ❝♦♥s✐❞❡r❛t✐♦♥ ♦❢ t❤❡ ✉♥❝❡rt❛✐♥t✐❡s ❛♥❞ ♦❢ t❤❡ ♥♦✐s❡ ✐s ❣✐✈❡♥ ✐♥ ❞❡♣t❤ ❞✉r✐♥❣
t❤❡s❡ ❛❞✈❛♥❝❡❞ ❝♦✉rs❡s✳ ❚❤❡ ❝♦✉rs❡s ❣✐✈❡♥ t♦ ▼❛st❡r st✉❞❡♥ts ❛❧s♦ ♣❡r♠✐t t♦ ♣r♦❣r❡ss✐✈❡❧②
❡♥t❡r ♦♥ t❤❡ P❤❉ ♣r♦❣r❛♠ ❢♦r t❤♦s❡ ✇❤♦ t❤✐♥❦ t♦ ♣✉rs✉❡ ✐♥ t❤✐s ❞✐r❡❝t✐♦♥✳ ❙t✐❧❧ ✐♥ t❤✐s s♣✐r✐t✱
■ ❣✐✈❡ ❝♦✉rs❡s ♦♥ ♠♦❞❡❧✐♥❣ ❛♥❞ ❢❡❡❞❢♦r✇❛r❞ ❝♦♥tr♦❧ ♦❢ ❤②st❡r❡s✐s✱ ❝r❡❡♣ ❛♥❞ ❜❛❞❧② ❞❛♠♣❡❞ ✈✐✲
❜r❛t✐♦♥s ✇✐t❤ ❛♣♣❧✐❝❛t✐♦♥s t♦ ♣✐❡③♦❡❧❡❝tr✐❝ s②st❡♠s✳ ❚❤❡ ♦❜❥❡❝t✐✈❡ ❤❡r❡ ✐s t♦ ♣r♦♣♦s❡ ✧❡①♦t✐❝✧
❝♦♥tr♦❧ t❡❝❤♥✐q✉❡s ❛♥❞ t♦ tr❛♥s❢❡r t❤❡ r❡s❡❛r❝❤ t♦ t❡❛❝❤✐♥❣✳
❚r❛♥s❢❡r ♦❢ r❡s❡❛r❝❤ t♦ t❡❛❝❤✐♥❣
❈♦♥♥❡❝t✐♦♥ ❜❡t✇❡❡♥ t❤❡ r❡s❡❛r❝❤ r❡s✉❧ts ❛♥❞ t❤❡ t❡❛❝❤✐♥❣✿ ❛♥ ❡ss❡♥t✐❛❧ ♣♦✐♥t t♦
✇❤✐❝❤ ■ ❛tt❛❝❤ ❛ ❣r❡❛t ✐♠♣♦rt❛♥❝❡ ✐s t❤❡ tr❛♥s❢❡r ♦❢ r❡s❡❛r❝❤ t♦ t❡❛❝❤✐♥❣✳ ■ ❛❧✇❛②s ❡♥❞❡❛✈♦r
t♦ ❝♦♥♥❡❝t t❤❡ t❡❛❝❤✐♥❣ ❢♦r ▼❛st❡r st✉❞❡♥ts ✇✐t❤ r❡s❡❛r❝❤ ✐♥ ❣❡♥❡r❛❧ ♦r ✇✐t❤ t❤❡ r❡s❡❛r❝❤ ❝❛r✲
r✐❡❞ ♦✉t ❛t t❤❡ ❞❡♣❛rt♠❡♥t ♦❢ ❆❙✷▼✳ ▼❛♥② ❡①❡r❝✐❝❡s✱ ♣r♦❥❡❝ts ♦r t✉t♦r✐❛❧s ❡①❛♠♣❧❡s ❞✉r✐♥❣
t❤❡ ❈♦♥tr♦❧ ❙②st❡♠s ♠♦❞✉❧❡s ❛♥❞ t❤❡ ▼✐❝r♦♠❡❝❤❛tr♦♥✐❝s ♠♦❞✉❧❡ ❛r❡ ❜❛s❡❞ ♦♥ t❤❡
r❡s❡❛r❝❤ r❡s✉❧ts✳ ❚❤❡② ❝♦♠♣r✐s❡ t❤❡ ❢❡❡❞❢♦r✇❛r❞ ❝♦♥tr♦❧ ♦❢ ♥♦♥❧✐♥❡❛r✐t✐❡s ❛♥❞ ♦❢ ✈✐❜r❛t✐♦♥s✱ t❤❡
r♦❜✉st H∞ ❝♦♥tr♦❧ ♦❢ ❤②st❡r❡t✐❝ s②st❡♠s✱✳✳✳
■♠♣♦rt❛♥❝❡ ♦❢ ✈✐❞❡♦s✿ ❞✉r✐♥❣ t❤❡ ❧❡❝t✉r❡s ♦♥ ❘♦❜♦t✐❝s ♦r ♦♥ ❈♦♥tr♦❧ ❙②st❡♠s✱ ✐t ✐s
✐♠♣♦rt❛♥t t♦ s❤♦✇ ❡①❝✐t✐♥❣ ✈✐❞❡♦s ♦❢ ❝♦♥tr♦❧❧❡❞ ❝♦♠♣❧❡① s②st❡♠s✳ ▼♦st ♦❢ t❤❡ t✐♠❡✱ ■ t❛❦❡ t❤❡s❡
✈✐❞❡♦s ❞✉r✐♥❣ ✐♥t❡r♥❛t✐♦♥❛❧ ❝♦♥❢❡r❡♥❝❡s ✭■❊❊❊ ■❈❘❆✱ ■❊❊❊ ■❘❖❙✱ ❆❈❈✳✳✳✮✱ ❢r♦♠ t❤❡ ✐♥t❡r♥❡t
♦r ❢r♦♠ t❤❡ ❆❙✷▼ ❞❡♣❛rt♠❡♥t✳ ❚❤❡ ✈✐❞❡♦s ❛r❡ ♣r❡s❡♥t❡❞ ❛t t❤❡ ❜❡❣✐♥♥✐♥❣ ♦❢ t❤❡ ♠♦❞✉❧❡s ❛♥❞
❣r❡❛t❧② ✐♥✢✉❡♥❝❡ t❤❡ ♠♦t✐✈❛t✐♦♥ ♦❢ t❤❡ st✉❞❡♥ts ❛♥❞ t❤❡✐r ✐♥t❡r❡st t♦ t❤❡ ✜❡❧❞s✳ ❚❤❡② s❤♦✇ t❤❡
✈❛r✐❡t② ♦❢ ❛♣♣❧✐❝❛t✐♦♥s ❛♥❞ ❛r❡ ❝♦♠♣❧❡♠❡♥t❛r② t♦ t❤❡ ❜❡♥❝❤♠❛r❦s t❤❛t t❤❡ st✉❞❡♥ts ✇✐❧❧ s❡❡
❞✉r✐♥❣ t❤❡ ❧❛❜s✳
❉❡✈❡❧♦♣♠❡♥t ♦❢ ❧❛❜s ❜❛s❡❞ ♦♥ r❡s❡❛r❝❤✿ t❤❡s❡ ❧❛st ②❡❛rs✱ ✇❡ ❤❛✈❡ ❞✉♣❧✐❝❛t❡❞ ❡①♣❡r✲
✐♠❡♥t❛❧ s❡t✉♣s ✉s❡❞ ✐♥ r❡s❡❛r❝❤ ✇♦r❦s t♦ ❝r❡❛t❡ s✐♠✐❧❛r ❜❡♥❝❤♠❛r❦s ❢♦r t❡❛❝❤✐♥❣ ❧❛❜s✳ ❚❤❡②
❛r❡ ♣r✐♥❝✐♣❛❧❧② ❜❛s❡❞ ♦♥ ♣✐❡③♦❡❧❡❝tr✐❝ ❝❛♥t✐❧❡✈❡r ❛❝t✉❛t♦rs ❛♥❞ ♣✐❡③♦t✉❜❡s s❝❛♥♥❡rs✳ ❚❤❡② ❛r❡
❞❡✈♦t❡❞✱ ❜✉t ♥♦t ❧✐♠✐t❡❞✱ t♦✿ ✶✮ ✐♥tr♦❞✉❝t✐♦♥ t♦ ♥♦♥❧✐♥❡❛r✐t✐❡s ❛♥❞ ✈✐❜r❛t✐♦♥s ✐♥ ♣✐❡③♦❡❧❡❝tr✐❝
s②st❡♠s✱ ✷✮ ♠♦❞❡❧✐♥❣ ❛♥❞ ❢❡❡❞❢♦r✇❛r❞ ❝♦♥tr♦❧ ♦❢ ❤②st❡r❡s✐s✱ ❝r❡❡♣ ❛♥❞ ✈✐❜r❛t✐♦♥s✱ ✸✮ r♦❜✉st H∞
❝♦♥tr♦❧✱ ✹✮ ❛♥❞ s❡❧❢✲s❡♥s✐♥❣ ♠❡❛s✉r❡♠❡♥t t❡❝❤♥✐q✉❡s ✐♥ ♣✐❡③♦❡❧❡❝tr✐❝✐t②✳ ❙❡❧❢✲s❡♥s✐♥❣ ✇❤✐❝❤ ✇✐❧❧
❜❡ ♣r❡s❡♥t❡❞ ✐♥ ❙❡❝t✐♦♥ ✺✳✹ ❝♦♥s✐sts ✐♥ ❡♠♣❧♦②✐♥❣ t❤❡ ♣✐❡③♦❡❧❡❝tr✐❝ ❛❝t✉❛t♦rs ❛s s❡♥s♦rs ❛t t❤❡
s❛♠❡ t✐♠❡ ✈✐❛ t❤❡ ❞✐r❡❝t ❛♥❞ t❤❡ ❝♦♥✈❡rs❡ ♣✐❡③♦❡❧❡❝tr✐❝ ❡✛❡❝ts✳ ■t ✐s ❡✈✐❞❡♥t t❤❛t t❤❡ st✉❞❡♥ts
✐♥ ♠✐❝r♦♠❡❝❤❛tr♦♥✐❝s s❤♦✉❧❞ ❤❛✈❡ s❡❡♥ s✉❝❤ ♥♦✈❡❧ ❛♥❞ ✈❡r② ✐♥t❡❣r❛t❡❞ t❡❝❤♥♦❧♦❣✐❡s ♦❢ s❡♥s✐♥❣✳
■♥✈✐t❡❞ ❧❡❝t✉r❡s
❲❤❡♥ ■ ✇❛s ✈✐s✐t♦r ❛t t❤❡ ❯♥✐✈❡rs✐t② ♦❢ ❚❡①❛s ❛t ❆r❧✐♥❣t♦♥ ✭❯❚❆✮ ✐♥ ❯❙❆ ✐♥ ♥♦✈❡♠❜❡r
✷✵✶✶✱ ■ ❤❛✈❡ ❜❡❡♥ ❣✐✈❡♥ t❤❡ ♦♣♣♦rt✉♥✐t② t♦ ❣✐✈❡ ❛ ♦♥❡ ❤♦✉r ❧❡❝t✉r❡ t♦ ❇❙❝✱ ▼❙❝ ❛♥❞ P❤❉
st✉❞❡♥ts ♦❢ t❤❡ ❞❡♣❛rt♠❡♥t ♦❢ ❊❧❡❝tr✐❝❛❧ ❊♥❣✐♥❡❡r✐♥❣✳ ■ t❤❡r❡❢♦r❡ ❣❛✈❡ ❛♥ ✐♥tr♦❞✉❝t✐♦♥ t♦
t❤❡ ♠♦❞❡❧✐♥❣✱ t❤❡ ✐❞❡♥t✐✜❝❛t✐♦♥ ❛♥❞ t❤❡ ❢❡❡❞❢♦r✇❛r❞ ❝♦♥tr♦❧ ♦❢ ❤②st❡r❡s✐s ✐♥ s♠❛rt ♠❛t❡r✐❛❧s
❜❛s❡❞ ❛❝t✉❛t❡❞ s②st❡♠s✳ ❚❤❡ ❧❡❝t✉r❡ ✇❛s t♦✉❣❤t ✐♥ ❛ ✇❛② t❤❛t✱ ❛❢t❡r s♦♠❡ ♣r❡❧✐♠✐♥❛r✐❡s ❛♥❞
✷✹
❞❡✜♥✐t✐♦♥s✱ t❤❡ st✉❞❡♥ts ❢♦❧❧♦✇ ❛♥ ✐❧❧✉str❛t✐✈❡ ❡①❛♠♣❧❡ ✭Pr❛♥❞t❧✲■s❤❧✐♥s❦✐✐ t❡❝❤♥✐q✉❡ ❛♣♣❧✐❡❞ t♦
♣✐❡③♦❡❧❡❝tr✐❝ ♠❛t❡r✐❛❧s✮ ❢r♦♠ t❤❡ ✐♥✐t✐❛❧ ❤②st❡r❡s✐s ❝❤❛r❛❝t❡r✐③❛t✐♦♥ t♦ ✐ts ✜♥❛❧ ❝♦♥tr♦❧✳ ❚❤❡ t✐t❧❡
♦❢ t❤❡ ❧❡❝t✉r❡ ✇❛s✿ ✧❍②st❡r❡s✐s ♠♦❞❡❧✐♥❣✱ ✐❞❡♥t✐✜❝❛t✐♦♥ ❛♥❞ ❢❡❡❞❢♦r✇❛r❞ ❝♦♥tr♦❧ ❢♦r ♣✐❡③♦❡❧❡❝tr✐❝
❜❛s❡❞ ▼✐❝r♦s②st❡♠s ❛♥❞ ♠✐❝r♦r♦❜♦ts✧✳
✶✳✺✳✻ ❈♦❧❧❛❜♦r❛t✐✈❡ ❝♦♥t❡①t
❇❡s✐❞❡s t❤❡ ❝♦❧❧❛❜♦r❛t✐✈❡ ♣r♦❥❡❝ts t♦ ✇❤✐❝❤ ■ ♣❛rt✐❝✐♣❛t❡ ♦r ■ ❝♦♦r❞✐♥❛t❡✱ ❜❡❧♦✇ ❛r❡ ❧✐st❡❞ r❡✲
s❡❛r❝❤❡rs ✇✐t❤ ✇❤♦♠ ■ ❤❛✈❡ ❞✐r❡❝t ❛♥❞ ❛❝t✐✈❡ ❝♦❧❧❛❜♦r❛t✐♦♥s ✭t❡❝❤♥✐❝❛❧✱ ✈✐s✐t✐♥❣✱ ♦r❣❛♥✐③❛t✐♦♥
♦❢ s❡ss✐♦♥s ❛♥❞ ❢♦❝✉s❡❞ s❡❝t✐♦♥s✱ ✳✳✳✮✿
7→ Pr♦❢✳ ❙✳❖✳ ❘❡③❛ ▼♦❤❡✐♠❛♥✐✱ ❯♥✐✈❡rs✐t② ♦❢ ◆❡✇❝❛st❧❡✱ ▲❈❉◆ ❛♥❞ ❈❉❙❈✱ ◆❡✇❝❛st❧❡ ❆✉s✲
tr❛❧✐❛
7→ Pr♦❢✳ ●❧♦r✐❛ ❲✐❡♥s✱ ❯♥✐✈❡rs✐t② ♦❢ ❋❧♦r✐❞❛ ✐♥ ●❛✐♥❡s✈✐❧❧❡✱ ❋▲ ❯❙❆
7→ Pr♦❢✳ ❉❛♥ P♦♣❛✱ ❯♥✐✈❡rs✐t② ♦❢ ❚❡①❛s ❛t ❆r❧✐♥❣t♦♥✱ ❚❳ ❯❙❆
7→ Pr♦❢✳ ❏♦❤♥ ❚✳ ❲❡♥✱ ❘❡♥ss❡❧❛❡r P♦❧②t❡❝❤♥✐❝ ■♥st✐t✉t❡✱ ◆❨ ❯❙❆
7→ Pr♦❢✳ ❍❛♠✐❞ P❛rs❛❡✐✱ ❚❡①❛s ❆✫▼ ❯♥✐✈❡rs✐t② ❛t ◗❛t❛r✱ ❉♦❤❛ ◗❛t❛r
7→ ❉r ❆♥❞r❡✇ ❏✳ ❋❧❡♠✐♥❣✱ ❯♥✐✈❡rs✐t② ♦❢ ◆❡✇❝❛st❧❡✱ Pr❡❝✐s✐♦♥ ▼❡❝❤❛tr♦♥✐❝s ▲❛❜ ❛♥❞ ❈❉❙❈✱
◆❡✇❝❛st❧❡ ❆✉str❛❧✐❛
7→ ❉r ▼♦❤❛♠♠❛❞ ❆❧ ❏❛♥❛✐❞❡❤✱ ❯♥✐✈❡rs✐t② ♦❢ ❏♦r❞❛♥✱ ❆♠♠❛♥ ❏♦r❞❛♥
7→ ❉r ◗✐♥❣s♦♥❣ ❳✉✱ ❯♥✐✈❡rs✐t② ♦❢ ▼❛❝❛✉✱ ▼❛❝❛✉
7→ ❉r✳ ❨✉❡♥❦✉❛♥ ❨♦♥❣✱ ❯♥✐✈❡rs✐t② ♦❢ ◆❡✇❝❛st❧❡✱ ▲❈❉◆ ❛♥❞ ❈❉❙❈✱ ◆❡✇❝❛st❧❡ ❆✉str❛❧✐❛
7→ Pr♦❢✳ ❳✐❛♦❜♦ ❚❛♥✱ ❯♥✐✈❡rs✐t② ♦❢ ▼✐❝❤✐❣❛♥✱ ❆♥♥ ❆r❜♦r✱ ▼■ ❯❙❆
7→ Pr♦❢✳ ❏✉❛♥ ❆♥t♦♥✐♦ ❊s❝❛r❡♥♦✱ P♦❧②t❡❝❤♥✐❝ ❙✉♣❡r✐♦r ■♥st✐t✉t❡ ♦♥ ❆❡r♦s♣❛❝❡ ✭■P❙❆✮✱ P❛r✐s
❋r❛♥❝❡
❚❤❡ ❛❜♦✈❡ ❧✐st ✐s ♥♦t ❡①❤❛✉st✐✈❡ ✐❢ ✇❡ ❝♦♥s✐❞❡r ❝♦✲❛✉t❤♦r✐♥❣ ♣♦✐♥t ♦❢ ✈✐❡✇✳ ❋✉rt❤❡r♠♦r❡✱
t❤❡ ❧✐st ❞♦❡s ♥♦t ✐♥❝❧✉❞❡ ♣❛rt♥❡rs ✇✐t❤ ✇❤♦♠ ❢✉t✉r❡ ♣r♦❥❡❝ts ❛r❡ ❡①♣❡❝t❡❞✳
❘❡❣❛r❞✐♥❣ t❤❡ ✐♥❞✉str✐❛❧ ❝♦♥t❡①t✱ t❤❡ ❆❙✷▼ ❞❡♣❛rt♠❡♥t ✐s ✐♥ str♦♥❣ ❝♦❧❧❛❜♦r❛t✐♦♥ ✇✐t❤ t❤❡
P❊❘❈■P■❖✲❘❖❇❖❚❈❙ ❝♦♠♣❛♥② ❬✽✷❪✳ ❚❤✐s ❝♦♠♣❛♥②✱ ❧♦❝❛t❡❞ ✐♥ ❇❡s❛♥ç♦♥✱ ✐s s♣❡❝✐❛❧✐③❡❞ ✐♥
t❤❡ ♣r❡❝✐s❡ ❛♥❞ ❤✐❣❤ ❝❛❞❡♥❝❡ ♣♦s✐t✐♦♥✐♥❣ ✇✐t❤ r♦❜♦t✐❝ t♦♦❧s✳ ■ ❤❛✈❡ ❜❡❡♥ ✐♥✈♦❧✈❡❞ ✐♥ ❛ ♣r♦❥❡❝t
t♦ r❡❛❝❤ t❤✐s ♦❜❥❡❝t✐✈❡ ✇❤❡r❡ ♠② ❝♦♥tr✐❜✉t✐♦♥ ❞❡❛❧s ✇✐t❤ t❤❡ ❝♦♥tr♦❧ ♦❢ ♣✐❡③♦❡❧❡❝tr✐❝ ❞❡✈✐❝❡s✳
✶✳✻ ❚✐♠❡❧✐♥❡ ♦❢ t❤❡ r❡s❡❛r❝❤ s✐♥❝❡ ✷✵✵✻
❋✐❣✉r❡ ✶✳✶✹ ♣r❡s❡♥ts ❛ t✐♠❡❧✐♥❡ ♦❢ t❤❡ r❡s❡❛r❝❤ s✐♥❝❡ ✷✵✵✻✳ ❚❤❡ ✜❣✉r❡ ♣r❡s❡♥ts t❤❡ ♠❛❥♦r
♣r♦❥❡❝ts✱ ✇✐t❤ ✐♥ ♣❛r❡♥t❤❡s✐s ♠② ❝♦♥tr✐❜✉t✐♦♥s✱ ❛♥❞ t❤❡ s❝✐❡♥t✐✜❝ s✉❜❥❡❝ts ❞❡❛❧t✳ ❚❡♠♣♦r❛❧❧②✱
t❤❡ ✇♦r❦s ❝❛rr✐❡❞ ♦✉t ❛r❡ ✐♥ ❛ ❝♦♥t✐♥✉❛❧ ❡✈♦❧✉t✐♦♥✳ ❲❡ st❛rt❡❞ ✇✐t❤ s✐♠♣❧❡ ♣✐❡③♦❡❧❡❝tr✐❝ ♠✉❧✲
t✐♠♦r♣❤✱ ✐✳❡✳ ♠♦♥♦✈❛r✐❛❜❧❡ s②st❡♠s✳ ❚❤❡✐r ♠♦❞❡❧✐♥❣ ❛♥❞ ❝♦♥tr♦❧ ❤❛✈❡ ❜❡❡♥ ❡①t❡♥s✐✈❡❧② ✐♥✲
✈❡st✐❣❛t❡❞ ❛♥❞ ❧❡❞ t♦ ✐♠♣♦rt❛♥t r❡s✉❧ts r❡❝♦❣♥✐③❡❞ ❛t t❤❡ ✐♥t❡r♥❛t✐♦♥❛❧ ❧❡✈❡❧✳ ❖✈❡r t❤❡ t✐♠❡✱
t❤❡ ♥❡❡❞ ♦❢ ❝♦♥✈❡♥✐❡♥t ♠❡❛s✉r❡♠❡♥t t❡❝❤♥✐q✉❡s t♦ ♠❛❦❡ ❢❡❡❞❜❛❝❦ ❝♦♥tr♦❧ ❛r❝❤✐t❡❝t✉r❡ ♣♦ss✐❜❧❡
❧❡❞ ✉s t♦ ❛❧s♦ ✐♥✈❡st✐❣❛t❡ ✐♥ t❤✐s ❞✐r❡❝t✐♦♥✳ ■♥ ♣❛r❛❧❧❡❧✱ t❤❡ ❢❡❡❞❢♦r✇❛r❞ ❝♦♥tr♦❧ ❛r❝❤✐t❡❝t✉r❡
✷✺
❤❛s ❜❡❡♥ ✐♥✈❡st✐❣❛t❡❞ ❛s ❛❧t❡r♥❛t✐✈❡ ✇❛② t♦ ❡♥❤❛♥❝❡ t❤❡ ♣❡r❢♦r♠❛♥❝❡s ✇❤❡♥ t❤❡r❡ ✐s ❛ ❧❛❝❦ ♦❢
s❡♥s♦rs✳ ❚❤❡ ❞✐✛❡r❡♥t ❝♦♥tr✐❜✉t✐♦♥s ❤❛✈❡ ❜❡❡♥ ❜❡✐♥❣ ❣r❛❞✉❛❧❧② ❡①t❡♥❞❡❞ t♦ ♠✉❧t✐✈❛r✐❛❜❧❡ ❞✉❡
t♦ t❤❡ r❛✐s❡ ♦❢ ♠✉❧t✐✲ ❉❖❋ ♣✐❡③♦❡❧❡❝tr✐❝ s②st❡♠s✳ ❋✐♥❛❧❧②✱ t❤❡s❡ ❧❛st ②❡❛rs✱ ✇❡ ❤❛✈❡ st❛rt❡❞
t♦ ✐♥✈❡st✐❣❛t❡ ♦♥ ❡✈❡♥ ♠♦r❡ ♠✐♥✐❛t✉r✐③❡❞✱ ❤✐❣❤❧② ♣❡r❢♦r♠❛♥t✱ ❤✐❣❧② ❞❡①t❡r♦✉s ❛♥❞ ❧♦✇ ❝♦sts
♣✐❡③♦❡❧❡❝tr✐❝ ▼❊▼❙✳
robust control, optimal control
2006 2007 2008 2009 2010 2011 2012 2013 2014
interval techniques with control
theory for controllers synthesis
interval techniques with control theory
for systems design
feedforward control
measurement techniques (self-sensing, instrumentation)
towards miniaturization
(with microfabrication technologies)
1-DOF piezoelectric systems (monovariable)
multi-DOF piezoelectric systems (multivariable)
ANR MYMESYS
(design, microfabrication,
measurement, and control)
europ µPAdS
(measurement
 and control)
maturation
(measurement)
ANR C-MUMS
(feedforward control)
europ µRALP
(piezoelectric microrobotics for
phonomicrosurgery)
MIM-HAC
(control)
intnal NET4M
(control)
europ EUPASS
(design and control)
µUSINE 1
(design and control)
µUSINE 2
(design and control)
NANOROL
(control)
microassembly and micromanipulation applications
laser phonosurgery application
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str✉❝t✉r❡ ✇✐t❤ r❡❝t❛♥❣✉❧❛r s❡❝t✐♦♥✳ ❚❤❡② ❛r❡ t❤❡ ❜❛s✐s ♦❢ t❤❡ ❞❡✈❡❧♦♣♠❡♥t ♦❢ ♠♦r❡ ♣❡r❢♦r♠❛♥t
♦r ♠♦r❡ ❝♦♠♣❧❡① s②st❡♠s✳ ❋♦r t❤❛t✱ t❤❡ ❝❤❛♣t❡r ✐s s♣❧✐tt❡❞ ✐♥t♦ t❤r❡❡ ❝❧❛ss❡s✳ ❚❤❡ ✜rst ❝❧❛ss
❞❡❛❧s ✇✐t❤ ❝❛♥t✐❧❡✈❡r str✉❝t✉r❡❞ ♦♥❧② ♣✐❡③♦❡❧❡❝tr✐❝ s②st❡♠s ❛♥❞ ❛r❡ ❣✐✈❡♥ ✐♥ ❙❡❝t✐♦♥✳ ✷✳✷ ❛♥❞
❙❡❝t✐♦♥✳ ✷✳✸✳ ■♥ t❤❡ s❡❝♦♥❞ ❝❧❛ss✱ ✇❡ ♣r❡s❡♥t ♠♦r❡ ❝♦♠♣❧❡① str✉❝t✉r❡❞ s②st❡♠s✳ ❚❤✐s ✇✐❧❧
❜❡ ✐♥ ❙❡❝t✐♦♥✳ ✷✳✹ ❛♥❞ ❙❡❝t✐♦♥✳ ✷✳✺✳ ❚❤❡ ❧❛st ❝❧❛ss ❞❡❛❧s ✇✐t❤ ❛ ♥❡✇ ♠❡t❤♦❞♦❧♦❣② t♦ ❞❡s✐❣♥
♣✐❡③♦❡❧❡❝tr✐❝ s②st❡♠s✳ ❚❤❡ ♠❡t❤♦❞♦❧♦❣② ✐s ❜❛s❡❞ ♦♥ ✐♥t❡r✈❛❧ t❡❝❤♥✐q✉❡s ❛♥❞ ✇✐❧❧ ❜❡ ♣r❡s❡♥t❡❞ ✐♥
✐♥ ❙❡❝t✐♦♥✳ ✷✳✻✳
❈♦♥t❡♥ts
✷✳✶ ■♥tr♦❞✉❝t✐♦♥ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✵
✷✳✷ ▼✉❧t✐♠♦r♣❤ ♣✐❡③♦❡❧❡❝tr✐❝ ❝❛♥t✐❧❡✈❡rs ❛s ❜❛s✐❝ ❛❝t✉❛t♦rs ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✶
✷✳✷✳✶ Pr✐♥❝✐♣❧❡s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✶
✷✳✷✳✷ ❇❛❧❧❛s ❧✐♥❡❛r ♠♦❞❡❧✐♥❣ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✷
✷✳✷✳✸ ❊①t❡♥s✐♦♥ t♦ ♥♦♥❧✐♥❡❛r ♠♦❞❡❧✐♥❣ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✹
✷✳✸ ❍②❜r✐❞ t❤❡r♠♦♣✐❡③♦❡❧❡❝tr✐❝ ❛❝t✉❛t♦r ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✻
✷✳✸✳✶ Pr✐♥❝✐♣❧❡ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✼
✷✳✸✳✷ ▼♦❞❡❧✐♥❣ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✽
✷✳✸✳✸ ❖t❤❡r ❧❡❛❞s t♦ r❡♣r❡s❡♥t t❤❡ ❜❡❤❛✈✐♦r ♦❢ ❤②❜r✐❞ ❛❝t✉❛t♦rs ✳ ✳ ✳ ✳ ✳ ✳ ✹✶
✷✳✸✳✹ ❆❝❦♥♦✇❧❡❞❣♠❡♥ts ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✷
✷✳✹ P❛r❛❧❧❡❧ ❦✐♥❡♠❛t✐❝ ♣✐❡③♦❡❧❡❝tr✐❝ ♠✐❝r♦r♦❜♦t ❢♦r ❧❛s❡r ♣❤♦♥♦♠✐❝r♦s✉r❣❡r② ✳ ✳ ✹✷
✷✳✹✳✶ ❈♦♥t❡①t ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✷
✷✳✹✳✷ ❆ ❤✐❣❤ r❡s♦❧✉t✐♦♥✱ ❤✐❣❤ ❜❛♥❞✇✐❞t❤✱ ❛♥❞ ❤✐❣❤ r❛♥❣❡ ✷✲❉❖❋ ♠✐❝r♦r♦❜♦t ✹✸
✷✳✹✳✸ ❆ ♠❛❝r♦ ✈❡rs✐♦♥ ♦❢ t❤❡ r♦❜♦t ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✻
✷✳✹✳✹ P❡rs♣❡❝t✐✈❡s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✼
✷✳✹✳✺ ❆❝❦♥♦✇❧❡❞❣♠❡♥ts ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✽
✷✳✺ ❈❛rt❡s✐❛♥ ♣✐❡③♦❡❧❡❝tr✐❝ ♠✐❝r♦str✉❝t✉r❡ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✽
✷✳✺✳✶ ▼✐❝r♦❢❛❜r✐❝❛t✐♦♥ ♦❢ P❩❚ ♠❛t❡r✐❛❧s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✽
✷✾
✷✳✺✳✷ ❚❤❡ ❞❡s✐❣♥❡❞ ❛♥❞ ♠✐❝r♦❢❛❜r✐❝❛t❡❞ ♠✐❝r♦str✉❝t✉r❡ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺✵
✷✳✺✳✸ P❡rs♣❡❝t✐✈❡s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺✶
✷✳✺✳✹ ❆❝❦♥♦✇❧❡❞❣♠❡♥ts ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺✶
✷✳✻ ❉❡s✐❣♥ ♠❡t❤♦❞♦❧♦❣② ❢♦r ♣✐❡③♦❡❧❡❝tr✐❝ ❝❛♥t✐❧❡✈❡r s②st❡♠s ✉s✐♥❣ ✐♥t❡r✈❛❧ t♦♦❧s ✺✶
✷✳✻✳✶ ❘❡❞❡s✐❣♥ ♦❢ ♣✐❡③♦❡❧❡❝tr✐❝ ❛❝t✉❛t♦rs ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺✸
✷✳✻✳✷ ❉❡s✐❣♥ ♦❢ ♣✐❡③♦❡❧❡❝tr✐❝ ❛❝t✉❛t♦rs ✇✐t❤ t❤❡ ♣❡r❢♦r♠❛♥❝❡s ✐♥❝❧✉s✐♦♥
t❤❡♦r❡♠ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺✺
✷✳✻✳✸ P❡rs♣❡❝t✐✈❡s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺✻
✷✳✻✳✹ ❆❝❦♥♦✇❧❡❞❣♠❡♥ts ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺✻
✷✳✼ ❈♦♥❝❧✉s✐♦♥s ❛♥❞ ♣❡rs♣❡❝t✐✈❡s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺✼
✷✳✶ ■♥tr♦❞✉❝t✐♦♥
P✐❡③♦❡❧❡❝tr✐❝ ❝❛♥t✐❧❡✈❡r str✉❝t✉r❡ ✇✐t❤ r❡❝t❛♥❣✉❧❛r s❡❝t✐♦♥ ✐s ♦♥❡ t❤❡ ♠♦st ✉s❡❞ str✉❝t✉r❡s ✐♥
♣✐❡③♦❡❧❡❝tr✐❝❛❧❧② ❛❝t✉❛t❡❞ s②st❡♠s✳ ❚❤❡② ❝❛♥ ❜❡ ❡♠♣❧♦②❡❞ t♦ r❡❛❧✐③❡ ❞❡✈✐❝❡s ❢♦r ✈❛r✐♦✉s ❛♣♣❧✐✲
❝❛t✐♦♥s s✉❝❤ ❛s ♠✐❝r♦❣r✐♣♣❡rs ❬✺✾✕✻✼❀ ✽✸✕✽✻❪❬P❚✶❪❬❏✶✹❪❬❈✶✶❪✱ s✇✐t❝❤❡s ❬✽✼✕✽✾❪✱ ♠✐❝r♦✲✈❛❧✈❡s
❬✾✵❪✱ ♠✐❝r♦✲❛✐r✲✈❡❤✐❝❧❡s ❬✾✶✕✾✺❪✱ t✐♣s ✐♥ ❛t♦♠✐❝ ❢♦r❝❡ ♠✐❝r♦s❝♦♣❡s ❬✾✻❪✱ ♦r ♦r✐❡♥t❛❜❧❡ ♣❧❛t❢♦r♠s
❬✾✼✕✶✵✵❪✳
force
(b)
support
piezoelectric
cantilevered
actuators
manipulated
object(a)
support
❋✐❣✉r❡ ✷✳✶✿ Pr✐♥❝✐♣❧❡ ♦❢ ❛ ♣✐❡③♦❡❧❡❝tr✐❝ ♠✐❝r♦✲
❣r✐♣♣❡r✳
❲✐t❤ r❡❣❛r❞s t♦ ♣✐❡③♦❡❧❡❝tr✐❝ ♠✐❝r♦❣r✐♣♣❡rs
✇❤✐❝❤ ❛r❡ ❡①t❡♥s✐✈❡❧② ❡♠♣❧♦②❡❞ t♦ ❡①❡❝✉t❡
♠✐❝r♦♠❛♥✐♣✉❧❛t✐♦♥ ❛♥❞ ♠✐❝r♦❛ss❡♠❜❧② t❛s❦s✱
t❤❡r❡ ❛r❡ ♦❢t❡♥ t✇♦ ♣✐❡③♦❡❧❡❝tr✐❝ ❛❝t✉❛t♦rs✱
s❡❡ ❋✐❣✉r❡ ✷✳✶✲❛✳ ❇② ❞r✐✈✐♥❣ t❤❡ ❜❡♥❞✲
✐♥❣s ♦❢ t❤❡ t✇♦ ❛❝t✉❛t♦rs✱ ✐t ✐s ♣♦ss✐❜❧❡
t♦ ♣❡r❢♦r♠ ❛ ♣✐❝❦✲tr❛♥s♣♦rt ❛♥❞ ♣❧❛❝❡ ♦❢
s♠❛❧❧ ♦❜❥❡❝ts ✇✐t❤ ❛ ✈❡r② ❤✐❣❤ r❡s♦❧✉t✐♦♥
❛s ✜❣✉r❡❞ ✐♥ ❋✐❣✉r❡ ✷✳✶✲❜✳ ❙✐♥❝❡ t❤❡ t✇♦
❝❛♥t✐❧❡✈❡r ❛❝t✉❛t♦rs ❛r❡ ✐♥❞❡♣❡♥❞❡♥t✱ ♦♥❡
♦❢ t❤❡♠ ❝❛♥ ❜❡ ❞r✐✈❡♥ t♦ ♣❡r❢♦r♠ t❤❡
♣♦s✐t✐♦♥✐♥❣ ✇❤✐❧❡ t❤❡ ♦t❤❡r ♦♥❡ t♦ ♠❛✐♥✲
t❛✐♥ t❤❡ ♦❜❥❡❝t ✇✐t❤ ❛ ❞❡s✐r❡❞ ♠❛♥✐♣✉❧❛t✐♦♥
❢♦r❝❡✳
■t ✐s ✇♦rt❤ t♦ ♥♦t✐❝❡ t❤❛t ✐♥ ❝❛♥t✐❧❡✈❡r str✉❝t✉r❡✱ t❤❡r❡ ❛r❡ ❛❧s♦ t❤❡ ♣✐❡③♦❡❧❡❝tr✐❝ t✉❜❡ s❝❛♥✲
♥❡rs ✭♣✐❡③♦t✉❜❡s✮ ✇❤✐❝❤ ❤❛✈❡ ❝✐r❝✉❧❛r s❡❝t✐♦♥✳ ❚❤❡② ❛r❡ ✇✐❞❡❧② ❡♠♣❧♦②❡❞ ✐♥ s❝❛♥♥✐♥❣ ♣r♦❜❡
♠✐❝r♦s❝♦♣② ❛♣♣❧✐❝❛t✐♦♥s✳ ❋✐♥❛❧❧②✱ ♣✐❡③♦st❛❝❦s ❛r❡ ♠❛❞❡ ♦❢ t❤❡ s✉♣❡r♣♦s✐t✐♦♥ ♦❢ s❡✈❡r❛❧ ❡❧❡♠❡♥ts
♣✐❧❡❞ ✉♣✳ ❈♦♥tr❛r② t♦ ♣✐❡③♦❡❧❡❝tr✐❝ ❝❛♥t✐❧❡✈❡rs ✇✐t❤ r❡❝t❛♥❣✉❧❛r s❡❝t✐♦♥ ❛♥❞ t♦ ♣✐❡③♦t✉❜❡s ✇❤✐❝❤
❜♦t❤ ❝❛♥ ❜❡♥❞✱ ♣✐❡③♦st❛❝❦s ♦♥❧② ❡①♣❛♥❞✴❝♦♥tr❛❝t✳ ❲❡ ✇✐❧❧ ❛❧t❡r♥❛t❡❧② ❡♠♣❧♦② t❤❡ t❡r♠s ♠✉❧✲
t✐♠♦r♣❤✱ ♠✉❧t✐❧❛②❡r❡❞✱ ♦r ♣✐❡③♦❡❧❡❝tr✐❝ ❝❛♥t✐❧❡✈❡r ✐♥ t❤❡ r❡♠❛✐♥❞❡r t♦ st❛t❡ t❤❡ s❛♠❡ ♠❡❛♥✐♥❣✿
♣✐❡③♦❡❧❡❝tr✐❝ ❝❛♥t✐❧❡✈❡r ❛❝t✉❛t♦rs ✇✐t❤ r❡❝t❛♥❣✉❧❛r s❡❝t✐♦♥✳
✸✵
❚❤❡ ✜rst ♣❛rt ♦❢ t❤✐s ❝❤❛♣t❡r ✐s ❞❡✈♦t❡❞ t♦ t❤❡ ♠♦❞❡❧✐♥❣ ♦❢ ♠✉❧t✐♠♦r♣❤ ❛❝t✉❛t♦rs ✇❤✐❝❤
❛r❡ ✇✐❞❡❧② ✉s❡❞ ✐♥ ♣✐❡③♦❡❧❡❝tr✐❝ ♣♦s✐t✐♦♥✐♥❣ s②st❡♠s✳ ❚❤❡ r❡❧❛t✐♦♥ ❜❡t✇❡❡♥ t❤❡ ❜❡♥❞✐♥❣ ✭❞✐s✲
♣❧❛❝❡♠❡♥t✮ ♦❢ t❤❡ ❛❝t✉❛t♦r✱ t❤❡ ❞r✐✈✐♥❣ ✈♦❧t❛❣❡✱ ❛♥② ❡①t❡r♥❛❧ ❢♦r❝❡ ❛♥❞ t❤❡ t❤❡r♠❛❧ ❡①❝✐t❛t✐♦♥
✐s ❞❡r✐✈❡❞✳ ❚❤✐s ✇✐❧❧ ❜❡ ✐♥ ❙❡❝t✐♦♥✳ ✷✳✷✳ ❚❤❡s❡ ♠✉❧t✐♠♦r♣❤ ❛❝t✉❛t♦rs ❤❛✈❡ ❤✐❣❤ r❡s♦❧✉t✐♦♥
❛♥❞ ❤✐❣❤ ❜❛♥❞✇✐❞t❤ ❜✉t ❧✐♠✐t❡❞ ✐♥ r❛♥❣❡✳ ❚❤✉s✱ ✐♥ ❙❡❝t✐♦♥✳ ✷✳✸✱ ✇❡ ♣r❡s❡♥t ❛ ♥♦✈❡❧ ❤②❜r✐❞
t❤❡r♠♦♣✐❡③♦❡❧❡❝tr✐❝ ❛❝t✉❛t♦r ✇❤✐❝❤ t②♣✐✜❡s ❛ ❤✐❣❤ r❛♥❣❡ ♦❢ ❞✐s♣❧❛❝❡♠❡♥t✳ ❙❡❝t✐♦♥✳ ✷✳✹ ❛♥❞
❙❡❝t✐♦♥✳ ✷✳✺ ❛r❡ ❞❡✈♦t❡❞ t♦ t❤❡ ❞❡✈❡❧♦♣♠❡♥t ♦❢ ♠♦r❡ ❝♦♠♣❧❡① str✉❝t✉r❡❞ ♣✐❡③♦❡❧❡❝tr✐❝ s②st❡♠s✱
t❤♦✉❣❤ ❜❛s❡❞ ♦♥ ❝❛♥t✐❧❡✈❡rs✳ ❋✐♥❛❧❧②✱ ✇❡ ♣r❡s❡♥t ✐♥ ❙❡❝t✐♦♥✳ ✷✳✻ ❛ ❞❡s✐❣♥ ♠❡t❤♦❞♦❧♦❣② ✇✐t❤
❣✉❛r❛♥t❡❡❞ ♣❡r❢♦r♠❛♥❝❡s ❢♦r ♣✐❡③♦❡❧❡❝tr✐❝ s②st❡♠s✱ ❜❛s❡❞ ♦♥ ✐♥t❡r✈❛❧ t♦♦❧s✳ ❆♥ ✐❧❧✉str❛t✐✈❡ ❡①✲
❛♠♣❧❡ ✐s ❣✐✈❡♥✱ ✐t ❝♦♥❝❡r♥s t❤❡ ❞❡s✐❣♥ ♦❢ ♣✐❡③♦❡❧❡❝tr✐❝ ❝❛♥t✐❧❡✈❡r ❛❝t✉❛t♦rs✳ ❚❤❡ ♠❡t❤♦❞♦❧♦❣②
❝❛♥ ❜❡ ❛♣♣❧✐❡❞ t♦ ♦t❤❡r ❦✐♥❞s ♦❢ s②st❡♠s✱ ❛❝t✉❛t❡❞ ♦r ♥♦♥✲❛❝t✉❛t❡❞✳
✷✳✷ ▼✉❧t✐♠♦r♣❤ ♣✐❡③♦❡❧❡❝tr✐❝ ❝❛♥t✐❧❡✈❡rs ❛s ❜❛s✐❝ ❛❝t✉❛t♦rs
❆❢t❡r ❤❛✈✐♥❣ ♣r❡s❡♥t❡❞ t❤❡ ♣r✐♥❝✐♣❧❡ ♦❢ ❜❡♥❞✐♥❣ ♦❢ ♠✉❧t✐♠♦r♣❤ ❛❝t✉❛t♦rs✱ ✇❡ ♣r❡s❡♥t t❤❡ ❇❛❧❧❛s
❧✐♥❡❛r ♠♦❞❡❧✳ ❚❤✐s ♠♦❞❡❧ ✐s ❣❡♥❡r❛❧ ❛♥❞ ✇✐❞❡❧② ❡♠♣❧♦②❡❞ ✇❤❡♥ t❤❡ ❛♣♣❧✐❡❞ ❡❧❡❝tr✐❝❛❧ ✜❡❧❞ ✐s
r❡❧❛t✐✈❡❧② ✇❡❛❦✳ ❍♦✇❡✈❡r✱ t❤✐s ❞♦❡s ♥♦t ❛❝❝♦✉♥t ❢♦r t❤❡ ❤②st❡r❡s✐s ❛♥❞ t❤❡ ❝r❡❡♣ ✇❤✐❝❤ ❛r❡
♥♦t❛❜❧❡ ✇❤❡♥ t❤❡ ❡❧❡❝tr✐❝❛❧ ✜❡❧❞ ❛♣♣❧✐❡❞ t♦ t❤❡ ❛❝t✉❛t♦r ❜❡❝♦♠❡s ❤✐❣❤❡r t❤❛♥ 15% ♦❢ t❤❡
♠❛①✐♠❛❧ str❡♥❣t❤ ❬✶✵✶❪✳ ❲❡ t❤❡r❡❢♦r❡ ♣r♦♣♦s❡ ❛♥ ❡①t❡♥s✐♦♥ t❤❛t ❝♦♠♣r✐s❡s ✐♥ ❛ s✐♥❣❧❡ ♠♦❞❡❧
t❤❡ ♥♦♥❧✐♥❡❛r✐t✐❡s ❛♥❞ t❤❡ ❞②♥❛♠✐❝s✳ ❋✉rt❤❡r♠♦r❡✱ t❤❡ ♣r♦♣♦s❡❞ ❡①t❡♥s✐♦♥ ❛❧s♦ ❛❝❝♦✉♥ts ❢♦r
t❤❡ t❤❡r♠❛❧ ❡✛❡❝t ❛♥❞ ❢♦r t❤❡ ❡①t❡r♥❛❧ ❢♦r❝❡ ❛♣♣❧✐❡❞✳ ❚❤✐s ❡①t❡♥❞❡❞ ♠♦❞❡❧ ✇✐❧❧ ❜❡ ❡①t❡♥s✐✈❡❧②
❡♠♣❧♦②❡❞ ✐♥ t❤❡ r❡st ♦❢ t❤❡ t❤❡s✐s✿ ♠♦❞❡❧✐♥❣ ♦❢ ♥❡✇❡r ❤②❜r✐❞ t❤❡r♠♦♣✐❡③♦❡❧❡❝tr✐❝ s②st❡♠s✱
❢❡❡❞❜❛❝❦ ❝♦♥tr♦❧✱ ❢❡❡❞❢♦r✇❛r❞ ❝♦♥tr♦❧✱ ♠❡❛s✉r❡♠❡♥t t❡❝❤♥✐q✉❡s✳
✷✳✷✳✶ Pr✐♥❝✐♣❧❡s
❈♦♥s✐❞❡r ❋✐❣✳ ✷✳✷✲❛ ✇❤✐❝❤ ♣r❡s❡♥ts ❛ ♣✐❡③♦❡❧❡❝tr✐❝ ❝❛♥t✐❧❡✈❡r ✭♠✉❧t✐♠♦r♣❤ ♦r ♠✉❧t✐❧❛②❡r❡❞ ❛❝✲
t✉❛t♦r✮ t❤❛t ❤❛s ❛ r❡❝t❛♥❣✉❧❛r s❡❝t✐♦♥ ❛♥❞ ✇❤✐❝❤ ❝♦♥t❛✐♥s n ❧❛②❡rs✳ ❆t ❧❡❛st ♦♥❡ ♦❢ t❤❡ ❧❛②❡r ✐s
♣✐❡③♦❡❧❡❝tr✐❝ ✭♣✐❡③♦❧❛②❡r✮✳ ❚❤❡ ♥♦♥♣✐❡③♦❧❛②❡rs ❛r❡ ❝❛❧❧❡❞ ♣❛ss✐✈❡ ❧❛②❡rs✳ ❊❛❝❤ ♣✐❡③♦❧❛②❡r ❤❛s ✐ts
♣♦❧✐♥❣ ❞✐r❡❝t✐♦♥ ✐♥ t❤❡ ✈❡rt✐❝❛❧ ❛①✐s ✭z ❛①✐s✮✳ ▲❡t hi ❜❡ t❤❡ t❤✐❝❦♥❡ss ♦❢ t❤❡ ith ❧❛②❡r ✭i = 1 . . . n✮
❛♥❞ z¯ ❜❡ t❤❡ ❞✐st❛♥❝❡ ❜❡t✇❡❡♥ t❤❡ ♥❡✉tr❛❧ ❛①✐s ❛♥❞ t❤❡ ❜♦tt♦♠ s✉r❢❛❝❡ ♦❢ t❤❡ ❝❛♥t✐❧❡✈❡r✳
...
1st layer
2nd layer
n-1 layer
n layer
(a) axis
(b)
❋✐❣✉r❡ ✷✳✷✿ ❆ ♣✐❡③♦❡❧❡❝tr✐❝ ❝❛♥t✐❧❡✈❡r✳
✸✶
❲❤❡♥ ❛♥ ❡❧❡❝tr✐❝❛❧ ✜❡❧❞ ✐s ❛♣♣❧✐❡❞ t♦ ❡❛❝❤ ♦❢ t❤❡ ♣✐❡③♦❧❛②❡rs t❤❛♥❦s t♦ t❤❡ ✈♦❧t❛❣❡ u✱
t❤❡② ❝♦♥tr❛❝t ♦r ❡①♣❛♥❞ ❛❧♦♥❣ t❤❡ x✲❛①✐s t❤❛♥❦s t♦ t❤❡ d31 ❝♦❡✣❝✐❡♥t✶✳ ❉✉❡ t♦ t❤❡ ✐♥t❡r❢❛❝❡s
❝♦♥♥❡❝t✐♦♥ ❜❡t✇❡❡♥ ❛❧❧ t❤❡ ❧❛②❡rs✱ t❤❡s❡ ❝♦♥tr❛❝t✐♦♥s ♦r ❡①♣❛♥s✐♦♥s ✇✐❧❧ r❡s✉❧t ✐♥ ❛ ❞❡✢❡❝t✐♦♥ δ ♦❢
t❤❡ ✇❤♦❧❡ ❝❛♥t✐❧❡✈❡r ❋✐❣✳ ✷✳✷✲❜✳ ❚❤✐s ❜❡♥❞✐♥❣ ✐s ♠✉❝❤ ❧❛r❣❡r t❤❛♥ t❤❡ ❝♦♥tr❛❝t✐♦♥ ♦r ❡①♣❛♥s✐♦♥
✇❤✐❝❤ ✐s t❤❡r❡❢♦r❡ t❤❡ ❛❞✈❛♥t❛❣❡ ♦❢ ❝❛♥t✐❧❡✈❡r str✉❝t✉r❡✳ ❈♦♠♠♦♥❧② ✉t✐❧✐③❡❞ ❛❝t✉❛t♦rs ❛r❡ t❤❡
✉♥✐♠♦r♣❤ ❛♥❞ t❤❡ ❜✐♠♦r♣❤✳ ❯♥✐♠♦r♣❤ ❤❛s t✇♦ ❧❛②❡rs ✐♥ ✇❤✐❝❤ ♦♥❡ ✐s ♣✐❡③♦❡❧❡❝tr✐❝ ❛♥❞ t❤❡
♦t❤❡r ♦♥❡ ♣❛ss✐✈❡✳ ■♥ ❜✐♠♦r♣❤✱ ❜♦t❤ t❤❡ t✇♦ ❧❛②❡rs ❛r❡ ♣✐❡③♦❡❧❡❝tr✐❝✳ ❙❡❝t✐♦♥✳ ❈✳✸ ❣✐✈❡s ♠♦r❡
❞❡t❛✐❧s ♦♥ t❤❡♠✳
✷✳✷✳✷ ❇❛❧❧❛s ❧✐♥❡❛r ♠♦❞❡❧✐♥❣
❚❤❡ ❧✐♥❡❛r ♠♦❞❡❧✐♥❣ ♦❢ ♠✉❧t✐♠♦r♣❤ ♣✐❡③♦❡❧❡❝tr✐❝ ❝❛♥t✐❧❡✈❡rs ❤❛s r❛✐s❡❞ s❡✈❡r❛❧ st✉❞✐❡s✳ ❚❤❡
♠♦❞❡❧s ✇❤✐❝❤ ❛r❡ ✉t✐❧✐③❛❜❧❡ ✐♥ ❛ ✇✐❞❡ r❛♥❣❡ ♦❢ ❛♣♣❧✐❝❛t✐♦♥s ❛r❡ ♣❤②s✐❝❛❧✱ ✐✳❡✳ t❤❡② ❛r❡ ✈❡rs✉s
t❤❡ ❣❡♦♠❡tr✐❝❛❧ ♣❛r❛♠❡t❡rs ♦❢ t❤❡ ❝❛♥t✐❧❡✈❡r ❛♥❞ t❤❡ ♣❤②s✐❝❛❧ ♣r♦♣❡rt✐❡s ♦❢ t❤❡ ♠❛t❡r✐❛❧s✳ ❚❤❡✐r
❞❡r✐✈❛t✐♦♥ ✐s ❜❛s❡❞ ♦♥ t❤❡ ❧✐♥❡❛r ♠♦❞❡❧ ♦❢ ❛ ♣❛r❛❧❧❡❧❡♣✐♣❡❞ ♣✐❡③♦❡❧❡❝tr✐❝ ♠❛t❡r✐❛❧ ❞❡s❝r✐❜❡❞ ✐♥
t❤❡ ■❊❊❊✴❆◆❙■ ❙t❛♥❞❛r❞s ♦♥ P✐❡③♦❡❧❡❝tr✐❝✐t② ❬✶✵✷❪✳ ▼❛♥② ♦❢ t❤❡ ✇♦r❦s ❞❡❛❧ ✇✐t❤ ❜✐❧❛②❡r❡❞
♦r tr✐❧❛②❡r❡❞ str✉❝t✉r❡s ❬✶✵✸✕✶✵✽❪✳ ❋♦r n✲❧❛②❡rss ❝❛♥t✐❧❡✈❡rs✱ ❉❡❱♦❡ ❛♥❞ P✐s❛♥♦ ❬✶✵✾❪ ❞❡r✐✈❡❞
❛ ♠♦❞❡❧ ♦❢ t❤❡ ❞❡✢❡❝t✐♦♥ ❛t t❤❡ t✐♣ ✈❡rs✉s t❤❡ ❛♣♣❧✐❡❞ ✈♦❧t❛❣❡ ❜② ❡♠♣❧♦②✐♥❣ t❤❡ ❚✐♠♦s❝❤❡♥❦♦✬s
❜✐♠❡t❛❧❧✐❝ ❜❡❛♠ t❤❡♦r②✳ ▲❛t❡r ♦♥✱ ❲❡✐♥❜❡r❣ ♣r♦♣♦s❡❞ ❛♥ ❛❧t❡r♥❛t❡ ❢❛s❤✐♦♥ t♦ ❞❡r✐✈❡ ❛ ♠♦❞❡❧
❬✶✶✵❪ ✇✐t❤ s✐♠✐❧❛r ♣❡r❢♦r♠❛♥❝❡s✳ ❋✐♥❛❧❧②✱ ✐♥ ❬✼✸❪✱ ❇❛❧❧❛s ♣✉❜❧✐s❤❡❞ t❤❡ ❣❡♥❡r❛❧✐③❡❞ ♠♦❞❡❧ ♦❢
♠✉❧t✐♠♦r♣❤ ♣✐❡③♦❡❧❡❝tr✐❝ ❝❛♥t✐❧❡✈❡rs✳ ❚❤❡ ♠♦❞❡❧✱ ✇❤✐❝❤ ✇✐❧❧ ❜❡ r❡♠✐♥❞❡❞ ❜❡❧♦✇✱ ✐s s❛✐❞ ❣❡♥❡r✲
❛❧✐③❡❞ ❜❡❝❛✉s❡ ♦❢ t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦♣❡rt✐❡s✳
→ ❚❤❡ ♠♦❞❡❧ ✐s ✈❛❧✉❛❜❧❡ ❢♦r ❛♥② n ♥✉♠❜❡r ♦❢ ❧❛②❡rs✳
→ ❚❤❡ ♠♦❞❡❧ ❞❡s❝r✐❜❡s ❛❧❧ ♣♦ss✐❜❧❡ ♦✉t♣✉ts ✭❞❡✢❡❝t✐♦♥✱ ❜❡♥❞✐♥❣ ❛♥❣❧❡✱ ✈♦❧✉♠❡ ❞✐s♣❧❛❝❡♠❡♥t✱
❝❤❛r❣❡ ❛♣♣❡❛r✐♥❣ ♦♥ t❤❡ ❡❧❡❝tr♦❞❡s s✉r❢❛❝❡s✮ ✈❡rs✉s ❛❧❧ ♣♦ss✐❜❧❡ ✐♥♣✉t ❡①❝✐t❛t✐♦♥s ✭❜❡♥❞✐♥❣ ♠♦✲
♠❡♥t✱ ❢♦r❝❡✱ ♣r❡ss✉r❡ ❧♦❛❞✱ ❡❧❡❝tr✐❝❛❧ ✈♦❧t❛❣❡✮✳
→ ❚❤❡ ♦✉t♣✉ts ✭❞❡✢❡❝t✐♦♥✱ ❜❡♥❞✐♥❣ ❛♥❣❧❡✱ ✈♦❧✉♠❡ ❞✐s♣❧❛❝❡♠❡♥t✱ ❝❤❛r❣❡ ❛♣♣❡❛r✐♥❣ ♦♥ t❤❡ ❡❧❡❝✲
tr♦❞❡s s✉r❢❛❝❡s✮ ❛r❡ ❢♦r♠✉❧❛t❡❞ ❛t ❛♥② ♣♦✐♥t x ❛❧♦♥❣ t❤❡ ❧♦♥❣✐t✉❞✐♥❛❧ ❛①✐s ♦❢ ❝❛♥t✐❧❡✈❡r✳ ❋♦r
❡①❛♠♣❧❡✱ t❤❡ ❞❡✢❡❝t✐♦♥ δ(x) ✐s ❢♦r♠✉❧❛t❡❞ ❛t t❤❡ ❞✐st❛♥❝❡ x ❢r♦♠ t❤❡ ❝❧❛♠♣ ❛s ♣✐❝t✉r❡❞ ✐♥
❋✐❣✳ ✷✳✷✲❜✳
→ ❇♦t❤ t❤❡ st❛t✐❝ ❜❡❤❛✈✐♦r ❛♥❞ t❤❡ ❤❛r♠♦♥✐❝ ❜❡❤❛✈✐♦r ♦❢ t❤❡ ♠✉❧t✐♠♦r♣❤ ❛r❡ ❣✐✈❡♥✳ ■♥ t❤❡
❤❛r♠♦♥✐❝ ❜❡❤❛✈✐♦r✱ t❤❡ r❡s♣♦♥s❡s ♦❢ t❤❡ ❝❛♥t✐❧❡✈❡r s✉❜❥❡❝t❡❞ t♦ ❤❛r♠♦♥✐❝ ❡①❝✐t❛t✐♦♥s ❛r❡ ❞❡✲
s❝r✐❜❡❞✳ ❚❤❡ r❡s♦♥❛♥t ❢r❡q✉❡♥❝✐❡s ♦❢ t❤❡ ♣✐❡③♦❡❧❡❝tr✐❝ ❝❛♥t✐❧❡✈❡r ❛r❡ ❛❧s♦ ❢♦r♠✉❧❛t❡❞✳
❘❡❝♦♥s✐❞❡r t❤❡ ❝❧❛♠♣❡❞✲❢r❡❡ n✲❧❛②❡rss ❝❛♥t✐❧❡✈❡r ♦❢ ❋✐❣✳ ✷✳✷✳ ❚❛❦✐♥❣ t❤❡ ✈♦❧t❛❣❡ u ❛♥❞ t❤❡
❢♦r❝❡ F ❛t t❤❡ t✐♣ ❛s ❡①❝✐t❛t✐♦♥s✱ t❤❡ ❞❡✢❡❝t✐♦♥ δ(x) ♦❢ t❤❡ ❛❝t✉❛t♦r ❛t ❛ ❞✐st❛♥❝❡ x ❢r♦♠ t❤❡
❝❧❛♠♣ ✐s✿
δ(x) = dp(x)u+ sp(x)F ✭✷✳✶✮
✶❚❤❡ d31 ❝♦❡✣❝✐❡♥t ♣❡r♠✐ts t♦ ♦❜t❛✐♥ ❛ ❞✐s♣❧❛❝❡♠❡♥t ❛❧♦♥❣ t❤❡ ❧♦❝❛❧ ❛①✐s✲✶ ✭r♦✉❣❤❧② x ❛①✐s✮ ✇❤❡♥ ❛♣♣❧②✐♥❣
❛♥ ❡❧❡❝tr✐❝❛❧ ✜❡❧❞ ❛❧♦♥❣ t❤❡ ❧♦❝❛❧ ❛①✐s✲✸ ✭r♦✉❣❤❧② z ❛①✐s✮✳
✸✷
✇❤❡r❡ dp(x) ✐s ❝❛❧❧❡❞ ♣✐❡③♦❡❧❡❝tr✐❝ ❝♦❡✣❝✐❡♥t ♦❢ t❤❡ ❝❛♥t✐❧❡✈❡r ❛♥❞ sp(x) ✐ts ♠❡❝❤❛♥✐❝❛❧
❝♦♠♣❧✐❛♥❝❡✳ ❚❤❡② ❛r❡ ❣✐✈❡♥ ❛s✿{
dp(x) =
mpiezoL
2
2C
(
x
L
)2
sp(x) =
L3
6C
[
3
(
x
L
)2
−
(
x
L
)3] ✭✷✳✷✮
✇✐t❤ 

mpiezo =
1
2
n∑
i=1
wd31,i
s11,ihi
[
2z¯hi − 2hi
i∑
j=1
hj + h
2
i
]
C = 13
n∑
i=1
w
s11,i
[
3hi
(
z¯ −
i∑
j=1
hj
)(
z¯ −
i−1∑
j=1
hj
)
+ h3i
] ✭✷✳✸✮
✐♥ ✇❤✐❝❤ d31,i ✐s t❤❡ tr❛♥s✈❡rs❛❧ ♣✐❡③♦❡❧❡❝tr✐❝ ❝♦❡✣❝✐❡♥t ♦❢ t❤❡ ith ♠❛t❡r✐❛❧ ❛♥❞ s11,i ✐ts
❧♦♥❣✐t✉❞✐♥❛❧ ❝♦♠♣❧✐❛♥❝❡✳ ■❢ t❤❡ ♠❛t❡r✐❛❧ ✐s ♣❛ss✐✈❡✱ ✇❡ ❤❛✈❡✿ d31,i = 0✳ ■♥ t❤❡ ❡q✉❛t✐♦♥s✱ z¯ ✐s
t❤❡ ❞✐st❛♥❝❡ ❜❡t✇❡❡♥ t❤❡ ♥❡✉tr❛❧ ❛①✐s ❛♥❞ t❤❡ ❜♦tt♦♠ s✉r❢❛❝❡✿ z¯ = −
n∑
i=1
w
s11,i
h2i−2
n∑
i=1
w
s11,i
hi
i∑
j=1
hj
2
n∑
i=1
w
s11,i
hi
✳
❚❤❡ ❞❡✢❡❝t✐♦♥ δ ❛t t❤❡ t✐♣ ✐s ❡❛s✐❧② ❝❛❧❝✉❧❛t❡❞ ❢r♦♠ t❤❡ ❛❜♦✈❡ ♠♦❞❡❧ ❜② ✉s✐♥❣ x = L✳
❚❤❡ ♠♦❞❡❧ ✐♥ ❊q✳ ✭✷✳✶✮ ✐s st❛t✐❝✳ ❇❛❧❧❛s ❝♦♠♣❧❡t❡❞ t❤✐s ✇✐t❤ t❤❡ r❡s♦♥❛♥t ❢r❡q✉❡♥❝② ❛t t❤❡
♠♦❞❡ m✳ ❚❤❡ mth r❡s♦♥❛♥t ❢r❡q✉❡♥❝② ♦❢ t❤❡ ❝❧❛♠♣❡❞✲❢r❡❡ n✲❧❛②❡rs ♣✐❡③♦❡❧❡❝tr✐❝ ❝❛♥t✐❧❡✈❡r ♦❢
❋✐❣✳ ✷✳✷ ✐s✿
fm =
(kmL)
2πL2
√
C
µ
✭✷✳✹✮
✇❤❡r❡ µ = mcL =
n∑
i=1
ρihiw ✐s t❤❡ t♦t❛❧ ♠❛ss r❡❧❛t❡❞ t♦ t❤❡ ❛❝t✉❛t♦r✬s ❧❡♥❣t❤✱ mc ✐s t❤❡ ♠❛ss
♦❢ t❤❡ ✇❤♦❧❡ ❝❛♥t✐❧❡✈❡r ❛♥❞ ρi ✐s t❤❡ ❞❡♥s✐t② ♦❢ t❤❡ ith ❧❛②❡r✳ ❚❤❡ ♠✉❧t✐♣❧✐❝❛t✐♦♥ (kmL) ✐s ❣✐✈❡♥
✐♥ ❚❛❜❧❡ ❈✳✶✳
m 1 2 3 4 5 · · ·
kmL 1.8751 4.6941 7.8548 10.9955 14.137 · · ·
❚❛❜❧❡ ✷✳✶✿ ◆✉♠❡r✐❝❛❧ ✈❛❧✉❡s ♦❢ (kmL) ❢♦r t❤❡ mth ♠♦❞❡✳
❆♣♣❡♥❞✐①✳ ❈ r❡♣♦rts ♠♦r❡ ❞❡s❝r✐♣t✐♦♥ ♦♥ t❤❡ ❇❛❧❧❛s ♠♦❞❡❧✳ ■♥ ♦r❞❡r t♦ ❤❛✈❡ ❛ s✐♥❣❧❡
❞②♥❛♠✐❝ ♠♦❞❡❧ t❤❛t ❡♥❝♦♠♣❛ss❡s t❤❡ st❛t✐❝ ❜❡❤❛✈✐♦r ✐♥ ❊q✳ ✭✷✳✶✮ ❛♥❞ t❤❡ ❞②♥❛♠✐❝ ❜❡❤❛✈✐♦r
♦❢ t❤❡ ❝❛♥t✐❧❡✈❡r✱ ❛ ❦♥♦✇❧❡❞❣❡ ♦♥ t❤❡ ❞❛♠♣✐♥❣ r❛t✐♦ ♦❢ ❡❛❝❤ ♠♦❞❡ ✐s r❡q✉✐r❡❞✳ ❍♦✇❡✈❡r✱ t❤❡r❡
✐s ♥♦ ❛♥❛❧②t✐❝❛❧ ❢♦r♠✉❧❛t✐♦♥ ♦❢ t❤❡s❡ ❞❛♠♣✐♥❣ r❛t✐♦s✳ ■♥ ❣❡♥❡r❛❧ t❤❡② ❛r❡ ❝❤❛r❛❝t❡r✐③❡❞ ❜②
❡①♣❡r✐♠❡♥ts✳ ❍❛✈✐♥❣ t❤❡♠✱ tr❛♥s❢❡r ❢✉♥❝t✐♦♥s ♦r st❛t❡✲s♣❛❝❡ r❡♣r❡s❡♥t❛t✐♦♥ ♦❢ t❤❡ ❜❡❤❛✈✐♦r ♦❢
t❤❡ ♠✉❧t✐♠♦r♣❤ ❝❛♥ ❜❡ ②✐❡❧❞❡❞✳
✸✸
✷✳✷✳✸ ❊①t❡♥s✐♦♥ t♦ ♥♦♥❧✐♥❡❛r ♠♦❞❡❧✐♥❣
❚❤❡ ❇❛❧❧❛s ♠♦❞❡❧ ✐s ❣❡♥❡r❛❧ ❛♥❞ ❤❛s ❜❡❡♥ ❡♠♣❧♦②❡❞ ✐♥ ✈❛r✐♦✉s ❛♣♣❧✐❝❛t✐♦♥s s✉❝❤ ❛s ❞❡s✐❣♥✱
❝♦♥tr♦❧ ❛♥❞ ♠❡❛s✉r❡♠❡♥t✳ ❍♦✇❡✈❡r t❤✐s ♠♦❞❡❧ ✐s ❧✐♥❡❛r ❛♥❞ ❝❛♥♥♦t tr❛❝❦ t❤❡ ❤②st❡r❡s✐s ❛♥❞
❝r❡❡♣ ♥♦♥❧✐♥❡❛r✐t✐❡s t❤❛t t②♣✐❢② ♣✐❡③♦❡❧❡❝tr✐❝ ❛❝t✉❛t♦rs✳ ■♥ t❤✐s s❡❝t✐♦♥✱ ✇❡ ✇✐❧❧ ❡①t❡♥❞ t❤❡
♠♦❞❡❧ ✐♥ ♦r❞❡r t♦ ❛❝❝♦✉♥t ❢♦r t❤❡s❡ ♥♦♥❧✐♥❡❛r✐t✐❡s✳ ■♥ ❛❞❞✐t✐♦♥✱ ✇❡ ✇✐❧❧ ❛❧s♦ ✐♥❝❧✉❞❡ t❤❡ ❡✛❡❝t
♦❢ t❤❡ t❡♠♣❡r❛t✉r❡✳ ❚❤❡ ❡①t❡♥s✐♦♥ ♣r♦♣♦s❡❞ ❤❡r❡ ✐s s✉❝❝❡ss✐✈❡❧② ❞❡s❝r✐❜❡❞ ❛♥❞ ♣✉❜❧✐s❤❡❞ ✐♥
❬❇✹❪❬❏✾❪❬❏✼❪❬❏✷❪❬❈✶✸❪✳ ▼❛♥② ♠♦❞❡❧s ❤❛✈❡ ❜❡❡♥ ♣r♦♣♦s❡❞ ♦r ❡♠♣❧♦②❡❞ t♦ tr❛❝❦ t❤❡ ❤②st❡r❡s✐s
❛♥❞ t❤❡ ❝r❡❡♣ ✐♥ ♣✐❡③♦❡❧❡❝tr✐❝ ❛❝t✉❛t♦rs✳ ■♥ ❢❛❝t✱ ✇❡ ❛✐♠ t♦ ❣✐✈❡ ❤❡r❡ ❛ ❣❡♥❡r❛❧ str✉❝t✉r❡ ♦❢
♥♦♥❧✐♥❡❛r ♠♦❞❡❧✳ ❚❤✐s ❣❡♥❡r❛❧ str✉❝t✉r❡ ✇✐❧❧ ❜❡ ❡①t❡♥s✐✈❡❧② ❡♠♣❧♦②❡❞ ✐♥ t❤❡ r❡st ♦❢ t❤❡ t❤❡s✐s
❛♥❞ ✐ts r❡✜♥❡♠❡♥t ✇✐❧❧ ❜❡ ♣r❡s❡♥t❡❞ ♦✈❡r ✐t✳
■♥s♣✐r❡❞ ❢r♦♠ t❤❡ ❇❛❧❧❛s ❧✐♥❡❛r ♠♦❞❡❧ ✐♥ ❊q✳ ✭✷✳✶✮✱ ❧❡t ✉s ❛ss✉♠❡ t❤❛t t❤❡ ❡❧❡❝tr✐❝❛❧ ❝♦♥tr✐✲
❜✉t✐♦♥ ❛♥❞ t❤❡ ♠❡❝❤❛♥✐❝❛❧ ❝♦♥tr✐❜✉t✐♦♥ ❛r❡ ❛❞❞✐t✐✈❡✳ ❚❤✉s✱ t❤❡ ❣❡♥❡r❛❧ ❢♦r♠ ♦❢ t❤❡ ♥♦♥❧✐♥❡❛r
❞②♥❛♠✐❝❛❧ ♠♦❞❡❧ ♦❢ t❤❡ ♣✐❡③♦❡❧❡❝tr✐❝ ❝❛♥t✐❧❡✈❡r ❞❡♣✐❝t❡❞ ✐♥ ❋✐❣✳ ✷✳✷ ✐s ❬❇✹❪✿
δ(s) = Γud (u(s), s)) + Γ
F
d (F (s), s) ✭✷✳✺✮
✇❤❡r❡
→ s ✐s t❤❡ ▲❛♣❧❛❝❡ ✈❛r✐❛❜❧❡✱
→ Γud ✐s ❛ ❞②♥❛♠✐❝❛❧ ♥♦♥❧✐♥❡❛r ♦♣❡r❛t♦r t❤❛t ❡♥❝♦♠♣❛ss❡s t❤❡ ❤②st❡r❡s✐s✱ t❤❡ ❝r❡❡♣ ❛♥❞ t❤❡
❞②♥❛♠✐❝s ♦❢ t❤❡ ♣✐❡③♦❡❧❡❝tr✐❝ ❝❛♥t✐❧❡✈❡r✱
→ ❛♥❞ ΓFd ✐s ❛ ❞②♥❛♠✐❝❛❧ ♥♦♥❧✐♥❡❛r ♦♣❡r❛t♦r r❡❧❛t❡❞ t♦ t❤❡ ♠❡❝❤❛♥✐❝❛❧ ❝♦♥tr✐❜✉t✐♦♥✳ ■♥
s♠❛❧❧ ❞❡❢♦r♠❛t✐♦♥✱ t❤✐s ♦♣❡r❛t♦r ❝♦♠❡s ❜❛❝❦ t♦ ❛ ❧✐♥❡❛r t❡r♠ ❛s ❞❡s❝r✐❜❡❞ ✐♥ ❊q✳ ✭✷✳✶✮✳ ❋♦r
❧❛r❣❡ ❞❡❢♦r♠❛t✐♦♥✱ ✐t ❝❛♥ ❜❡ ♣❧❛st✐❝ ✭✇✐t❤ ❤②st❡r❡s✐s✮ ♦r ❤②♣❡r❡❧❛st✐❝ ✭♥♦♥❧✐♥❡❛r ❡❧❛st✐❝✮ ❛❝❝♦r❞✲
✐♥❣ t♦ t❤❡ ♠❛t❡r✐❛❧s t❤❛t ❝♦♠♣♦s❡ t❤❡ ❝❛♥t✐❧❡✈❡r✳ ■♥ t❤✐s t❤❡s✐s✱ ✇❡ ❛ss✉♠❡ t❤❛t t❤❡ ♠❡❝❤❛♥✐❝❛❧
❝♦♥tr✐❜✉t✐♦♥ ✐s ❧✐♥❡❛r✳ ❆❧♠♦st ❛❧❧ ❡①♣❡r✐♠❡♥t❡❞ ♠✉❧t✐♠♦r♣❤ ♣✐❡③♦❡❧❡❝tr✐❝ ❛❝t✉❛t♦rs ❛t t❤❡ ❞❡✲
♣❛rt♠❡♥t ❡①❤✐❜✐t s✉❝❤ ♣r♦♣❡rt②✳
transient
part creep
drift
final value
without drift
time[s]
❋✐❣✉r❡ ✷✳✸✿ ❆ st❡♣ r❡s♣♦♥s❡ ♦❢ ❛ ♠✉❧t✐♠♦r♣❤
♣✐❡③♦❡❧❡❝tr✐❝ ❛❝t✉❛t♦r✳
▲❡t ✉s ♥♦✇ ❢♦❝✉s ♦♥ t❤❡ ♦♣❡r❛t♦r
Γud (u(s), s)) t❤❛t ❡♥❝♦♠♣❛ss❡s t❤❡ ♣✐❡③♦❡❧❡❝✲
tr✐❝ ❤②st❡r❡s✐s✱ ❝r❡❡♣ ❛♥❞ ❞②♥❛♠✐❝s✳ ■❢ ✇❡
❛♣♣❧② ❛ st❡♣ ✐♥♣✉t ✈♦❧t❛❣❡ u t♦ t❤❡ ❛❝t✉✲
❛t♦r✱ ✇❡ ♦❜t❛✐♥ t❤❡ ♦✉t♣✉t ❞✐s♣❧❛❝❡♠❡♥t δ
❛s r♦✉❣❤❧② ♣✐❝t✉r❡❞ ✐♥ ❋✐❣✳ ✷✳✸✳ ❆♥ ❡①♣❡r✐✲
♠❡♥t❛❧ ❡①❛♠♣❧❡ ♦❢ t❤❡ st❡♣ r❡s♣♦♥s❡ ✐s ❣✐✈❡♥
✐♥ ❋✐❣✳ ✶✳✽✳ ❋r♦♠ t❤✐s r❡s♣♦♥s❡✱ t❤❡ ❞❡✲
✢❡❝t✐♦♥ δ(t) ❝❛♥ ❜❡ ✐♥t❡r♣r❡t❡❞ ❛s t❤❡ s✉♠✲
♠❛t✐♦♥ ♦❢ t❤❡ ❞❡✢❡❝t✐♦♥ ❜❡t✇❡❡♥ t = 0 t♦
t❤❡ ❡♥❞ ♦❢ t❤❡ tr❛♥s✐❡♥t ♣❛rt t❤❛t ✇❡ ❞❡♥♦t❡
δtransient(t) ❛♥❞ t❤❡ ❞r✐❢t ❡✈♦❧✉t✐♦♥ t❤❛t ✇❡
❞❡♥♦t❡ δcreep(t)✳ ❚❤❡ ❞r✐❢t ✐s t❤❡ ❝r❡❡♣ ✐t✲
s❡❧❢✳ ❆s t❤❡ ❞r✐❢t st❛rts ❛❢t❡r t❤❡ tr❛♥s✐❡♥t
♣❛rt ✇❤✐❝❤ ❤❛s ❛ s❡tt❧✐♥❣ t✐♠❡ tr✱ t❤❡ ♦✉t♣✉t
✸✹
δ(t) ✐s✿ δ(t) = δtransient(t) + δcreep(t − tr)✳
❍♦✇❡✈❡r t❤❡ tr❛♥s✐❡♥t ♣❛rt ✐s ✈❡r② q✉✐❝❦ ✭tr ≤ 200ms ✐♥ ♠❛♥② ❝❛s❡s✮ ❛♥❞ ✐s ❤✐❣❤❧② ♥❡❣❧✐❣✐❜❧❡
❢❛❝❡ t♦ t❤❡ ❝♦♥st❛♥t t✐♠❡ ♦❢ t❤❡ ❝r❡❡♣ ✭s❡✈❡r❛❧ t❡♥s ♦❢ ♠✐♥✉t❡s✱ ♦r ❡✈❡♥ ✐♥ ❡①❝❡ss ❛ ❤♦✉r✮✳
❚❤❡r❡❢♦r❡✱ ✇❡ ❝❛♥ s❡t tr = 0✳ ❈♦♥s✐❞❡r✐♥❣ t❤✐s ❛❞❞✐t✐✈✐t② ♦❢ t❤❡ ❝r❡❡♣ ✇✐t❤✐♥ Γud (u(s), s) ❛♥❞
t❤❡ ❧✐♥❡❛r✐t② ♦❢ t❤❡ ♠❡❝❤❛♥✐❝❛❧ ❝♦♥tr✐❜✉t✐♦♥✷✱ ❊q✳ ✭✷✳✺✮ ❜❡❝♦♠❡s✿
δ(s) = Γd (u(s), s)) + Ccreep (u(s), s) + spD(s)F (s) ✭✷✳✻✮
✇❤❡r❡
→ Γd (u(s), s) ✐s ❛ ♥♦♥❧✐♥❡❛r ❞②♥❛♠✐❝❛❧ ♦♣❡r❛t♦r t❤❛t ❝♦♥t❛✐♥s t❤❡ ❤②st❡r❡s✐s ❛♥❞ t❤❡ ❞②✲
♥❛♠✐❝s✳ ❚❤✐s ✐s ♦❢t❡♥ ❝❛❧❧❡❞ r❛t❡✲❞❡♣❡♥❞❡♥t ♦r ❞②♥❛♠✐❝❛❧ ❤②st❡r❡s✐s✱
→ Ccreep (u(s), s) ✐s ❛ ♥♦♥❧✐♥❡❛r ❞②♥❛♠✐❝❛❧ ♦♣❡r❛t♦r t❤❛t r❡♣r❡s❡♥ts t❤❡ ❝r❡❡♣✱
→ sp ✐s t❤❡ ❝♦♠♣❧✐❛♥❝❡ ♦❢ t❤❡ ❝❛♥t✐❧❡✈❡r ❛s ❛❧r❡❛❞② s❡❡♥ ✐♥ t❤❡ ❇❛❧❧❛s ♠♦❞❡❧✱
→ ❛♥❞ D(s) ✐s t❤❡ ❞②♥❛♠✐❝s ✐♥ t❤❡ ♠❡❝❤❛♥✐❝❛❧ ❝♦♥tr✐❜✉t✐♦♥✳ ■t ❝♦rr❡s♣♦♥❞s t♦ t❤❡ ❞②♥❛♠✲
✐❝s ♦❢ t❤❡ ♠❡❝❤❛♥✐❝❛❧ str✉❝t✉r❡✳ ❇❡❝❛✉s❡ t❤❡ st❛t✐❝ ❣❛✐♥ ♦❢ t❤❡ ♠❡❝❤❛♥✐❝❛❧ ❝♦♥tr✐❜✉t✐♦♥ ✐s sp✱
d(s) ✐s ♥♦r♠❛❧✐③❡❞✿ D(s = 0) = 1✳
▲❡t ✉s ♥♦✇ ✐♥tr♦❞✉❝❡ t❤❡ t❤❡r♠❛❧ ❡✛❡❝t ✇❤❡♥ t❤❡r❡ ✐s ❛ t❡♠♣❡r❛t✉r❡ ✈❛r✐❛t✐♦♥ T ❛♣♣❧✐❡❞
t♦ t❤❡ ♠✉❧t✐♠♦r♣❤ ❛❝t✉❛t♦r✳ ❙✐♠✐❧❛r❧② t♦ t❤❡ ♠❡❝❤❛♥✐❝❛❧ ❛♥❞ ❡❧❡❝tr✐❝❛❧ ❝♦♥tr✐❜✉t✐♦♥ ✇❤✐❝❤
❛r❡ ❛❞❞✐t✐✈❡✱ ✇❡ ❝❛♥ ❛ss✉♠❡ t❤❛t t❤❡ s❛♠❡ ♣r♦♣❡rt② ❛❧s♦ ❛♣♣❧✐❡s ❢♦r t❤❡ t❤❡r♠❛❧ ❝♦♥tr✐❜✉✲
t✐♦♥ ❬❇✹❪❬❏✾❪❬❈✶✸❪✳ ❈♦♥s✐❞❡r ❛ ❣❡♥❡r❛❧ ❝❛s❡ ✇❤❡r❡ t❤❡ r❡❧❛t❡❞ t❤❡r♠♦♠❡❝❤❛♥✐❝❛❧ ❜❡❤❛✈✐♦r ✐s
♥♦♥❧✐♥❡❛r✳ ❚❤❡r❡❢♦r❡✱ t❤❡ ♠♦❞❡❧ ✐♥ ❊q✳ ✭✷✳✻✮ ❜❡❝♦♠❡s✿
δ(s) = Γd (u(s), s)) + Ccreep (u(s), s) + spD(s)F (s) + ΓTD (T (s), s) ✭✷✳✼✮
✇❤❡r❡ ΓTD (T (s), s) ✐s t❤❡ t❤❡r♠❛❧ ❝♦♥tr✐❜✉t✐♦♥✳ ■t ✐s ♥♦♥❧✐♥❡❛r ❛♥❞ ❞②♥❛♠✐❝❛❧✳
❆ss✉♠✐♥❣ t❤❛t t❤❡ ❍❛♠♠❡rst❡✐♥✸ s❝❤❡♠❡ ❛♣♣❧✐❡s ❢♦r ΓTD (T (s), s) ❛♥❞ ❢♦r Γd (u(s), s))
❬❇✹❪✱ t❤❡ ✜♥❛❧ ❣❡♥❡r❛❧ ♠♦❞❡❧ ✐s ②✐❡❧❞❡❞✿
δ(s) = Γd (u(s))D(s) + Ccreep (u(s), s) + spD(s)F (s) + ΓT (T (s))DT (s) ✭✷✳✽✮
✇❤❡r❡ DT (s) ✭s✉❝❤ t❤❛t DT (s = 0) = 1) ✐s t❤❡ t❤❡r♠♦♠❡❝❤❛♥✐❝❛❧ ❞②♥❛♠✐❝s ❛♥❞ ΓT (T (s))
✐s t❤❡ ♥♦♥❧✐♥❡❛r t❤❡r♠♦♠❡❝❤❛♥✐❝❛❧ ❣❛✐♥✱ Γ (u(s)) ✐s ❛ r❛t❡✲✐♥❞❡♣❡♥❞❡♥t ♦r st❛t✐❝❛❧ ❤②st❡r❡s✐s
❛♥❞ D(s) ✐s t❤❡ ❞②♥❛♠✐❝s ♦❢ t❤❡ str✉❝t✉r❡✳ ❆s ✇❡ ❝❛♥ ♦❜s❡r✈❡✱ t❤❡ ♠❡❝❤❛♥✐❝❛❧ ❝♦♥tr✐❜✉t✐♦♥
❛♥❞ t❤❡ ♣✐❡③♦❡❧❡❝tr✐❝ ❝♦♥tr✐❜✉t✐♦♥ ❤❛✈❡ t❤❡ s❛♠❡ ❞②♥❛♠✐❝s ❬✺✾❪❬❇✹❪❬❏✷❪✳ ■♥ t❤❡ t❤❡s✐s✱ ✇❡ ♠❛②
s♦♠❡t✐♠❡s ✉s❡ t❤❡ r❛t❡✲❞❡♣❡♥❞❡♥t ❤②st❡r❡s✐s ✐♥st❡❛❞ ♦❢ t❤✐s r❛t❡✲✐♥❞❡♣❡♥❞❡♥t t❡r♠✳ ■♥ s✉❝❤
s✐t✉❛t✐♦♥✱ ✇❡ r❡✲✉s❡ Γd (u(s), s)) ✐♥st❡❛❞ ♦❢ Γd (u(s))D(s)✳
❘❡❣❛r❞✐♥❣ t❤❡ t❤❡r♠♦♠❡❝❤❛♥✐❝❛❧ ❝♦♥tr✐❜✉t✐♦♥✱ t❤❡ ♣r♦♣♦s❡❞ ❢♦r♠✉❧❛t✐♦♥ ✐s ❣❡♥❡r❛❧✳ ❆ ♣❛r✲
t✐❝✉❧❛r ❝❛s❡ ♦❢ t❤✐s ✐s t❤❡ ♠♦❞❡❧ ❞❡r✐✈❡❞ ❜② ❙♠✐ts ❛♥❞ ❈❤♦✐ ❬✶✵✹❪✳ ❚❤❡② ❞❡r✐✈❡❞ ❛ ❧✐♥❡❛r
✷❚❤❡ ♠❡❝❤❛♥✐❝❛❧ ❝♦♥tr✐❜✉t✐♦♥ ❝❛♥ st✐❧❧ ❜❡ r❡s❡t ❛s ♥♦♥❧✐♥❡❛r ✐❢ r❡q✉✐r❡❞✳
✸❍❛♠♠❡rst❡✐♥ s❝❤❡♠❡✿ s❡❡ ❆♣♣❡♥❞✐①✳ ❊✳
✸✺
t❤❡r♠♦♠❡❝❤❛♥✐❝❛❧ ❝♦♥tr✐❜✉t✐♦♥ ❢♦r ❜✐❧❛②❡r❡❞ ❝❛♥t✐❧❡✈❡r❡❞ ❛❝t✉❛t♦r✳
❚❤❡ ♣r♦♣♦s❡❞ ❣❡♥❡r❛❧ ♠♦❞❡❧ ❊q✳ ✭✷✳✽✮ ✐s ✈❡r② ✉s❡❢✉❧ ❛♥❞ ✇✐❧❧ ❜❡ t❤❡ ❜❛s✐s ♦❢ ♠❛♥② ✇♦r❦s ✐♥
t❤❡ r❡st ♦❢ t❤✐s t❤❡s✐s✿ ❞❡s✐❣♥✱ ♠♦❞❡❧✐♥❣✱ ❢❡❡❞❜❛❝❦ ❝♦♥tr♦❧✱ ❢❡❡❞❢♦r✇❛r❞ ❝♦♥tr♦❧✱ ♠❡❛s✉r❡♠❡♥t
❛♥❞ ♦❜s❡r✈❡rs✳ ❚❤❡ ♥♦♥❧✐♥❡❛r ♦♣❡r❛t♦rs Γ (u(s))✱ Ccreep (u(s), s) ❛♥❞ ΓT (T (s)) ❛r❡ st✐❧❧ ❣❡♥❡r❛❧
❛♥❞ s✉♣❡r✜❝✐❛❧✳ ❚❤❡✐r r❡✜♥❡♠❡♥t ✇✐❧❧ ❜❡ ♣r❡s❡♥t❡❞ ♦✈❡r t❤❡ t❤❡s✐s ❛❝❝♦r❞✐♥❣ t♦ t❤❡ ♥❡❡❞✳ ❚❤❡
r❛t❡ ❞❡♣❡♥❞❡♥t ❤②st❡r❡s✐s ♠♦❞❡❧ Γd (u(s), s) ❛♥❞ t❤❡ r❛t❡✲✐♥❞❡♣❡♥❞❡♥t ❤②st❡r❡s✐s Γ (u(s)) ✇✐❧❧
❜❡ tr❡❛t❡❞ ✐♥ ❙❡❝t✐♦♥✳ ✸✳✷✳✶ ❛♥❞ ❙❡❝t✐♦♥✳ ✹✳✸✳ ❚❤❡ ❝r❡❡♣ ♠♦❞❡❧ Ccreep (u(s), s) ✇✐❧❧ ❜❡ tr❡❛t❡❞
✐♥ ❙❡❝t✐♦♥✳ ✹✳✷✱ ❛♥❞ t❤❡ t❤❡r♠❛❧ ❝♦♥tr✐❜✉t✐♦♥ ΓT (T (s)) ✇✐❧❧ ❜❡ ❞✐s❝✉ss❡❞ ✐♥ ❙❡❝t✐♦♥✳ ✷✳✸✳
✷✳✸ ❍②❜r✐❞ t❤❡r♠♦♣✐❡③♦❡❧❡❝tr✐❝ ❛❝t✉❛t♦r
❈♦♠♣❛r❛t✐✈❡❧② t♦ ♦t❤❡r t②♣❡s ♦❢ ❛❝t✉❛t♦rs ❧✐❦❡ t❤❡r♠❛❧ ♦♥❡s✱ t❤❡ ❞✐s♣❧❛❝❡♠❡♥ts ♦❜t❛✐♥❡❞ ❢r♦♠
♣✐❡③♦❡❧❡❝tr✐❝ ❛❝t✉❛t♦rs ❛r❡ ✇❡❛❦✳ ❚❤❡r♠❛❧ ❛❝t✉❛t♦rs ♣r❡s❡♥t ❧❛r❣❡r r❛♥❣❡ ♦❢ ❞✐s♣❧❛❝❡♠❡♥ts ❜✉t
❡①❤✐❜✐t ❧♦✇❡r r❡s♦❧✉t✐♦♥✱ ❧♦✇❡r ❛❝❝✉r❛❝② ❛♥❞ ❧♦✇❡r ❜❛♥❞✇✐❞t❤ ❬✶❪❬❏✾❪✳ ❚❤✐s ❧♦✇ ❛❝❝✉r❛❝② ✐s ❞✉❡
t♦ t❤❡✐r ❤✐❣❤ s❡♥s✐t✐✈✐t② t♦ t❤❡ t❤❡r♠❛❧ ♥♦✐s❡ ❛♥❞ t♦ t❤❡ ✈❛r②✐♥❣ ❛♠❜✐❡♥t t❡♠♣❡r❛t✉r❡✳ ❖♥❡
♦❢ t❤❡ ♠♦st ❡♠♣❧♦②❡❞ ❞❡s✐❣♥s ✐♥ t❤❡r♠❛❧ ❛❝t✉❛t✐♦♥ ✐s t❤❡ t❤❡r♠❛❧ ❜✐♠♦r♣❤ ❝❛♥t✐❧❡✈❡r ♣r✐♥❝✐✲
♣❧❡✱ ✇❤✐❝❤ ✐s ♠❛❞❡ ✉♣ ♦❢ t✇♦ ❞✐✛❡r❡♥t ♠❡t❛❧❧✐❝ ❧❛②❡rs ❬✷❀ ✹❀ ✶✶✷❀ ✶✶✸❪✳ ❲❤❡♥ s✉❜♠✐tt❡❞ t♦ ❛
t❡♠♣❡r❛t✉r❡ ✈❛r✐❛t✐♦♥✱ t❤❡ ❞✐✛❡r❡♥❝❡ ✐♥ t❤❡r♠❛❧ ❡①♣❛♥s✐♦♥s ♦❢ t❤❡ t✇♦ ❧❛②❡rs ✇✐❧❧ r❡s✉❧t ✐♥ ❛
❜❡♥❞✐♥❣ ♦❢ t❤❡ ❝❛♥t✐❧❡✈❡r✳
■♥ ❛♣♣❧✐❝❛t✐♦♥s t❤❛t ✉s❡ ♣✐❡③♦❡❧❡❝tr✐❝ ❛❝t✉❛t♦rs ❛♥❞ s②st❡♠s✱ t❤❡ t❤❡r♠❛❧ ❡✛❡❝t ❤❛s ❜❡❡♥
❝♦♥s✐❞❡r❡❞ ❛s ✉♥✇❛♥t❡❞ ❞✐st✉r❜❛♥❝❡s ❬✽✵❀ ✶✶✹❀ ✶✶✺❪❬❈✶✸❪❬❈✶✷❪✳ ❚❤✐s ✐s ❞✉❡ t♦ t❤❡ ❢❛❝t t❤❛t
♠❛♥② ♦❢ t❤❡ ♣✐❡③♦❡❧❡❝tr✐❝ s②st❡♠s ❛r❡ ❤✐❣❤❧② s❡♥s✐t✐✈❡ t♦ t❤❡ ❡♥✈✐r♦♥♠❡♥t ❛♥❞ r❡s✉❧t ✐♥ ❛♥
✐♥❛❝❝✉r❛❝② ✐♥ t❤❡ t❛s❦s t♦ ❜❡ ❡①❡❝✉t❡❞✳ ■♥ t❤✐s s❡❝t✐♦♥✱ ✐♥st❡❛❞ ♦❢ ❝♦♥s✐❞❡r✐♥❣ t❤❡ t❤❡r♠❛❧
❡✛❡❝t ❛s ❜❛❞ s✐❞❡✱ ✇❡ ♣r♦♣♦s❡ t♦ ❡①♣❧♦✐t ❛♥❞ t♦ ❝♦♠❜✐♥❡ t❤✐s ✇✐t❤ t❤❡ ♣✐❡③♦❡❧❡❝tr✐❝ ❡✛❡❝t✳ ❚❤❡
❞❡❛❧ ✐s t♦ ❝r❡❛t❡ ❛ ❤②❜r✐❞ t❤❡r♠♦♣✐❡③♦❡❧❡❝tr✐❝ ❛❝t✉❛t♦r ❛♥❞ t♦ ❜❡♥❡✜t ❢r♦♠ t❤❡ ❤✐❣❤ r❡s♦❧✉t✐♦♥
❛♥❞ ❤✐❣❤ ❜❛♥❞✇✐❞t❤ ♦❢ t❤❡ ♣✐❡③♦❡❧❡❝tr✐❝ ❛❝t✉❛t✐♦♥ ❛♥❞ ❢r♦♠ t❤❡ ❤✐❣❤ r❛♥❣❡ ♦❢ t❤❡ t❤❡r♠❛❧
❛❝t✉❛t✐♦♥✳ ■♥ ❢❛❝t✱ ❤②❜r✐❞✐③❛t✐♦♥ ♦❢ ♣✐❡③♦❡❧❡❝tr✐❝✐t② ✇✐t❤ ♦t❤❡r t②♣❡s ♦❢ ❛❝t✉❛t✐♦♥ ❤❛s ❛❧r❡❛❞②
❜❡❡♥ ✐♥✈❡st✐❣❛t❡❞ ✇✐t❤ s✉❝❝❡ss✿ ✇✐t❤ ♠❛❣♥❡t✐❝ ❡✛❡❝t ❬✶✶✻❪❬❈✷✻❪✱ ✇✐t❤ ❡❧❡❝tr♦st❛t✐❝ ❛❝t✉❛t✐♦♥
❬❈✺✺❪❬❈✹✻❪ ✭♦♥❣♦✐♥❣ ✇♦r❦s ✇✐t❤ ♣r♦♠✐s✐♥❣ r❡s✉❧ts✮✳
❋✐rst ✇❡ ♣r❡s❡♥t t❤❡ ♣r✐♥❝✐♣❧❡ ♦❢ t❤❡ ♥♦✈❡❧ ❤②❜r✐❞ t❤❡r♠♦♣✐❡③♦❡❧❡❝tr✐❝ ❛❝t✉❛t♦r✱ ✇❤✐❝❤ ❤❛s
❜❡❡♥ ♣❛t❡♥t❡❞ ✐♥ ❬P❚✶❪✳ ❚❤❡♥✱ ✇❡ ♣r❡s❡♥t ✐ts ♠♦❞❡❧✐♥❣ ❜② ❝♦♠❜✐♥✐♥❣ t❤❡ ♠♦❞❡❧ ❊q✳ ✭✷✳✽✮ ✇✐t❤
t❤❡ t❤❡r♠❛❧ ♥❡t✇♦r❦ t❤❡♦r②✱ ♠♦r❡ ❞❡t❛✐❧❡❞ ✐♥ ❬❏✾❪❬❈✶✾❪✳
✸✻
✷✳✸✳✶ Pr✐♥❝✐♣❧❡
0V
0V
U
piezoelectric layer
temperature variation
passive layer
(a)
(b)
(c)
δ
δ
❋✐❣✉r❡ ✷✳✹✿ ✭❛✮ ❯♥✐♠♦r♣❤ ♣✐❡③♦❡❧❡❝tr✐❝ ❝❛♥✲
t✐❧❡✈❡r✳ ✭❜✮ P✐❡③♦❡❧❡❝tr✐❝ ❛❝t✉❛t✐♦♥✳ ✭❝✮ ❚❤❡r✲
♠❛❧ ❛❝t✉❛t✐♦♥✳
❚❤❡ ♣r✐♥❝✐♣❛❧ ❛❝t✉❛t♦r ✐s ❛ ✉♥✐♠♦r♣❤ ♣✐❡③♦✲
❡❧❡❝tr✐❝ ❝❛♥t✐❧❡✈❡r ✇❤✐❝❤ ✐s ♠❛❞❡ ✉♣ ♦❢ ♦♥❡
P❩❚✲❧❛②❡r ✭❧❡❛❞ ③✐r❝♦♥♥❛t❡ t✐t❛♥❛t❡ ♣✐❡③♦✲
❝❡r❛♠✐❝✮ ❛♥❞ ♦♥❡ ♣❛ss✐✈❡ ❧❛②❡r ✭❝♦♣♣❡r✮
✭❋✐❣✳ ✷✳✹✲❛✮✳ ❲❤❡♥ ❛♥ ❡❧❡❝tr✐❝❛❧ ✈♦❧t❛❣❡ ✐s
❛♣♣❧✐❡❞✱ t❤❡ P❩❚✲❧❛②❡r ❡①♣❛♥❞s✴❝♦♥tr❛❝ts r❡✲
s✉❧t✐♥❣ ✐♥ ❛ ❜❡♥❞✐♥❣ δ ♦❢ t❤❡ ✇❤♦❧❡ ❝❛♥t✐❧❡✈❡r
✭❋✐❣✳ ✷✳✹✲❜✮✳ ❋✉rt❤❡r♠♦r❡✱ ✇❤❡♥ ❛ t❡♠♣❡r✲
❛t✉r❡ ✈❛r✐❛t✐♦♥ ✐s ❛♣♣❧✐❡❞✱ t❤❡ t✇♦ ❧❛②❡rs ❡①✲
♣❛♥❞s✴❝♦♥tr❛❝ts ❛t ❞✐✛❡r❡♥t ❛♠♦✉♥ts ❜❡❝❛✉s❡
♦❢ t❤❡✐r ❞✐✛❡r❡♥t t❤❡r♠❛❧ ❡①♣❛♥s✐♦♥ ❝♦❡✣✲
❝✐❡♥ts✳ ❆ ❜❡♥❞✐♥❣ ✐s ❛❧s♦ ♦❜t❛✐♥❡❞ ✭❋✐❣✳ ✷✳✹✲
❝✮✳ ❚❤❡ ❤②❜r✐❞ t❤❡r♠♦♣✐❡③♦❡❧❡❝tr✐❝ ❛❝t✉❛t♦r
✉t✐❧✐③❡s ❜♦t❤ t❤❡ ✈♦❧t❛❣❡ ❛♥❞ t❤❡ t❡♠♣❡r❛t✉r❡
✈❛r✐❛t✐♦♥ ❛s ❞r✐✈✐♥❣ ✐♥♣✉ts✳
❚♦ ❣❡♥❡r❛t❡ t❤❡ t❡♠♣❡r❛t✉r❡ ✈❛r✐❛t✐♦♥✱ ❛ P❡❧t✐❡r ♠♦❞✉❧❡✱ ❛❧s♦ ❝❛❧❧❡❞ ❚❤❡r♠♦✲❊❧❡❝tr✐❝✲❈♦♦❧❡r
❞❡✈✐❝❡ ✭❚❊❈✲❞❡✈✐❝❡✮✱ ✐s ♣r♦♣♦s❡❞✳ ■t tr❛♥s❢♦r♠s ❛♥ ❡❧❡❝tr✐❝❛❧ ❝✉rr❡♥t ✐♥t♦ ❛ ❤❡❛t ✢✉① ❛♥❞
t❤❡r❡❢♦r❡ ❛ t❡♠♣❡r❛t✉r❡ ❝❤❛♥❣❡ ❛t ✐ts s✉r❢❛❝❡✳ ■ts ♠❛✐♥ ❛❞✈❛♥t❛❣❡ ✐s t❤❡ ❡❛s❡ ♦❢ ❝♦♥tr♦❧✿
❡❧❡❝tr✐❝❛❧ s✐❣♥❛❧ ✐s ❡♠♣❧♦②❡❞ t♦ ❤❡❛t ♦r t♦ ❝♦♦❧✳ ❇② ❣❡♥❡r❛t✐♥❣ ❡✐t❤❡r ♣♦s✐t✐✈❡ ♦r ♥❡❣❛t✐✈❡
❝✉rr❡♥t✱ ✇❡ ❝❛♥ ♦❜t❛✐♥ ❛ ❜❡♥❞✐♥❣ ✭❞✐s♣❧❛❝❡♠❡♥t✮ ♦❢ t❤❡ ❛❝t✉❛t♦r ✐♥ t❤❡ ♣♦s✐t✐✈❡ ♦r ✐♥ t❤❡
♥❡❣❛t✐✈❡ ❞✐r❡❝t✐♦♥✳ ❋✐❣✳ ✷✳✺✲❛ ♣✐❝t✉r❡s t❤❡ ❈❆❉ ❞r❛✇✐♥❣ ♦❢ t❤❡ ♥♦✈❡❧ ❤②❜r✐❞ t❤❡r♠♦♣✐❡③♦❡❧❡❝tr✐❝
❛❝t✉❛t♦r ❛♥❞ ❋✐❣✳ ✷✳✺✲❜ ♣✐❝t✉r❡s t❤❡ ❢❛❜r✐❝❛t❡❞ ♣r♦t♦t②♣❡✳ ❚❤❡ ♣✐❡③♦❡❧❡❝tr✐❝ ❝❛♥t✐❧❡✈❡r ✐s ❣❧✉❡❞
♦♥ t❤❡ ✉♣♣❡r ❢❛❝❡ ✭❝❛❧❧❡❞ ❤❡❛t ❢❛❝❡✮ ♦❢ t❤❡ ❚❊❈✲❞❡✈✐❝❡✳ ❚❤❡ ❧♦✇❡r ❢❛❝❡ ✭❝❛❧❧❡❞ ❝♦♦❧✐♥❣ ❢❛❝❡✮ ♦❢
t❤✐s ❧❛tt❡r ❞❡✈✐❝❡ ✐s ❡♠❜❡❞❞❡❞ ♦♥ ❛ ❝♦♦❧✐♥❣ ❜❧♦❝❦ ✉s❡❞ ❢♦r t❤❡ ❤❡❛t ❡✈❛❝✉❛t✐♦♥✳
L
sL
sa
sb
pS
l
piezoecantileverPeltiermodule (TEC)
coolingblock
cooling block
piezoelectric cantilever
Peltier module 
(TEC-device)
cooling block
piezoelectric
cantilev r
Peltier module 
(TEC-device)
(a) (b)
❋✐❣✉r❡ ✷✳✺✿ ❍②❜r✐❞ t❤❡r♠♦♣✐❡③♦❡❧❡❝tr✐❝ ❛❝t✉❛t♦r✳ ✭❛✮✿ ❈❆❉ ❞r❛✇✐♥❣ ✭❜✮✿ ♣❤♦t♦❣r❛♣❤② ♦❢ t❤❡
♣r♦t♦t②♣❡✳
✸✼
✷✳✸✳✷ ▼♦❞❡❧✐♥❣
■♥t❡r❡st✐♥❣ ❛♣♣❧✐❝❛t✐♦♥s ♦❢ ❛ ♠♦❞❡❧ ♦❢ t❤❡ ❤②❜r✐❞ t❤❡r♠♦♣✐❡③♦❡❧❡❝tr✐❝ ❛❝t✉❛t♦r ✐♥❝❧✉❞❡ t❤❡ ♦♣✲
t✐♠✐③❛t✐♦♥ ♦❢ ✐ts str✉❝t✉r❡ ❢♦r ❜❡tt❡r ♣❡r❢♦r♠❛♥❝❡s ❛♥❞ t❤❡ ❝♦♥tr♦❧❧❡rs s②♥t❤❡s✐s✳ ❚❤✐s ❧❛tt❡r
s✉❜❥❡❝t ✐s tr❡❛t❡❞ ✐♥ ❙❡❝t✐♦♥✳ ✸✳✺✳ ❲❡ ♣r❡s❡♥t ✐♥ t❤✐s ♣❛rt t❤❡ ♠♦❞❡❧✐♥❣ ♦❢ t❤❡ ♥♦✈❡❧ ❛❝t✉❛t♦r✳
●❡♥❡r❛❧ ♠♦❞❡❧
❚❤❡ ❛❝t✉❛t♦r ❤❛s t✇♦ ❞r✐✈✐♥❣ ✐♥♣✉ts✿ t❤❡ ✈♦❧t❛❣❡ u ❛♥❞ t❤❡ t❡♠♣❡r❛t✉r❡ ✈❛r✐❛t✐♦♥ T ✳
❲✐t❤♦✉t ❧♦s✐♥❣ t❤❡ ❣❡♥❡r❛❧✐t②✱ ❧❡t ✉s ❝♦♥s✐❞❡r t❤❛t t❤❡r❡ ✐s ♥♦ ❡①t❡r♥❛❧ ❢♦r❝❡ ❛♣♣❧✐❡❞✳ ❚❤❡
❣❡♥❡r❛❧ ♠♦❞❡❧ ♦❢ t❤❡ ❛❝t✉❛t♦r✱ t❛❦❡♥ ❢r♦♠ ❊q✳ ✭✷✳✽✮✱ ✐s t❤❡r❡❢♦r❡✿
δ(s) = Γ (u(s))D(s) + Ccreep (u(s), s) + ΓT (T (s))DT (s) ✭✷✳✾✮
❙✐♥❝❡ t❤❡ ♣✐❡③♦❡❧❡❝tr✐❝ ♣❛rt Γ (u(s))D(s)+Ccreep (u(s), s) ❛r❡ ❡①t❡♥s✐✈❡❧② tr❡❛t❡❞ ✐♥ ❈❤❛♣✲
t❡r✳ ✸ ❛♥❞ ❈❤❛♣t❡r✳ ✹✱ ✇❡ ♦♥❧② ❞❡❛❧ ❤❡r❡ ✇✐t❤ t❤❡ ♠♦❞❡❧✐♥❣ ♦❢ t❤❡ t❤❡r♠❛❧ ❝♦♥tr✐❜✉t✐♦♥
ΓT (T (s))DT (s)✳
▲❡t Tacto ❜❡ t❤❡ t❡♠♣❡r❛t✉r❡ ❛t t❤❡ ✐♥t❡r❢❛❝❡ ❜❡t✇❡❡♥ t❤❡ ❛❝t✉❛t♦r ❛♥❞ t❤❡ ❚❊❈✲❞❡✈✐❝❡✱
✐✳❡✳ t❤❡ t❡♠♣❡r❛t✉r❡ ❛t t❤❡ ❝❧❛♠♣❡❞ ❡♥❞ x = 0 ♦❢ t❤❡ ❝❛♥t✐❧❡✈❡r✳ ❚❤✐s ❝♦rr❡s♣♦♥❞s t♦ t❤❡
t❡♠♣❡r❛t✉r❡ ❛♣♣❧✐❡❞ ❜② t❤❡ ❞❡✈✐❝❡ t♦ t❤❡ ❛❝t✉❛t♦r✳ ■t ❤❛s ❜❡❡♥ s❤♦✇♥ t❤❛t t❤❡ t❤❡r♠❛❧ ❣r❛❞✐❡♥t
✇✐t❤✐♥ t❤❡ ❛❝t✉❛t♦r ✐s ✇❡❛❦ ❬❏✾❪❬❈✶✾❪✳ ❚❤✉s✱ t❤❡ t❡♠♣❡r❛t✉r❡ ✐♥ t❤❡ ✇❤♦❧❡ ❝❛♥t✐❧❡✈❡r ❞❡♥♦t❡❞
✇✐t❤ T ❝❛♥ ❜❡ ❝♦♥s✐❞❡r❡❞ ✉♥✐❢♦r♠✱ ❡①❝❡♣t ♥❡❛r❜② t❤❡ ✐♥t❡r❢❛❝❡ ✇✐t❤ t❤❡ ❚❊❈✲❞❡✈✐❝❡✳ ❍❛✈✐♥❣
s❛✐❞ t❤❛t✱ ✇❡ ♥♦✇ ♥❡❡❞ t♦ ❡①♣r❡ss t❤❡ r❡❧❛t✐♦♥ ❜❡t✇❡❡♥ t❤❡ ❡①❝✐t❛t✐♦♥ t❡♠♣❡r❛t✉r❡ Tacto ❛♥❞
t❤❡ ❛❝t✉❛t♦r t❡♠♣❡r❛t✉r❡ T ✳ ❚❤✐s ✐s ❛ t❤❡r♠❛❧ ♠♦❞❡❧✐♥❣✳ ■♥ ❛❞❞✐t✐♦♥✱ ✇❡ ♥❡❡❞ t♦ ❦♥♦✇ t❤❡
r❡❧❛t✐♦♥ ❜❡t✇❡❡♥ t❤❡ ❞r✐✈✐♥❣ ❡❧❡❝tr✐❝❛❧ ❝✉rr❡♥t i ❛♣♣❧✐❡❞ t♦ t❤❡ ❚❊❈✲❞❡✈✐❝❡ ❛♥❞ t❤❡ r❡s✉❧t✐♥❣
t❡♠♣❡r❛t✉r❡ Tacto✱ ✇❤✐❝❤ ✐s ❛♥ ❡❧❡❝tr♦t❤❡r♠❛❧ ♠♦❞❡❧✐♥❣✳ ❋✐❣✳ ✷✳✻ ❞❡♣✐❝ts t❤❡ s❝❤❡♠❡ ♦❢ t❤❡
❤②❜r✐❞ t❤❡r♠♦♣✐❡③♦❡❧❡❝tr✐❝ ❛❝t✉❛t♦r ✇✐t❤ t❤❡ ❚❊❈✲❞❡✈✐❝❡✳ ❚❤❡ ♥❡✇ ✐♥♣✉ts ♦❢ t❤❡ s②st❡♠ ❛r❡
t❤❡ ❝✉rr❡♥t i ❛♥❞ t❤❡ ✈♦❧t❛❣❡ u✳ ❚❤❡ t❤❡r♠❛❧ ♠♦❞❡❧ t❤❛t ❧✐♥❦s Tacto ❛♥❞ T ✐s str♦♥❣❧② ❞❡♣❡♥❞❡♥t
♦♥ t❤❡ t❤❡r♠❛❧ ✢✉① ❡①❝❤❛♥❣❡❞ ✇✐t❤ t❤❡ s✉rr♦✉♥❞✐♥❣ ❡♥✈✐r♦♥♠❡♥t✿ t❤❡ ❝♦♦❧✐♥❣ ❜❧♦❝❦ ❛♥❞ t❤❡ ❛✐r✳
TEC-device
unimorph
piezoelectric
actuator
hybrid thermopiezoelectric actuator
❋✐❣✉r❡ ✷✳✻✿ ❙❝❤❡♠❡ ♦❢ t❤❡ ❤②❜r✐❞ t❤❡r♠♦♣✐❡③♦✲
❡❧❡❝tr✐❝ ❛❝t✉❛t♦r ✇✐t❤ t❤❡ ❚❊❈✲❞❡✈✐❝❡✳
❚❤✐s t❤❡r♠❛❧ ♠♦❞❡❧✐♥❣ ❝❛♥ ❜❡ r❛♣✐❞❧② ❛ t❡✲
❞✐♦✉s t❛s❦ ✐❢ t❤❡ ♠❡❝❤❛♥✐❝❛❧ s❤❛♣❡s ❛♥❞ str✉❝✲
t✉r❡s ❛♥❞ t❤❡ ❝♦♥♥❡❝t✐♦♥ ❜❡t✇❡❡♥ t❤❡♠ ❛r❡
♥♦t st❛♥❞❛r❞✳ ■♥ ❛❞❞✐t✐♦♥✱ t❤❡ ♠♦❞❡❧✐♥❣ ❝♦♠✲
♣❧❡①✐t② ✐s ✐♥❝r❡❛s❡❞ ✐❢ t❤❡ ✐♥t❡r❝♦♥♥❡❝t❡❞ s②s✲
t❡♠s ❛r❡ ♥♦♥✲❤♦♠♦❣❡♥❡♦✉s✳ ❉❡r✐✈✐♥❣ t❤❡
♠♦❞❡❧ ✇✐t❤ ❤❡❛t ❡q✉❛t✐♦♥s ❛♥❞ ❧❛✇s ✇♦✉❧❞
t❤❡r❡❢♦r❡ ❜❡ ❢❛st✐❞✐♦✉s ✐♥ t❤✐s ❝❛s❡ ❬✶✶✼❪✳ ❆♥✲
♦t❤❡r ❢❛s❤✐♦♥ t♦ ♦❜s❡r✈❡ t❤❡ t❤❡r♠❛❧ ❜❡❤❛✈✲
✐♦r ♦❢ t❤❡ ❛❝t✉❛t♦r ✐s t♦ ❡♠♣❧♦② ✜♥✐t❡ ❡❧❡♠❡♥t
♠❡t❤♦❞s ❬✶✶✽❪✳ ❚❤❡s❡ ♠❡t❤♦❞s ❝❛♥ r❛♣✐❞❧②
♣r♦✈✐❞❡ ❛ s♦❧✉t✐♦♥ ✭♥✉♠❡r✐❝❛❧❧②✮ ❢♦r ❛♥② ❣✐✈❡♥
✐♥♣✉t✳ ❍♦✇❡✈❡r t❤❡② ❝❛♥♥♦t ♣r♦✈✐❞❡ ❛♥ ❛♥❛✲
❧②t✐❝❛❧ ♠♦❞❡❧ t❤❛t ❝❛♥ ❜❡ ❡①♣❧♦✐t❡❞ ❢♦r ✐♥st❛♥❝❡ ✐♥ ❝♦♥tr♦❧ ❞❡s✐❣♥✳ ❆ ❧❛st ❛♥❞ ✈❡r② ✐♥t❡r❡st✐♥❣
❢❛s❤✐♦♥ t♦ ②✐❡❧❞ t❤❡r♠❛❧ ♠♦❞❡❧s ✐s t❤❡ t❤❡r♠❛❧ ♥❡t✇♦r❦✳ ❚❤❡r♠❛❧ ♥❡t✇♦r❦ ✐s ❛ r❡❧❛t✐✈❡❧② s✐♠♣❧❡
✸✽
❜✉t ♣♦✇❡r❢✉❧ t♦♦❧ ❢♦r ❞❡s❝r✐❜✐♥❣ t❤❡r♠❛❧ ❛♥❞ ✐♥t❡r❝♦♥♥❡❝t❡❞ s②st❡♠s ❬✶✶✾❪✳ ❲❡ ✇✐❧❧ ✉s❡ t❤✐s
t♦ tr❛❝❦ t❤❡ t❤❡r♠❛❧ ❜❡❤❛✈✐♦r ❜❡t✇❡❡♥ Tacto ❛♥❞ T ✳ ■♥ ❛❞❞✐t✐♦♥✱ t❤❡ ❡❧❡❝tr♦t❤❡r♠❛❧ ❜❡❤❛✈✐♦r
❜❡t✇❡❡♥ t❤❡ ❛♣♣❧✐❡❞ ❝✉rr❡♥t i ❛♥❞ t❤❡ ❛❝t✉❛t✐♦♥ t❡♠♣❡r❛t✉r❡ Tacto ❝❛♥ ❛❧s♦ ❜❡ t❛❝❦❧❡❞ ❜② t❤❡r✲
♠❛❧ ♥❡t✇♦r❦✳
❚❤❡r♠❛❧ ♥❡t✇♦r❦ ❞②♥❛♠✐❝ ♠♦❞❡❧✐♥❣
❚❤❡r♠❛❧ ♥❡t✇♦r❦ ♠♦❞❡❧✐♥❣ ✐s ❜❛s❡❞ ♦♥ t❤❡ ❛♥❛❧♦❣② ❜❡t✇❡❡♥ t❤❡r♠❛❧ ❛♥❞ ❡❧❡❝tr✐❝❛❧ ♠♦❞❡❧s
❬✶✶✾❪✳ ■t ✐s ❛ s✐♠♣❧❡ ❛♥❞ ❛♥ ❡✣❝✐❡♥t ✇❛② t♦ ♠♦❞❡❧ s❡✈❡r❛❧ ✐♥t❡r❝♦♥♥❡❝t❡❞ s✉❜s②st❡♠s✳ ❆
❤❡❛t ✢♦✇ Q ✐s ❡q✉✐✈❛❧❡♥t t♦ ❛♥ ❡❧❡❝tr✐❝❛❧ ❝✉rr❡♥t✱ ❛ t❡♠♣❡r❛t✉r❡ ❞✐✛❡r❡♥❝❡ t♦ ❛ ✈♦❧t❛❣❡✱ ❛♥❞ ❛
t❤❡r♠❛❧ r❡s✐st❛♥❝❡ t♦ ❛♥ ❡❧❡❝tr✐❝❛❧ r❡s✐st❛♥❝❡✳ ❋r♦♠ t❤✐s✱ t❤❡ t❤❡r♠❛❧ ❜❡❤❛✈✐♦r ♦❢ t❤❡ ❝♦♦❧✐♥❣
❜❧♦❝❦ ❛♥❞ ♦❢ t❤❡ ✉♥✐♠♦r♣❤ ❛❝t✉❛t♦r ✇❤✐❝❤ ✐s ❝♦♠♣♦s❡❞ ♦❢ t✇♦ ❧❛②❡rs ❝❛♥ ❜❡ s❝❤❡♠❛t❡❞ ✇✐t❤
❛♥ ❡q✉✐✈❛❧❡♥t ❡❧❡❝tr✐❝❛❧ ❝✐r❝✉✐t ❝❛❧❧❡❞ t❤❡r♠❛❧ ♥❡t✇♦r❦✳ ❘❡❣❛r❞✐♥❣ t❤❡ ❚❊❈✲❞❡✈✐❝❡✱ ❙❡❧❧✐❣❡r ❡t
❛❧✳ ❬✶✷✵❪ ♣r♦♣♦s❡❞ ❛ r❡❧❛t❡❞ t❤❡r♠❛❧ ♥❡t✇♦r❦✳ ❚❤✐s ✐s ❝♦♠♣♦s❡❞ ♦❢ ❛ ✢♦✇ s♦✉r❝❡ ❛♥❞ ❛ ❏♦✉❧❡
❡✛❡❝t ✇❤✐❝❤ ❛r❡ ❜♦t❤ ❢✉♥❝t✐♦♥ ♦❢ t❤❡ ❡❧❡❝tr✐❝❛❧ ❝✉rr❡♥t i✳ ❈♦♥♥❡❝t✐♥❣ t❤❡ ❡❧❡♠❡♥t❛r② ♥❡t✇♦r❦s
♦❢ t❤❡ ❞✐✛❡r❡♥t ❝♦♠♣♦♥❡♥ts ✭❝♦♦❧✐♥❣ ❜❧♦❝❦ ❛♥❞ ✐ts s✉♣♣♦rt✱ ❚❊❈✲❞❡✈✐❝❡✱ ✉♥✐♠♦r♣❤ ♣✐❡③♦❡❧❡❝✲
tr✐❝ ❝❛♥t✐❧❡✈❡r✮✱ t❤❡ t❤❡r♠❛❧ ♥❡t✇♦r❦ ♦❢ t❤❡ ❤②❜r✐❞ t❤❡r♠♦♣✐❡③♦❡❧❡❝tr✐❝ ❛❝t✉❛t♦r ✐s ❞❡♣✐❝t❡❞ ✐♥
❋✐❣✳ ✷✳✼✳ ■♥ t❤❡ ✜❣✉r❡✱ t❤❡ ❞✐✛❡r❡♥t ♣❛r❛♠❡t❡rs ❛r❡ ❞❡✜♥❡❞ ❜❡❧♦✇✳
❋♦r t❤❡ ❝♦♦❧✐♥❣ ❜❧♦❝❦✿
Rvs =
2
hairPsLs
, Rvsf =
2
hair(bsas−Sp)
Rs =
Ls
ksSs
, Rc =
Lc
ksSp
, Cs =
ρsCpsSsLs
2
Rvs//f =
RvsRvf
(Rvs+Rvf)
✭✷✳✶✵✮
✇❤❡r❡ ks ✐s t❤❡ t❤❡r♠❛❧ ❝♦♥❞✉❝t✐✈✐t②✱ Cs ✐s ❤❡❛t ❝❛♣❛❝✐t② ❛♥❞ ρs ✐s t❤❡ ❞❡♥s✐t② ♦❢ ❛❧✉♠✐♥✉♠✳
Ss = asbs ✐s t❤❡ s❡❝t✐♦♥ ❛♥❞ Ps = 2 (as + bs) ✐s t❤❡ ♣❡r✐♠❡t❡r ♦❢ t❤❡ ❜❧♦❝❦ ❛♥❞ hair ✐s t❤❡ ❤❡❛t
tr❛♥s❢❡r ❝♦❡✣❝✐❡♥t✳ ❚❤❡ ❞✐♠❡♥s✐♦♥s ❛r❡ ❞❡✜♥❡❞ ✐♥ ❋✐❣✳ ✷✳✺✲❛✳ Qr ✐s t❤❡ ❤❡❛t ✢♦✇ t❤❛t tr❛✈❡rs❡s
t❤❡ t❤✐♥ ✜❧♠ ❜❡t✇❡❡♥ t❤❡ ❚❊❈✲❞❡✈✐❝❡ ❛♥❞ t❤❡ ❝♦♦❧✐♥❣ ❜❧♦❝❦✳
❋♦r t❤❡ ❚❊❈✲❞❡✈✐❝❡✿ Ps = αTci ✐s t❤❡ ✢♦✇ s♦✉r❝❡✱ PJ/2 =
Rp
2 i
2 ✐s t❤❡ ❏♦✉❧❡ ❡✛❡❝t ❛♥❞
Rth =
1
kp
✐s ❛ t❤❡r♠❛❧ r❡s✐st❛♥❝❡ t❡r♠✳ α ✐s t❤❡ P❡❧t✐❡r ❝♦❡✣❝✐❡♥t✱ kp ✐s t❤❡ ❞❡✈✐❝❡ t❤❡r♠❛❧
❝♦♥❞✉❝t✐✈✐t②✱ Rp ✐s t❤❡ ✐♥t❡r♥❛❧ ❡❧❡❝tr✐❝❛❧ r❡s✐st❛♥❝❡ ♦❢ t❤❡ ❚❊❈✲❞❡✈✐❝❡✱ Tc ❛♥❞ Th ❛r❡ t❤❡ t❡♠✲
♣❡r❛t✉r❡ ✈❛❧✉❡s ♦❢ t❤❡ t✇♦ r❡s♣❡❝t✐✈❡ ❢❛❝❡s✱ ❛♥❞ Qc ❛♥❞ Qh ❛r❡ t❤❡ ❤❡❛t ✢♦✇s ❛t t❤❡ ❝♦♦❧❡r
❢❛❝❡ ❛♥❞ ❛❝t✉❛t♦r ❢❛❝❡ r❡s♣❡❝t✐✈❡❧②✳
❋♦r t❤❡ ✉♥✐♠♦r♣❤ ❛❝t✉❛t♦r✿ ✇❡ ❤❛✈❡
Rpzt =
L
kpzt·Spzt
, Rnp =
L
knp·Snp
, Rva1 =
2
hairPactL
Rva2 =
2
hairSact
, ρpztCppztSpztL, Cnp =
ρnpCpcopSnpL
2
Rva1//2 =
Rva1Rva2
(Rva1+Rva2)
, Cact = Cpzt + Cnp
✭✷✳✶✶✮
✇❤❡r❡ kpzt ❛♥❞ knp ❛r❡ t❤❡ t❤❡r♠❛❧ ❝♦♥❞✉❝t✐✈✐t✐❡s✱ Cppzt ❛♥❞ Cnp t❤❡ ❤❡❛t ❝❛♣❛❝✐t✐❡s✱ ρpzt
❛♥❞ ρnp t❤❡ ❞❡♥s✐t✐❡s ♦❢ ♣✐❡③♦❡❧❡❝tr✐❝ ♠❛t❡r✐❛❧ ❛♥❞ ♦❢ t❤❡ ♣❛ss✐✈❡ ♠❛t❡r✐❛❧ r❡s♣❡❝t✐✈❡❧②✳ ❖♥
✸✾
t❤❡ ♦t❤❡r ❤❛♥❞✱ Spzt = epztl ❛♥❞ Snp = enpl ❛r❡ t❤❡ s❡❝t✐♦♥s ♦❢ t❤❡ ♣✐❡③♦❧❛②❡r ❛♥❞ t❤❡ ♣❛ss✐✈❡
❧❛②❡r r❡s♣❡❝t✐✈❡❧②✳ ❋✐♥❛❧❧②✱ Pact = 2 (l + e) ❛♥❞ Sact = Spzt + Snp = el ❛r❡ t❤❡ ♣❡r✐♠❡t❡r ❛♥❞
❝r♦ss✲s❡❝t✐♦♥ ♦❢ t❤❡ ❛❝t✉❛t♦r✳ ❚❤❡ t❤✐❝❦♥❡ss ♦❢ t❤❡ ♣✐❡③♦❧❛②❡r ✐s ❣✐✈❡♥ ❜② epzt ❛♥❞ t❤❛t ♦❢ t❤❡
♣❛ss✐✈❡ ❧❛②❡r ❜② enp✳ ❚❤❡ t♦t❛❧ t❤✐❝❦♥❡ss ✐s e = epzt + enp✳ l ❛♥❞ L ❛r❡ t❤❡ ✇✐❞t❤ ❛♥❞ t❤❡
❧❡♥❣t❤ ♦❢ t❤❡ ❛❝t✉❛t♦r✳
soT sfT
vsR vs//fR
cRsR
sC actC actCsC
hT cT
/ 2JP / 2JP
sP
cQthR actRrQ hQ−=
aT
actoT actLT
va1//2Rva1R
piezoelectric layer and passive layer
(unimorph piezoelectric cantilever)
TEC-device
(Peltier module)
cooling block
and heat insulator (support)
❋✐❣✉r❡ ✷✳✼✿ ❚❤❡r♠❛❧ ♥❡t✇♦r❦ ♦❢ t❤❡ ✇❤♦❧❡ ❤②❜r✐❞ t❤❡r♠♦♣✐❡③♦❡❧❡❝tr✐❝ ❛❝t✉❛t♦r✳
❆♣♣❧②✐♥❣ ❑✐r❝❤❤♦✛ ❧❛✇s t♦ t❤❡ ♥❡t✇♦r❦ ♦❢ ❋✐❣✳ ✷✳✼✱ ✇❡ ♦❜t❛✐♥ ❢♦✉r ❣♦✈❡r♥✐♥❣ ❡q✉❛t✐♦♥s
t❤❛t ♣r♦✈✐❞❡ t❤❡ ❡✈♦❧✉t✐♦♥ ♦❢ t❤❡ t❡♠♣❡r❛t✉r❡ T ✈❡rs✉s t❤❡ ❛♣♣❧✐❡❞ ✐♥♣✉t ❝♦♥tr♦❧ ❝✉rr❡♥t i✳
❘❡❣❛r❞✐♥❣ t❤❡ t❤❡r♠♦♠❡❝❤❛♥✐❝❛❧ r❡❧❛t✐♦♥ ΓT (T (s))✱ ✐t ✐s s❤♦✇♥ t❤❛t ❛ ♣♦❧②♥♦♠✐❛❧ ❡①♣r❡ss✐♦♥
✐s ♣r❡❝✐s❡ ❡♥♦✉❣❤ ❢♦r t❤✐s ❛❝t✉❛t♦r✿ ΓT (T (s)) =
npt∑
i=1
ai(T (s))
i✱ ✇❤❡r❡ ai ❛r❡ ♣❛r❛♠❡t❡rs ✐❞❡♥✲
t✐✜❡❞ ❜② ❧❡❛st sq✉❛r❡ ♦♣t✐♠✐③❛t✐♦♥ ❛♥❞ npt ✐s t❤❡ ❞❡❣r❡❡ ♦❢ t❤❡ ♣♦❧②♥♦♠✐❛❧✳ ❈♦♥❝❡r♥✐♥❣ t❤❡
t❤❡r♠♦♠❡❝❤❛♥✐❝❛❧ ❞②♥❛♠✐❝ ♣❛rt DT (s) ✐♥ ❊q✳ ✭✷✳✾✮✱ ✐t ✐s ♥♦t ❡❛s② t♦ ❝❤❛r❛❝t❡r✐③❡ ❛♥❞ t♦ ✐❞❡♥✲
t✐❢②✳ ❆❧s♦ ✐t ✐s ✈❡r② r❛♣✐❞ ❝♦♠♣❛r❡❞ ✇✐t❤ t❤❡ ❡❧❡❝tr♦t❤❡r♠❛❧ ❞②♥❛♠✐❝s ❞❡s❝r✐❜❡❞ ❜② t❤❡ ❢♦✉r
❣♦✈❡r✐♥❣ ❡q✉❛t✐♦♥s✳ ❚❤✉s✱ DT (s) ❝❛♥ ❜❡ ♥❡❣❧❡❝t❡❞ ✭DT (s) = 1✱ ∀s✮ ✐♥ t❤❡ ♠♦❞❡❧✳ ❆❝❝♦✉♥t✐♥❣
t❤❡s❡ ❞✐✛❡r❡♥t r❡♠❛r❦s✱ ✇❡ ②✐❡❧❞ t❤❡ ✇❤♦❧❡ ♠♦❞❡❧ ♦❢ t❤❡ ❤②❜r✐❞ t❤❡r♠♦♣✐❡③♦❡❧❡❝tr✐❝ ❛❝t✉❛t♦r✿
✹✵


dTso
dt =
1
τs
Tsf −
bso
τs
Tso +
1
τvs
Ta
dTsf
dt =
1
τs
Tso −
csf
τvs//f
Tsf −
cacto
τvs//f
Tacto −
cps
τvs//f
Tactoi−
cj/2
τvs//f
i2 + 1τvs//f
Ta
dTacto
dt =
1
τact
T − dactoτrva1Tacto +
dsf
τrva1
Tsf −
dps
τrva1
Tactoi+
dj/2
τrva1
i2 + 1τrva1Ta
dT
dt =
1
τact
Tact0 −
e
τrva1//2
T + 1τrva1//2
Ta
δ(s) = Γ (u(s))D(s) + Ccreep (u(s), s) +
npt∑
i=1
ai(T (s))
i
✭✷✳✶✷✮
✇✐t❤✱ ❢♦r t❤❡ ✜rst ❡q✉❛t✐♦♥
τs = RsCs, τvs = RvsCs, bso =
(Rvs+Rs)
Rvs
✭✷✳✶✸✮
❢♦r t❤❡ s❡❝♦♥❞ ❡q✉❛t✐♦♥
τvs//f = Rvs//fCs
csf =
(
Rvs//f
(Rth+Rc)
+
Rvs//f
Rs
+ 1
)
cacto =
(
Rvs//fRc
Rth(Rth+Rc)
−
Rvs//f
Rth
)
cps = α
(
Rvs//fRc
(Rth+Rc)
−Rvs//f
)
cpj/2 =
Rp
2
(
Rvs//fRc
(Rth+Rc)
−Rvs//f
)
✭✷✳✶✹✮
❢♦r t❤❡ t❤✐r❞ ❡q✉❛t✐♦♥
τact = RactCact, τrva1 = Rrva1Cact
dacto =
(
Rrva1
Ract
+ Rrva1Rth −
Rva1Rc
Rth(Rth+Rc)
+ 1
)
dsf =
Rva1
(Rth+Rc)
, dps = α
(
Rva1 −
Rva1Rc
(Rth+Rc)
)
dpj/2 =
Rp
2
(
Rva1 +
Rva1Rc
(Rth+Rc)
) ✭✷✳✶✺✮
❛♥❞ ❢♦r t❤❡ ❢♦✉rt❤ ❡q✉❛t✐♦♥
τrva1//2 = Rrva1//2Cact, eactL =
(
1 +
Rva1//2
Ract
)
✭✷✳✶✻✮
✷✳✸✳✸ ❖t❤❡r ❧❡❛❞s t♦ r❡♣r❡s❡♥t t❤❡ ❜❡❤❛✈✐♦r ♦❢ ❤②❜r✐❞ ❛❝t✉❛t♦rs
▼♦r❡ ❛♥❞ ♠♦r❡ st✉❞✐❡s ❢♦❝✉s ♦♥ t❤❡ ❤②❜r✐❞✐③❛t✐♦♥ ♦❢ t✇♦ ♦r s❡✈❡r❛❧ t②♣❡s ♦❢ ❛❝t✉❛t✐♦♥ t♦ ❞❡✈❡❧♦♣
♠♦r❡ ❛♥❞ ♠♦r❡ ♣❡r❢♦r♠❛♥t ♠✐♥✐❛t✉r✐③❡❞ ♣♦s✐t✐♦♥❡rs✳ ❚❤❡✐r ❛❞✈❛♥t❛❣❡ ✐s t❤❡ ♣❡r❢♦r♠❛♥❝❡s
❣❛✐♥❡❞ ❢r♦♠ t❤❡ ❝♦♠❜✐♥❛t✐♦♥ ♦❢ t❤❡ ❞✐✛❡r❡♥t ❛❝t✉❛t✐♦♥ t②♣❡s ❛♥❞ ✇❤✐❝❤ ✇♦✉❧❞ ♥♦t ❜❡ ♣♦ss✐❜❧❡
✐❢ t❤❡② ✇❡r❡ ✉s❡❞ ✐♥❞✐✈✐❞✉❛❧❧②✳ ■❢ t❤❡ ♥✉♠❜❡r ♦❢ ✐♥t❡r❝♦♥♥❡❝t❡❞ str✉❝t✉r❡s ❛♥❞ t❤❡ ♥✉♠❜❡r
♦❢ ❡♥❡r❣② t②♣❡s ❢♦r t❤❡ ❛❝t✉❛t✐♦♥ ✐♥❝r❡❛s❡✱ t❤❡ ♠♦❞❡❧✐♥❣ ♠❛② ❛❧s♦ ✐♥❝r❡❛s❡ ✐♥ ❝♦♠♣❧❡①✐t②✳
✹✶
❆♥ ❡✣❝✐❡♥t ✇❛② t♦ t❛❝❦❧❡ ✐♥t❡r❝♦♥♥❡❝t❡❞ ❛♥❞ ♠✉❧t✐✲❡♥❡r❣② s②st❡♠s ✐s t❤❡ ❇♦♥❞✲●r❛♣❤ t♦♦❧
❬✶✷✶❪✳ ❚❤✐s ✐s ❛♥ ❡♥❡r❣❡t✐❝ ❛♣♣r♦❛❝❤ t♦ r❡♣r❡s❡♥t t❤❡s❡ s②st❡♠s ✐♥ ❛ ❣r❛♣❤✐❝❛❧ ✇❛② ❛♥❞
❤❛s ❜❡❡♥ ✇✐❞❡❧② ✉s❡❞ ❢♦r ♠♦❞❡❧✐♥❣✱ ✐♥✈❡rs❡ ❞❡s✐❣♥✱ str✉❝t✉r❛❧ ❛♥❛❧②s✐s✱ ♦r ❝♦♥tr♦❧❧❡r ❞❡s✐❣♥
✐♥ ♠❡❝❤❛tr♦♥✐❝ s②st❡♠s ❬✶✷✷✕✶✸✶❪✳ ❨❡t✱ t❤✐s ❛♣♣r♦❛❝❤ ❤❛s ❜❡❡♥ ❡♠♣❧♦②❡❞ t♦ r❡♣r❡s❡♥t t❤❡
❜❡❤❛✈✐♦r ♦❢ ♣✐❡③♦❡❧❡❝tr✐❝ t✉❜❡ s❝❛♥♥❡rs ❬✶✸✷❪✳ ❚❤❡ ❛♣♣❧✐❝❛t✐♦♥ ♦❢ ❇♦♥❞✲●r❛♣❤ t♦ ♠♦r❡ ❝♦♠♣❧❡①
❛♥❞ ♠✉❧t✐✲❡♥❡r❣② ♠✐♥✐❛t✉r✐③❡❞ s②st❡♠s ❧✐❦❡ ❤②❜r✐❞ ♣r❡❝✐s❡ ♣♦s✐t✐♦♥❡rs ✇✐❧❧ ❜r✐♥❣ s✐♠♣❧✐❝✐t② ✐♥
t❤❡ r❡♣r❡s❡♥t❛t✐♦♥ ♦❢ t❤❡✐r ❜❡❤❛✈✐♦rs✱ t♦ ♣❡r❢♦r♠ str✉❝t✉r❛❧ ❛♥❛❧②s✐s✱ ♦r t♦ s②♥t❤❡s✐③❡ ❝♦♥tr♦❧❧❡rs✳
✷✳✸✳✹ ❆❝❦♥♦✇❧❡❞❣♠❡♥ts
❚❤❡ ✇♦r❦s ❝❛rr✐❡❞ ♦✉t ❤❡r❡ ✇❡r❡ ❞✉r✐♥❣ t❤❡ ♣♦st❞♦❝t♦r❛❧ ❢❡❧❧♦✇s❤✐♣ ♦❢ ❉r✳ ■♦❛♥ ❆❧❡①❛♥❞r✉
■✈❛♥ ✇✐t❤♦✉t ✇❤♦♠ t❤❡s❡ r❡s✉❧ts ✇♦✉❧❞ ♥♦t ❜❡ ♣♦ss✐❜❧❡✳
✷✳✹ P❛r❛❧❧❡❧ ❦✐♥❡♠❛t✐❝ ♣✐❡③♦❡❧❡❝tr✐❝ ♠✐❝r♦r♦❜♦t ❢♦r ❧❛s❡r ♣❤♦✲
♥♦♠✐❝r♦s✉r❣❡r②
■♥ t❤✐s s❡❝t✐♦♥✱ ✇❡ ❡①♣❧♦✐t t❤❡ s✐♠♣❧❡ str✉❝t✉r❡ ♦❢ ♣✐❡③♦❡❧❡❝tr✐❝ ❝❛♥t✐❧❡✈❡rs t♦ ❞❡✈❡❧♦♣ ❛ ❝♦♠♣❧❡①
♣♦s✐t✐♦♥✐♥❣ s②st❡♠ ❞❡✈♦t❡❞ t♦ ❛ ♠❡❞✐❝❛❧ ❛♣♣❧✐❝❛t✐♦♥✳
✷✳✹✳✶ ❈♦♥t❡①t
❲✐t❤✐♥ t❤❡ µ✲❘❆▲P ♣r♦❥❡❝t ❬✻❪✱ t❤❡ r❡❞❡s✐❣♥ ♦❢ t❤❡ ❧❛s❡r ♣❤♦♥♦s✉r❣❡r② ✲ ✐✳❡✳ s✉r❣❡r② ♦❢ t❤❡ ✈♦✲
❝❛❧ ❢♦❧❞s ✇✐t❤ ❧❛s❡r tr❡❛t♠❡♥t ✭♥♦✇❛❞❛②s ♣❡r❢♦r♠❡❞ ✇✐t❤ t❤❡ ❉❛ ❱✐♥❝✐ r♦❜♦t ❬✶✸✸❪✮✲ ✐s ❛✐♠❡❞ ✐♥
♦r❞❡r t♦ ❝r❡❛t❡ ❛♥ ❛❞✈❛♥❝❡❞ ❛✉❣♠❡♥t❡❞ ❛♥❞ ❡r❣♦♥♦♠✐❝ ♠✐❝r♦s✉r❣✐❝❛❧ s②st❡♠ t❤r♦✉❣❤ r❡s❡❛r❝❤
❛♥❞ ❞❡✈❡❧♦♣♠❡♥t ♦❢ r❡❛❧✲t✐♠❡ ❝❛♥❝❡r t✐ss✉❡ ✐♠❛❣✐♥❣✱ s✉r❣❡♦♥✲♠❛❝❤✐♥❡ ✐♥t❡r❢❛❝❡s✱ ❛ss✐st✐✈❡ t❡❧❡✲
♦♣❡r❛t✐♦♥✱ ✐♥t❡❧❧✐❣❡♥t ✭❝♦❣♥✐t✐✈❡✮ s❛❢❡t② s②st❡♠s✱ ❛♥❞ ❛✉❣♠❡♥t❡❞✲r❡❛❧✐t②✳ ❚❤❡ r❡s❡❛r❝❤ ❛♥❞
❞❡✈❡❧♦♣♠❡♥t ❡♥❝♦♠♣❛ss❡ ♥❡✇ ❡♥❞♦s❝♦♣✐❝ t♦♦❧s ❛♥❞ ♣r❡❝✐s✐♦♥ ♠✐❝r♦r♦❜♦t✐❝ ❡♥❞ ❡✛❡❝t♦rs ✇❤✐❝❤
✇✐❧❧ ❛❧❧♦✇ r❡❧♦❝❛t✐♥❣ t❤❡ ❧❛s❡r ❛❝t✉❛t♦r ❝❧♦s❡r t♦ t❤❡ s✉r❣✐❝❛❧ s✐t❡✳ ❚❤❡ ♦✉t❝♦♠❡s ♦❢ t❤❡ ♣r♦❥❡❝t
✇✐❧❧ ❜❡ ✐♠♣r♦✈❡❞ q✉❛❧✐t②✱ s❛❢❡t②✱ ❛♥❞ ❡✛❡❝t✐✈❡♥❡ss ✐♥ ❧❛s❡r ♣❤♦♥♦♠✐❝r♦s✉r❣❡r②✱ ❡♥❛❜❧✐♥❣ t♦t❛❧
t✉♠♦r r❡♠♦✈❛❧ ✇✐t❤ ♠✐♥✐♠❛❧ ❞❛♠❛❣❡ t♦ ❤❡❛❧t❤② t✐ss✉❡✳ ❚❡❝❤♥♦❧♦❣✐❝❛❧❧②✱ t❤❡ ♣r✐♥❝✐♣❧❡ ♦❢ t❤❡ s②s✲
t❡♠ t♦ ❜❡ ❞❡✈❡❧♦♣❡❞ ✐s r❡♣r❡s❡♥t❡❞ ✐♥ ❋✐❣✳ ✷✳✽✳ ❆ ✢❡①✐❜❧❡ ❡♥❞♦s❝♦♣② ✇✐t❤ ❧❛s❡r ✜❜❡rs ❞r♦♣s t❤❡
❧❛s❡r ❜❡❛♠ ❢r♦♠ t❤❡ ❡①t❡r♥❛❧ t♦ ✐♥ ❢r♦♥t ♦❢ t❤❡ ❧❛r②♥① t✐ss✉❡ ✭❋✐❣✳ ✷✳✽✲❛✮✳ ❆ ♠✐❝r♦r♦❜♦t ♣❧❛❝❡❞
❛t t❤❡ ❡①tr❡♠✐t② ♦❢ t❤❡ ❡♥❞♦s❝♦♣② ♣r❡❝✐s❡❧② ♦r✐❡♥ts t❤❡ ❧❛s❡r ❜❡❛♠ t♦✇❛r❞s t❤❡ ✈♦❝❛❧ ❢♦❧❞s t♦
❜❡ tr❡❛t❡❞ ✭❋✐❣✳ ✷✳✽✲❜✮✳ ❚❤❡ ❡♥❞♦s❝♦♣② ❜r✐♥❣s ✇✐r✐♥❣s ❛♥❞ ✜❜❡rs ❢♦r ♣♦✇❡r✐♥❣ t❤❡ ♠✐❝r♦r♦❜♦ts✱
❢♦r t❤❡ ❝❛♠❡r❛s t❤❛t ♣❡r♠✐t t♦ s❡❡ t❤❡ s✉r❣❡r② t❛s❦s ❛♥❞ ❢♦r t❤❡ ❧❛s❡r ❜❡❛♠s✳ ❚❤❡ ♣r♦❥❡❝t
r❛ss❡♠❜❧❡s s❡✈❡r❛❧ r❡s❡❛r❝❤ ✐♥st✐t✉t❡s✱ ✉♥✐✈❡rs✐t✐❡s ❛♥❞ ❤♦s♣✐t❛❧s ♦✈❡r ❊✉r♦♣❡✿ ■■❚ ●❡♥✈❛ ■t❛❧②✱
❋❊▼❚❖✲❙❚ ✐♥st✐t✉t❡ ❛♥❞ ❯♥✐✈❡rs✐t② ♦❢ ❋r❛♥❝❤❡✲❈♦♠té ✭❯❋❈✮ ❛t ❇❡s❛♥ç♦♥ ❋r❛♥❝❡✱ ▲❡✐❜♥✐③
❯♥✐✈❡rs✐tät ❍❛♥♥♦✈❡r ✭▲❯❍✮ ●❡r♠❛♥②✱ ❯♥✐✈❡rs✐t② ❍♦s♣✐t❛❧ ♦❢ ❇❡s❛♥ç♦♥ ✭❯❍❇✮ ❋r❛♥❝❡ ❛♥❞
❯♥✐✈❡rs✐tà ❞❡❣❧✐ ❙t✉❞✐ ❞✐ ●❡♥♦✈❛ ✭❯◆■●❊✮ ■t❛❧②✳ ❚❤❡ ❝♦♥tr✐❜✉t✐♦♥ ♦❢ t❤❡ ❆❙✷▼ ❞❡♣❛rt♠❡♥t
♦❢ ❋❊▼❚❖✲❙❚ ✐♥st✐t✉t❡ ✐s ❞♦✉❜❧❡✿ ✶✮ t❤❡ ❞❡✈❡❧♦♣♠❡♥t ❛♥❞ t❤❡ ❝♦♥tr♦❧ ♦❢ t❤❡ ♠✐❝r♦r♦❜♦t ❢♦r
t❤❡ ❧❛s❡r ♦r✐❡♥t❛t✐♦♥✱ ✷✮ ❛♥❞ t❤❡ ✈✐s✉❛❧ s❡r✈♦✐♥❣ ❝♦♥tr♦❧ ❛♥❞ t❤❡ ✭s❡♠✐✮❛✉t♦♠❛t✐♦♥ ♦❢ t❤❡ ❧❛s❡r
♣❤♦♥♦♠✐❝r♦s✉r❣❡r②✳ ▼② ✐♥✈♦❧✈❡♠❡♥t ✐s r❡❧❛t❡❞ t♦ t❤❡ ✜rst ❝♦♥tr✐❜✉t✐♦♥✳
✹✷
(a) (b)
❋✐❣✉r❡ ✷✳✽✿ ❖❜❥❡❝t✐✈❡ ♦❢ t❤❡ µ✲❘❆▲P ♣r♦❥❡❝t ❬✻❪✳
✷✳✹✳✷ ❆ ❤✐❣❤ r❡s♦❧✉t✐♦♥✱ ❤✐❣❤ ❜❛♥❞✇✐❞t❤✱ ❛♥❞ ❤✐❣❤ r❛♥❣❡ ✷✲❉❖❋ ♠✐❝r♦r♦❜♦t
▲❛s❡r s✉r❣❡r② ✐s ❛ ❞❡❧✐❝❛t❡ t❛s❦ t❤❛t r❡q✉✐r❡s ❤✐❣❤ s❛❢❡t②✳ ❉✐✛❡r❡♥t ❡①❝❤❛♥❣❡s ❜❡t✇❡❡♥ t❤❡
♠❡❞✐❝❛❧ ❞♦❝t♦rs ❛♥❞ t❤❡ ♣❛rt♥❡rs ♦❢ t❤❡ µ✲❘❆▲P ♣r♦❥❡❝t ❧❡❛❞ t♦ t❤❡ ❝♦♥❝❧✉s✐♦♥ t❤❛t ❢♦r t❤❡
♣❤♦♥♦♠✐❝r♦s✉r❣❡r② ❛✐♠❡❞✱ t❤❡ ♠✐❝r♦r♦❜♦t t❤❛t ✇✐❧❧ ❜❡ ❡♠♣❧♦②❡❞ t♦ ♣r❡❝✐s❡❧② ♦r✐❡♥t t❤❡ ❧❛s❡r
❜❡❛♠s s❤♦✉❧❞ ♠❡❡t ❛t ❧❡❛st t❤❡ ❢♦❧❧♦✇✐♥❣ ♣❡r❢♦r♠❛♥❝❡s✳
7→ ❆ ♠✐♥✐♠✉♠ ♥✉♠❜❡r ♦❢ t✇♦ ❞❡❣r❡❡s ♦❢ ❢r❡❡❞♦♠ ✭✷✲❉❖❋✮ ✐s r❡q✉✐r❡❞✿ ♦r✐❡♥t❛t✐♦♥ ❛❜♦✉t
t✇♦ ❛①❡s✳
7→ ❋♦r ❛♥ ❡r❣♦♥♦♠✐❝ ♣♦✐♥t ♦❢ ✈✐❡✇ ❛♥❞ ❞✉❡ t♦ t❤❡ s♣❛❝❡ ❝♦♥str❛✐♥t✱ t❤❡ ♠❛①✐♠❛❧ ❞✐♠❡♥s✐♦♥s
❛❧❧♦✇❡❞ ❢♦r t❤❡ ♠✐❝r♦r♦❜♦t ✐s 10mm× 10mm× 10mm✳
7→ ❚❤❡ r❡s♦❧✉t✐♦♥ ♦❢ t❤❡ ❧❛s❡r s❝❛♥♥✐♥❣ ❛t t❤❡ s✉r❢❛❝❡ ♦❢ t❤❡ ❧❛r②♥① t✐ss✉❡ s❤♦✉❧❞ ❜❡ ❜❡tt❡r
t❤❛♥ 100µm✳ ❙✐♥❝❡ t❤❡ ♠✐❝r♦r♦❜♦t ✐s ♣❧❛❝❡❞ ❛t 20mm ❞✐st❛♥❝❡ ❢r♦♠ t❤❡ t✐ss✉❡✱ t❤❡ r❡s♦❧✉t✐♦♥
r❡q✉✐r❡❞ ❢r♦♠ t❤❡ ♠✐❝r♦r♦❜♦t ✐s ❜❡tt❡r t❤❛♥ 5mrad ✭0.28o✮✳
7→ ❚♦ ❝♦✈❡r t❤❡ s✉r❢❛❝❡s t♦ ❜❡ tr❡❛t❡❞✱ t❤❡ r❡q✉✐r❡❞ ♠✐♥✐♠❛❧ s❝❛♥♥✐♥❣ ❛♥❣❧❡ ❢r♦♠ t❤❡ ♠✐❝r♦✲
r♦❜♦t ✐s ±13o ❢♦r ❡❛❝❤ ❛♥❣❧❡ θ1 ❛♥❞ θ2✳
7→ ❋✐♥❛❧❧②✱ t♦ ❡♥s✉r❡ ❛ ❤✐❣❤ s❛❢❡t② ♦❢ t❤❡ ❧❛s❡r tr❡❛t♠❡♥t ❛♥❞ ❛ ❝♦♥✈❡♥✐❡♥t t✐♠❡ ♦❢ s❝❛♥♥✐♥❣✱
t❤❡ s♣❡❝✐✜❡❞ ♠✐♥✐♠❛❧ ❜❛♥❞✇✐❞t❤ ♦❢ t❤❡ ♠✐❝r♦r♦❜♦t ✐s ♦❢ 200Hz✳
❚❤❡ ❞❡✈❡❧♦♣♠❡♥t ♦❢ ♠✐♥✐❛t✉r✐③❡❞ str✉❝t✉r❡s ✇✐t❤ ✷✲❉❖❋ ❛♥❣✉❧❛r ♠♦t✐♦♥s ❝❛♣❛❜✐❧✐t✐❡s ❤❛✈❡
r❛✐s❡❞ ♠❛♥② r❡s❡❛r❝❤✳ ❚❤❡✐r ❡①♣❡❝t❡❞ ❡♥❞✲✉s❡s ✐♥❝❧✉❞❡ ♣r♦❥❡❝t♦rs✱ ✐♠❛❣✐♥❣ t❡❝❤♥♦❧♦❣✐❡s ❧✐❦❡
♦♣t✐❝❛❧ ❝♦❤❡r❡♥❝❡ t♦♠♦❣r❛♣❤② ✭❖❈❚✮ ❛♥❞ s❝❛♥♥✐♥❣ ✐♥ ♠❡❞✐❝❛❧ ❛♣♣❧✐❝❛t✐♦♥s✳ ❙♦♠❡t✐♠❡s ❝❛❧❧❡❞
♠✐❝r♦s❝❛♥♥❡rs✱ ❞✐✛❡r❡♥t ❛❝t✉❛t✐♦♥ ♣r✐♥❝✐♣❧❡s ❤❛✈❡ ❜❡❡♥ ✐♥✈❡st✐❣❛t❡❞ ❢♦r t❤❡♠✿ ❡❧❡❝tr♦st❛t✐❝
❬✶✸✹✕✶✸✼❪✱ ♠❛❣♥❡t✐❝ ❬✶✸✽❪✱ ❡❧❡❝tr♦t❤❡r♠❛❧ ❬✷✕✹❀ ✶✸✾✕✶✹✷❪✱ ❛♥❞ ♣✐❡③♦❡❧❡❝tr✐❝ ❬✾✽✕✶✵✵❀ ✶✹✸✕✶✹✻❪✳
❆ ♠♦r❡ t❤♦r♦✉❣❤ st❛t❡ ♦❢ t❤❡ ❛rt ♦♥ ▼❊▼❙ s❝❛♥♥❡rs ❤❛s ❜❡❡♥ s✉❜♠✐tt❡❞ ❛♥❞ ✐s ✉♥❞❡r r❡✈✐❡✇✹
❚❤❡s❡ r❡❛❧✐s❡❞ t❡❝❤♥♦❧♦❣✐❡s ♣❡r♠✐tt❡❞ t♦ ❛tt❛✐♥ ❤✐❣❤ r❛♥❣❡ ✭♠♦st❧② t❤❡ ❡❧❡❝tr♦st❛t✐❝ ❛♥❞ t❤❡
❡❧❡❝tr♦t❤❡r♠❛❧ ❜❛s❡❞ s❝❛♥♥❡rs✮ ♦r ❤✐❣❤ ❜❛♥❞✇✐❞t❤ ✭♠♦st❧② ♣✐❡③♦❡❧❡❝tr✐❝ ❜❛s❡❞ s❝❛♥♥❡rs✮ ❛t
❛ ✈❡r② ♠✐♥✐❛t✉r✐③❡❞ ✈♦❧✉♠❡✱ ❜✉t ♥♦t ❜♦t❤ ♣❡r❢♦r♠❛♥❝❡s s✐♠✉❧t❛♥❡♦✉s❧② ❛♥❞ t❤✉s ❝❛♥♥♦t ❜❡
✹✧❆ r❡✈✐❡✇ ♦♥ ▼❊▼❙ s❝❛♥♥❡rs✿ ❊❛❦❦❛❝❤❛✐ ❚♦♥ P❡♥❣✇❛♥❣✱ ❑❛♥t② ❘❛❜❡♥♦r♦s♦❛✱ ▼✐❝❦② ❘❛❦♦t♦♥❞r❛❜❡✱ ◆✐❝♦✲
❧❛s ❆♥❞r❡✛✱ ✧❙❝❛♥♥✐♥❣ ♠✐❝r♦♠✐rr♦r ♣❧❛t❢♦r♠ ❜❛s❡❞ ♦♥ ▼❊▼❙ t❡❝❤♥♦❧♦❣② ❢♦r ♠❡❞✐❝❛❧ ❛♣♣❧✐❝❛t✐♦♥s✧✱ s✉❜♠✐tt❡❞
❛t ■❊❊❊ ❏♦✉r♥❛❧ ♦❢ ▼❊▼❙✱ ✉♥❞❡r r❡✈✐❡✇ s✐♥❝❡ ❥✉♥❡ ✷✵✶✹✳
✹✸
❡♠♣❧♦②❡❞ ❢♦r t❤❡ ♣❤♦♥♦♠✐❝r♦s✉r❣❡r② ❬■❚✻❪✳ ❚❤❡ ❝❤❛❧❧❡♥❣❡ ♣♦s❡❞ ✐♥ t❤❡ ❞❡✈❡❧♦♣♠❡♥t ♦❢ t❤❡
♠✐❝r♦r♦❜♦t ❤❡r❡ ✐s t❤❛t ❛❧❧ ♣❡r❢♦r♠❛♥❝❡s ♠✉st ❜❡ s❛t✐s✜❡❞ ✐♥ ♦r❞❡r t♦ ❡♥s✉r❡ t❤❡ r❡q✉✐r❡♠❡♥ts
♦❢ t❤❡ ♣❤♦♥♦♠✐❝r♦s✉r❣❡r②✿ ❤✐❣❤ r❛♥❣❡✱ ❤✐❣❤ ❜❛♥❞✇✐❞t❤ ❤✐❣❤ r❡s♦❧✉t✐♦♥ ❛♥❞ ❝♦♠♣❛❝t s✐③❡s✳
❚♦ r❡❛❝❤ t❤❡ s❡✈❡r s♣❡❝✐✜❝❛t✐♦♥s✱ ✇❡ ❤❛✈❡ ♣r♦♣♦s❡❞ ❛ s♠❛rt ❝♦♠❜✐♥❛t✐♦♥ ♦❢ ✜✈❡ t❡❝❤♥♦❧♦❣✐❡s
❬❲❚✶✹❪✿
✶✮ ❡♠♣❧♦②✐♥❣ ❛ s❡t ♦❢ ♣✐❡③♦❡❧❡❝tr✐❝ ❝❛♥t✐❧❡✈❡r ❛❝t✉❛t♦rs t♦ ❣❡♥❡r❛t❡ ❤✐❣❤ r❡s♦❧✉t✐♦♥ ❛♥❞ ❤✐❣❤
❜❛♥❞✇✐❞t❤ ♠♦✈❡♠❡♥ts✱
✷✮ ❡①♣❧♦✐t✐♥❣ t❤❡ ❧❡✈❡rs ♣r✐♥❝✐♣❧❡ t♦ ❛♠♣❧✐❢② t❤❡ ♠♦✈❡♠❡♥ts ♦❢ t❤❡ ❛❝t✉❛t♦rs ❛♥❞ t❤✉s t♦
❣❡♥❡r❛t❡ ❛ ❤✐❣❤ r❛♥❣❡ ♦❢ ❞✐s♣❧❛❝❡♠❡♥ts✱
✸✮ ✉t✐❧✐③✐♥❣ t❤❡ ♣❛r❛❧❧❡❧ ❦✐♥❡♠❛t✐❝ s❝❤❡♠❡ t♦ ❣❡t ❛ ❝♦♠♣❛❝t s✐③❡ ♦❢ t❤❡ str✉❝t✉r❡ ❛♥❞ t♦
♠❛✐♥t❛✐♥ t❤❡ ❤✐❣❤ ❜❛♥❞✇✐❞t❤ ❢r♦♠ t❤❡ ❛❝t✉❛t♦rs✱
✹✮ ❛❞❛♣t✐♥❣ t❤❡ ❛❣✐❧❡✲❡②❡ ❦✐♥❡♠❛t✐❝s t♦ tr❛♥s❢♦r♠ t❤❡ ❧✐♥❡❛r ♠♦t✐♦♥s ♦❢ t❤❡ ❛❝t✉❛t♦rs ✐♥t♦
✷✲❉❖❋ ❛♥❣✉❧❛r ♠♦t✐♦♥✳ ❚❤❡ ❛❣✐❧❡✲❡②❡ ❦✐♥❡♠❛t✐❝s✱ ❞❡✈❡❧♦♣❡❞ ❜② ●♦ss❡❧✐♥ ❡t ❛❧✳ ❬✶✹✼✕✶✹✾❪✱
❤❛s ❜❡❡♥ ❞❡✈❡❧♦♣❡❞ ❢♦r ❝❧❛ss✐❝❛❧❧② s✐③❡❞ s②st❡♠s ❛♥❞ ❞✐✛❡r❡♥t ✈❡rs✐♦♥s ♦❢ str✉❝t✉r❡s ❤❛✈❡ ❜❡❡♥
r❡❛❧✐s❡❞✳ ❚❤❡ ♦❜❥❡❝t✐✈❡ ♦❢ t❤✐s ❦✐♥❡♠❛t✐❝s ✐s t♦ ❝r❡❛t❡ s❡✈❡r❛❧ ❛♥❣✉❧❛r ♠♦t✐♦♥s ✭t✐❧t ❛♥❞ ❜❛❧❧✲
❥♦✐♥t✮ ✐♥ ❛ ❝♦♠♣❛❝t ✈❡rs✐♦♥ ❛♥❞ t♦ ♣❡r♠✐t ❛ ❤✐❣❤ s♣❡❡❞ s❝❛♥♥✐♥❣✳ ❚❤❡s❡ t✇♦ ❛❞✈❛♥t❛❣❡s ♦❢ t❤❡
❦✐♥❡♠❛t✐❝s ❛r❡ ✈❡r② ✇❡❧❧ s✉✐t❡❞ t♦ ♦✉r ♥❡❡❞✱
✺✮ ❛♥❞ ✜♥❛❧❧② ❛♣♣❧②✐♥❣ t❤❡ ❙❈▼ ✭s♠❛rt ❝♦♠♣♦s✐t❡s ♠✐❝r♦str✉❝t✉r❡s✮ t❡❝❤♥♦❧♦❣② t♦ ❢❛❜r✐✲
❝❛t❡ t❤❡ ✇❤♦❧❡ str✉❝t✉r❡✳ ❚❤❡ ❙❈▼ t❡❝❤♥♦❧♦❣② ❬✶✺✵❀ ✶✺✶❪ ✐s ❛ t❡❝❤♥♦❧♦❣② ♦❢ ❢❛❜r✐❝❛t✐♦♥ ♦❢
s♠❛❧❧ str✉❝t✉r❡s ❞❡✈❡❧♦♣❡❞ ❛t ❍❛r✈❛r❞ ✭❘♦❜❡rt ❏✳ ❲♦♦❞✮ ❢♦r t❤❡ ❢❛❜r✐❝❛t✐♦♥ ♦❢ ❜✐♦✲✐♥s♣✐r❡❞ ❛♥❞
✢②✐♥❣ ♠✐❝r♦r♦❜♦ts✳ ■t ❝♦♥s✐sts ✐♥ ♣✐❡③♦❡❧❡❝tr✐❝ ♠❛t❡r✐❛❧s t♦ ❛❝t✉❛t❡✱ ❝❛r❜♦♥ ✜❜❡rs t♦ r✐❣✐❞✐❢②
❛♥❞ ♣♦❧②❡t❤②❧❡♥❡ t❡r❡♣❤t❤❛❧❛t❡ ✭P❊❚✮ ♣♦❧②♠❡rs t♦ ❝r❡❛t❡ ❥♦✐♥ts ✐♥ t❤❡ ♠✐♥✐❛t✉r✐③❡❞ str✉❝t✉r❡s✳
❆♥ ❛❞✈❛♥t❛❣❡ ♦❢ t❤❡ t❡❝❤♥♦❧♦❣② ✐s t❤❡ r❡❧❛t✐✈❡❧② ❡❛s❡ ♦❢ ❢❛❜r✐❝❛t✐♦♥✿ t❤❡ str✉❝t✉r❡ ✐s ✜rst ♠✐✲
❝r♦♠❛❝❤✐♥❡❞ ✐♥ ♣❧❛♥❛r✱ ❛♥❞ t❤❡♥ ❢♦❧❞❡❞ t♦ ❣❡t t❤❡ ✜♥❛❧ ✸✲❉❖❋ s❤❛♣❡✳
❚❤❡ ♣r♦♣♦s❡❞ ❞❡s✐❣♥ ✐s ❝♦♠♣♦s❡❞ ♦❢ t✇♦ ♣❛rts✿
❚❤❡ ✉♣♣❡r ♣❛rt ✐s ❝♦♠♣♦s❡❞ ♦❢ ❛♥ ♦r✐❡♥t❛❜❧❡ ♣❧❛t❢♦r♠ ❢♦r t❤❡ ❧❛s❡r ❜❡❛♠s r❡✢❡❝t✐♦♥✱ ♦♥❡
✜①❡❞ ❧❡❣ ❛tt❛❝❤❡❞ t♦ t❤❡ ❜❛s✐s ✭s✉♣♣♦rt✮ ❛♥❞ t✇♦ ♠♦✈❛❜❧❡ ❧❡❣s ✭❋✐❣✳ ✷✳✾✲❛✮✳ ❚❤✐s ♦r✐❡♥t❛❜❧❡
♣❧❛t❢♦r♠ ✐s ❛♥ ❛❞❛♣t❛t✐♦♥ ♦❢ t❤❡ ❛❣✐❧❡✲❡②❡ ❦✐♥❡♠❛t✐❝s✳ ❚❤❡ ♦r✐❡♥t❛t✐♦♥ ♦❢ t❤❡ ♣❧❛t❢♦r♠ ❛❜♦✉t
t❤❡ ❛①✐s u ♦r ❛❜♦✉t t❤❡ ❛①✐s v ✐s ♦❜t❛✐♥❡❞ t❤❛♥❦s t♦ t❤❡ ✈❡rt✐❝❛❧ ♠♦✈❡♠❡♥t ♦❢ t❤❡ t✇♦ ❧❡❣s✳
❚♦ ❛✈♦✐❞ t❤❡ ❜❧♦❝❦✐♥❣ ♦❢ t❤❡ ♠❡❝❤❛♥✐s♠✱ ❞✐✛❡r❡♥t ❜❛❧❧ ❥♦✐♥ts ❤❛✈❡ ❜❡❡♥ ❛❞❞❡❞ ✐♥ t❤❡ ✉♣♣❡r ♣❛rt✳
❚❤❡ ❧♦✇❡r ♣❛rt ✐s ❝♦♠♣♦s❡❞ ♦❢ t✇♦ ❛❝t✉❛t❡❞ ❛r♠s ✭❋✐❣✳ ✷✳✾✲❜✮✳ ❚❤❡ ✈❡rt✐❝❛❧ ♠♦✈❡♠❡♥t ❛t
t❤❡ ❡①tr❡♠✐t② ♦❢ ❡❛❝❤ ❛r♠ ✐s ❡♠♣❧♦②❡❞ t♦ ❛❝t✉❛t❡ t❤❡ ✉♣♣❡r ♣❛rt✳ ❊❛❝❤ ❛r♠ ✐s ❝♦♠♣♦s❡❞ ♦❢ t❤r❡❡
r❡❞✉♥❞❛♥t ♣✐❡③♦❡❧❡❝tr✐❝ ❝❛♥t✐❧❡✈❡r ❛❝t✉❛t♦rs✳ ■♥ ❛❞❞✐t✐♦♥✱ ❛ ❧❡✈❡r✲♠❡❝❤❛♥✐s♠ ✐s ✐♥tr♦❞✉❝❡❞ ✐♥
t❤❡ str✉❝t✉r❡ t♦ ❛♠♣❧✐❢② t❤❡ ❛❝t✉❛t♦rs ♠♦✈❡♠❡♥ts✳ ❚❤❡r❡❢♦r❡✱ ❢♦r ❡❛❝❤ ❛r♠✱ t❤❡ ✜♥❛❧ ✈❡rt✐❝❛❧
♠♦t✐♦♥ tr❛♥s♠✐tt❡❞ t♦ t❤❡ ❧❡❣ ✐s ❛ s✉♣❡r♣♦s✐t✐♦♥ ♦❢ t❤❡ ❛♠♣❧✐✜❡❞ ♠♦✈❡♠❡♥ts ❢r♦♠ t❤❡ t❤r❡❡
❛❝t✉❛t♦rs✳
✹✹
orientable
platform
legs
left arm right arm
piezoelectric
cantilever
actuators
(b) (c)
❋✐❣✉r❡ ✷✳✾✿ Pr✐♥❝✐♣❧❡ ♦❢ t❤❡ µP■❇❖❚✳ ✭❛✮✿ ❈❆❉✲❞❡s✐❣♥✳ ✭❜✮✿ t❤❡ ✉♣♣❡r ♣❛rt ✭❝✮✿ t❤❡ ❧♦✇❡r
♣❛rt✳
❋✐❣✳ ✷✳✶✵✲❛ ✜❣✉r❡s t❤❡ ❈❆❉✲❞❡s✐❣♥ ♦❢ t❤❡ ♣r♦♣♦s❡❞ ❤✐❣❤ r❡s♦❧✉t✐♦♥✱ ❤✐❣❤ r❛♥❣❡ ❛♥❞ ❤✐❣❤
❜❛♥❞✇✐❞t❤ ✷✲❉❖❋ ♣✐❡③♦❡❧❡❝tr✐❝ ♠✐❝r♦r♦❜♦t✱ ❝❛❧❧❡❞ µP■❇❖❚✳ ❋✐❣✳ ✷✳✶✵✲❜ s❤♦✇s t❤❡ ❞✐✛❡r❡♥t
❡❧❡♠❡♥ts ♦❢ t❤❡ ❧♦✇❡r ♣❛rts✿ t❤❡ ♣✐❡③♦❡❧❡❝tr✐❝ ❝❛♥t✐❧❡✈❡rs ❛❝t✉❛t♦rs✱ t❤❡ ❧❡✈❡rs ❛♥❞ t❤❡ s✉♣♣♦rt✳
❋✐❣✳ ✷✳✶✵✲❝ s❤♦✇s t❤❡ ❛r♠s ✭♣✐❡③♦❡❧❡❝tr✐❝ ❛❝t✉❛t♦r ✲ ❧❡✈❡r ❜❛s❡✮✳ ❚❤❡ ❛ss❡♠❜❧❡❞ ❧♦✇❡r ♣❛rt ✐s
s❤♦✇♥ ✐♥ ❋✐❣✳ ✷✳✶✵✲❞ ✇❤✐❧st t❤❡ ✉♣♣❡r ♣❛rt ✐s s❤♦✇♥ ✐♥ ❋✐❣✳ ✷✳✶✵✲❡✳
❚❤❡ ❦✐♥❡♠❛t✐❝s ❛♥❞ t❤❡ ♣❡r❢♦r♠❛♥❝❡s ♦❢ t❤❡ ❞❡✈❡❧♦♣❡❞ ♠✐❝r♦r♦❜♦t ❛r❡ ✉♥✐q✉❡✳ ❙❡r❣✐♦
▲❡s❝❛♥♦✱ ✇❤♦ ✐s t❤❡ ❛❞✈✐s❡❞ P❤❉ st✉❞❡♥t ✇♦r❦✐♥❣ ♦♥ t❤✐s ♥♦✈❡❧ ❞❡✈❡❧♦♣♠❡♥t✱ ❡①♣❡❝ts t♦
❢♦✉♥❞ ❛ ❝♦♠♣❛♥② ❞❡✈♦t❡❞ t♦ t❤❡ ❞❡✈❡❧♦♣♠❡♥t ♦❢ ❤✐❣❤ ♣❡r❢♦r♠❛♥❝❡s s❝❛♥♥❡rs✳ ❚❤❡ ❡①♣❡❝t❡❞
❛♣♣❧✐❝❛t✐♦♥s ❛r❡ ✇✐❞❡r t❤❛♥ t❤❡ ♠❡❞✐❝❛❧ ❞♦♠❛✐♥✳ ❚❤❡ s✉❜♠✐ss✐♦♥ ♦❢ ❛ ♣❛t❡♥t ✐s ♥♦✇ ✉♥❞❡r
♣r❡♣❛r❛t✐♦♥ ❛♥❞ ❛ ♠❛t✉r❛t✐♦♥✲♣r♦❥❡❝t ✐s ❡①♣❡❝t❡❞ t♦ ❜❡ ❧❛✉♥❝❤❡❞ ✐♥ ✷✵✶✺ ✐♥ ♦r❞❡r t♦ ♣r❡♣❛r❡
t❤❡ ❝♦♠♣❛♥② ❝r❡❛t✐♦♥✳
✹✺
piezoelectric cantilever
actuators
orientable platform
legs
support and enclosure
(a)
support
piezoelectric
cantilever
actuator
lever base
lever base
one arm
lower part
(b) (c)
(e)(d)
❋✐❣✉r❡ ✷✳✶✵✿ ❚❤❡ µP■❇❖❚✳ ✭❛✮✿ ❈❆❉✲❞❡s✐❣♥✳ ✭❜✮✿ t❤❡ ❝♦♠♣♦♥❡♥ts ♦❢ t❤❡ ❧♦✇❡r ♣❛rt✳ ✭❝✮✿ t❤❡
❛r♠s ♦❢ t❤❡ ❧♦✇❡r ♣❛rts✳ ✭❞✮✿ t❤❡ ❧♦✇❡r ♣❛rt✳ ✭❡✮✿ t❤❡ ✉♥❢♦❧❞❡❞ ✉♣♣❡r ♣❛rt✳
✷✳✹✳✸ ❆ ♠❛❝r♦ ✈❡rs✐♦♥ ♦❢ t❤❡ r♦❜♦t
❋♦r t❤❡ ❢♦❧❧♦✇✐♥❣ r❡❛s♦♥s✱ ✇❡ ❞❡❝✐❞❡❞ t♦ ❞❡✈❡❧♦♣ ❛ ❧❛r❣❡r ✈❡rs✐♦♥ ♦❢ t❤❡ ✷✲❉❖❋ ♠✐❝r♦r♦❜♦t✿
✲ t♦ ❞✉♣❧✐❝❛t❡ t❤❡ ♥♦✈❡❧ ❦✐♥❡♠❛t✐❝s ✐♥ ❧❛r❣❡ s✐③❡s ❢♦r ❛ ♠♦r❡ ✈✐s✉❛❧ ❡✛❡❝t✱
✹✻
✲ t♦ st✉❞② t❤❡ ♠♦❞❡❧✐♥❣ ❛♥❞ t❤❡ ❝♦♥tr♦❧ ♦❢ t❤❡ ♥♦✈❡❧ ❦✐♥❡♠❛t✐❝s✱
✲ ❛♥❞ t♦ ❢✉rt❤❡r ❝r❡❛t❡ ❛ ❜❡♥❝❤♠❛r❦ ❢♦r t❡❛❝❤✐♥❣ ❧❛❜s✳
❚❡♥ t✐♠❡s ❧❛r❣❡r t❤❛♥ t❤❡ µP■❇❖❚✱ t❤❡ ♠❛❝r♦ ✈❡rs✐♦♥ ✐s ❜❛s❡❞ ♦♥ ♣✐❡③♦❡❧❡❝tr✐❝ st❛❝❦
❛❝t✉❛t♦rs ✇❤✐❝❤ ♣♦ss❡ss ❤✐❣❤ st✐✛♥❡ss ❛♥❞ ❤✐❣❤ ❛❝t✉❛t✐♦♥ ❢♦r❝❡s✳ ❇❛s❡❞ ♦♥ ❛❧✉♠✐♥✉♠ ♠❛t❡r✐❛❧✱
t❤❡ str✉❝t✉r❡ ♦❢ t❤❡ r♦❜♦t ✇❛s ♠❛❝❤✐♥❡❞ ✇✐t❤ ❡❧❡❝tr♦ ❞✐s❝❤❛r❣❡ t❡❝❤♥✐q✉❡✳ ❋✐❣✳ ✷✳✶✶ ♣✐❝t✉r❡s
t❤❡ ❢❛❜r✐❝❛t❡❞ r♦❜♦t✳ Pr❡❧✐♠✐♥❛r② ❡①♣❡r✐♠❡♥t❛❧ ❝❤❛r❛❝t❡r✐③❛t✐♦♥ ❞❡♠♦♥str❛t❡s t❤❡ ❡✣❝✐❡♥❝② ♦❢
t❤❡ ❦✐♥❡♠❛t✐❝s ❛♥❞ t❤❡ ❡✣❝✐❡♥❝② ♦❢ t❤❡ ❛♠♣❧✐✜❝❛t✐♦♥ ♠❡❝❤❛♥✐s♠✳
emplacement
of
piezostack
actuators
orientable
platform
(a)
(b)
❋✐❣✉r❡ ✷✳✶✶✿ ❚❤❡ ♠❛❝r♦ ✈❡rs✐♦♥ ♦❢ t❤❡ µP■❇❖❚✳
✷✳✹✳✹ P❡rs♣❡❝t✐✈❡s
❆ ❦✐♥❡♠❛t✐❝ ♠♦❞❡❧ ♦❢ t❤❡ ♠✐❝r♦r♦❜♦t ❤❛s ❜❡❡♥ ❞❡✈❡❧♦♣❡❞ ✐♥ ❬❈✹✺❪✳ ❈♦♠❜✐♥❡❞ ✇✐t❤ t❤❡ ✐♥t❡r✈❛❧
❛♥❛❧②s✐s✱ t❤❡ ❦✐♥❡♠❛t✐❝ ♠♦❞❡❧ ♣❡r♠✐tt❡❞ t♦ ❡st✐♠❛t❡ t❤❡ ❡rr♦r ♦❢ ♦r✐❡♥t❛t✐♦♥ ❛t t❤❡ ♣❧❛t❢♦r♠
✈❡rs✉s t❤❡ ❡✈❡♥t✉❛❧ ❡rr♦r q✉❛♥t✐✜❡❞ ✐♥ t❤❡ ❛r♠s ❛♥❞ ✐♥ t❤❡ ❥♦✐♥ts ❞✉❡ t♦ t❤❡ ♠✐❝r♦❢❛❜r✐❝❛t✐♦♥
❧✐♠✐t❛t✐♦♥✺✳ ❉✉❡ t♦ t❤❡ ✐♥t❡♥t✐♦♥ t♦ ✜❧❡ ❛ ♣❛t❡♥t ❛♥❞ t♦ ❝r❡❛t❡ ❛ ❝♦♠♣❛♥②✱ s❡✈❡r❛❧ ❞❡✈❡❧♦♣❡❞
st✉❞✐❡s r❡❧❛t✐✈❡ t♦ t❤❡ ♥♦✈❡❧ ♠✐❝r♦r♦❜♦t ❤❛✈❡ ♥♦t ❜❡❡♥ ♣✉❜❧✐s❤❡❞ ♥♦r s✉❜♠✐tt❡❞✳ ❲✐t❤ r❡❣❛r❞s
t♦ t❤❡ ❝♦♥tr♦❧✱ ✇❡ ❤❛✈❡ ♣r♦♣♦s❡❞ ❛ t❡❝❤♥✐q✉❡ ❜❛s❡❞ ♦♥ t❤❡ st❛♥❞❛r❞ H∞ ♠❡t❤♦❞✳ ❲❡ s❤♦✇
t❤❛t t❤✐s t❡❝❤♥✐q✉❡ ❝❛♥ r❡❞✉❝❡ t❤❡ ❧✐❣❤t❧② ❞❛♠♣❡❞ ✈✐❜r❛t✐♦♥s ♦❢ t❤❡ str✉❝t✉r❡ ❝❛✉s❡❞ ❜② t❤❡
♣✐❡③♦❡❧❡❝tr✐❝ ❝❛♥t✐❧❡✈❡r ❛❝t✉❛t♦rs✱ ♣❡r♠✐ts t♦ r❡❛❝❤ ❛♥ ❛❝❝✉r❛❝② ♦❢ s❝❛♥♥✐♥❣ ❛♥❞ t♦ ❜❡ r♦❜✉st
❡♥♦✉❣❤ ❢❛❝❡ t♦ ✉♥♠♦❞❡❧❡❞ ❞②♥❛♠✐❝s ♦❢ t❤❡ ♠✐❝r♦r♦❜♦t✳
❆♥♦t❤❡r ✐♠♣♦rt❛♥t ♣❡rs♣❡❝t✐✈❡ ✐♥ ❞❡s✐❣♥✐♥❣ ♠✐❝r♦r♦❜♦ts ✐s t❤❡ ♠❛t❡r✐❛❧s t❤❡♠s❡❧✈❡s✳ P❩❚
♣✐❡③♦❡❧❡❝tr✐❝ ♠❛t❡r✐❛❧s✱ ✉t✐❧✐③❡❞ ✐♥ ♦✉r ❝❛s❡✱ ♣♦ss❡ss ❧❡❛❞ ✇❤✐❝❤ ✐s ♥♦t ❣❡♥❡r❛❧❧② ❞❡s✐r❡❞ ✐♥ ♠❡❞✲
✺❊rr♦r q✉❛♥t✐③❛t✐♦♥ ✈✐❛ ✐♥t❡r✈❛❧ t♦♦❧s✿ s✉❜♠✐tt❡❞ ❛t ■❊❊❊ ■❈❘❆ ❝♦♥❢❡r❡♥❝❡ ✷✵✶✺✱ ❙✳ ▲❡s❝❛♥♦✱ ▼✳ ❘❛❦♦t♦♥✲
❞r❛❜❡✱ ◆✳ ❆♥❞r❡✛✱ ✧Pr❡❝✐s✐♦♥ Pr❡❞✐❝t✐♦♥ ❯s✐♥❣ ■♥t❡r✈❛❧ ❊①♣♦♥❡♥t✐❛❧ ▼❛♣♣✐♥❣ ♦❢ ❛ P❛r❛❧❧❡❧ ❑✐♥❡♠❛t✐❝ ❙♠❛rt
❈♦♠♣♦s✐t❡ ▼✐❝r♦str✉❝t✉r❡✧✳
✹✼
✐❝❛❧ ❛♣♣❧✐❝❛t✐♦♥s✳ ■♥ t❤❡ µ❘❆▲P ♣r♦❥❡❝t✱ ✐t ✐s ❡①♣❡❝t❡❞ t❤❛t t❤❡ ♠✐❝r♦r♦❜♦t ✐s ✇❡❧❧ s❤❡❧t❡r❡❞ t♦
❛✈♦✐❞ t❤❡ ❡①♣♦s✉r❡ ♦❢ t❤❡ ❧❡❛❞ t♦ t❤❡ ✐♥✲✈✐✈♦ ❡♥✈✐r♦♥♠❡♥t✳ ❚❤♦✉❣❤✱ st✉❞②✐♥❣ ♦t❤❡r ♣✐❡③♦❡❧❡❝✲
tr✐❝ ♠❛t❡r✐❛❧s ❢♦r t❤❡ ❞❡✈❡❧♦♣♠❡♥t ♦❢ t❤❡ ♠✐❝r♦r♦❜♦ts s❤♦✉❧❞ ❛❧s♦ ❜❡ ✐♥✈❡st✐❣❛t❡❞✳ ❈♦♠♣❡t✐t✐✈❡
♠❛t❡r✐❛❧s t♦ ✇❤✐❝❤ ✇❡ ❡①♣❡❝t t♦ ❢♦❝✉s ❛r❡ ❧✐t❤✐✉♠ ♥✐♦❜❛t❡✳ ❈♦♠♠❡r❝✐❛❧❧② ❛✈❛✐❧❛❜❧❡ ❛t ❛❝❝❡ss✐❜❧❡
♣r✐❝❡s✱ t❤❡② ❝❛♥ ♣r♦✈✐❞❡ ❤✐❣❤ ❞❡❢♦r♠❛t✐♦♥ ❛♥❞ ❤✐❣❤ st✐✛♥❡ss t❤❛t ❝❛♥ ❝♦♠♣❡t t❤♦s❡ ♦❢ P❩❚ ✐❢
✇❡❧❧ tr❡❛t❡❞✳
✷✳✹✳✺ ❆❝❦♥♦✇❧❡❞❣♠❡♥ts
❚❤❡ ❞❡✈❡❧♦♣♠❡♥t✱ ♠♦❞❡❧✐♥❣ ❛♥❞ ❝♦♥tr♦❧ ♦❢ t❤❡ ♠✐❝r♦r♦❜♦t ❛♥❞ ♦❢ ✐ts ♠❛❝r♦ ✈❡rs✐♦♥ ❛r❡ ✇✐t❤✐♥
t❤❡ P❤❉ ✇♦r❦s ♦❢ ❙❡r❣✐♦ ▲❡s❝❛♥♦ ❛♥❞ t❤❡ ✐♥t❡r♥s❤✐♣s ♦❢ ❊r✇❛♥♥ ❉✉♣♦♥t ❛♥❞ ■s♠❛ë❧ ❆❤♠❡❞
■s♠❛ë❧✳ ❆ ❝r❡❛t✐♦♥ ♦❢ ❛ ❝♦♠♣❛♥② r❡❧❛t❡❞ t♦ t❤❡s❡ ✇♦r❦s ✐s ❡①♣❡❝t❡❞ ❛❢t❡r t❤❡ P❤❉ ♦❢ ❙❡r❣✐♦✳
❋✉❧❧② s✉♣♣♦rt❡❞ ❜② t❤❡ ❆❙✷▼ ❞❡♣❛rt♠❡♥t ❛♥❞ ❜② ■ ♠②s❡❧❢✱ ❙❡r❣✐♦ ✐s t❤❡ ❧❡❛❞❡r ♦❢ t❤✐s ❝♦♠♣❛♥②✳
✷✳✺ ❈❛rt❡s✐❛♥ ♣✐❡③♦❡❧❡❝tr✐❝ ♠✐❝r♦str✉❝t✉r❡
■♥ t❤❡ ♣r❡✈✐♦✉s s❡❝t✐♦♥✱ ✇❡ s❤♦✇ t❤❛t s✐♠♣❧❡ ♣✐❡③♦❡❧❡❝tr✐❝ ❝❛♥t✐❧❡✈❡r ❛❝t✉❛t♦rs ❝❛♥ ❜❡ ❡①♣❧♦✐t❡❞
t♦ ❞❡✈❡❧♦♣ ♠♦r❡ ❝♦♠♣❧❡① str✉❝t✉r❡s✳ ■♥ t❤✐s s❡❝t✐♦♥✱ ✇❡ st✐❧❧ ❡①♣❧♦✐t ♣✐❡③♦❡❧❡❝tr✐❝ ❝❛♥t✐❧❡✈❡r ❛❝✲
t✉❛t♦rs t♦ ❞❡✈❡❧♦♣ ❝♦♠♣❧❡① ♣♦s✐t✐♦♥✐♥❣ s②st❡♠s ❜✉t ✇✐t❤ ♠♦r❡ r❡❞✉❝❡❞ s✐③❡s ✭t♦✇❛r❞s ▼❊▼❙✮✳
❆ ❝❛rt❡s✐❛♥ str✉❝t✉r❡ ❢r♦♠ ✇❤✐❝❤ ✇❡ ❡①♣❡❝t t♦ ❤❛✈❡ xyz ❞✐s♣❧❛❝❡♠❡♥ts ✐s ❞❡✈❡❧♦♣❡❞✳ ❚❤❡
✇✐❞❡❧② ❛✈❛✐❧❛❜❧❡ ❛♥❞ ❧♦✇ ❝♦sts P❩❚ ♣✐❡③♦❡❧❡❝tr✐❝ ♠❛t❡r✐❛❧s ❛r❡ st✐❧❧ ✉s❡❞ ❢♦r t❤❡ ❛❝t✉❛t✐♦♥✳ ❆❞✲
❞✐t✐♦♥❛❧❧② t♦ t❤❡ ❝❤❛❧❧❡♥❣❡ ♣♦s❡❞ ❜② t❤❡ ❦✐♥❡♠❛t✐❝s t♦ ❜❡ st✉❞✐❡❞ ✐♥ ♦r❞❡r t♦ ❤❛✈❡ ❧❛r❣❡ r❛♥❣❡
♦❢ ❞✐s♣❧❛❝❡♠❡♥t✱ ❛♥♦t❤❡r ❝❤❛❧❧❡♥❣❡ ✐s t❤❡ ❢❛❜r✐❝❛t✐♦♥ ✐ts❡❧❢✳ ❚❤❡ ✇❤♦❧❡ str✉❝t✉r❡✱ ✐♥❝❧✉❞✐♥❣ t❤❡
s✉♣♣♦rt✱ s❤♦✉❧❞ ❜❡ ❧❡ss t❤❛♥ 10mm× 10mm ✐♥ s✉r❢❛❝❡✳ ❲✐t❤ s✉❝❤ ❞✐♠❡♥s✐♦♥s✱ ♠✐❝r♦❢❛❜r✐❝❛✲
t✐♦♥ ✭✐♥ ❝❧❡❛r r♦♦♠✮ t❡❝❤♥♦❧♦❣② s❤♦✉❧❞ ❜❡ ✉t✐❧✐③❡❞✳ ❍♦✇❡✈❡r✱ t❤♦✉❣❤ ♠❛♥② ♠✐❝r♦❢❛❜r✐❝❛t✐♦♥
♣r♦❝❡ss❡s ❛r❡ ✉s✉❛❧ ❛♥❞ ✇❡❧❧ s❡tt❧❡❞ ✐♥ t❤❡ ❧✐tt❡r❛t✉r❡ ❛♥❞ ❛t t❤❡ ▼■▼❊◆❚❖ ❝❡♥t❡r✻ ♦❢ t❤❡
❋❊▼❚❖✲❙❚ ■♥st✐t✉t❡✱ ❜✉t t❤❡ ♣r♦❝❡ss❡s ♦❢ ♠✐❝r♦❢❛❜r✐❝❛t✐♦♥ ♦❢ ❜✉❧❦ P❩❚ ♠❛t❡r✐❛❧s ✐s r❡❧❛t✐✈❡❧②
♥❡✇✳
✷✳✺✳✶ ▼✐❝r♦❢❛❜r✐❝❛t✐♦♥ ♦❢ P❩❚ ♠❛t❡r✐❛❧s
❚✇♦ ❢❛s❤✐♦♥s ❡①✐st t♦ ❢❛❜r✐❝❛t❡ P❩❚ ❜❛s❡❞ s②st❡♠s✿ ✶✮ t❤❡ s②st❡♠s ❛r❡ ❢❛❜r✐❝❛t❡❞ ✇✐t❤ P❩❚
❜✉❧❦ ♠❛t❡r✐❛❧s✱ ✷✮ ❛♥❞ t❤❡ s②st❡♠s ❛r❡ ❜❛s❡❞ ♦♥ P❩❚ t❤✐♥ ✜❧♠s✳
P❩❚ ❜✉❧❦ ♠❛t❡r✐❛❧s ❛r❡ ❝♦♠♠❡r❝✐❛❧❧② ❛✈❛✐❧❛❜❧❡ ❛t ❧♦✇ ♣r✐❝❡s✳ ❚❤❡② ❤❛✈❡ ❛ ❤✐❣❤ ❝♦✉♣❧✐♥❣
❢❛❝t♦r ❛♥❞ ❝❛♥ ♦✛❡r ❛ ❤✐❣❤ r❡s♦❧✉t✐♦♥✱ ❛ ❤✐❣❤ ❜❛♥❞✇✐❞t❤ ❛♥❞ ❛ ❤✐❣❤ st✐✛♥❡ss ♠❛❦✐♥❣ t❤❡♠ ✇❡❧❧
❛❞❛♣t❡❞ t♦ ❛❝t✉❛t✐♦♥✳ ❚❤❡ ❛✈❛✐❧❛❜❧❡ t❤✐❝❦♥❡ss❡s r❛♥❣❡ ❜❡t✇❡❡♥ 100µm t♦ s❡✈❡r❛❧ ❤✉♥❞r❡❞s ♦❢
♠✐❝r♦♠❡t❡rs✳ ❚❤❡② ❛r❡ ✇✐❞❡❧② ✉t✐❧✐③❡❞ t♦ ❢❛❜r✐❝❛t❡ str✉❝t✉r❡s ❛♥❞ s②st❡♠s ✇✐t❤♦✉t t❤✐♥♥✐♥❣
t❤❡✐r t❤✐❝❦♥❡ss❡s✳ ❚❤❡ ♠❛✐♥ ❢❛❜r✐❝❛t✐♦♥ st❡♣s ❛r❡✿ ❜♦♥❞✐♥❣ t❤❡ P❩❚ ❜✉❧❦ ✇✐t❤ ♣❛ss✐✈❡ ♠❛t❡r✐✲
❛❧s ✭♥✐❝❦❡❧✱ ❝❤r♦♠❡✱ ❝♦♣♣❡r✱ ✳✳✳✮ ❛♥❞ ❞✐❝✐♥❣ ✇✐t❤ s❛✇s✳ ❚❤❡ ❢❛❜r✐❝❛t✐♦♥ ✐s ♥♦t ✐♥ ❝❧❡❛♥ r♦♦♠✳ ❆
♠❛✐♥ ❧✐♠✐t❛t✐♦♥ ♦❢ t❤✐s t❡❝❤♥♦❧♦❣② ✐s t❤❡ ♠✐♥✐♠❛❧ t❤✐❝❦♥❡ss ♣♦ss✐❜❧❡ ✇❤✐❝❤ ❝❛♥♥♦t ❣♦❡s ✉♥❞❡r
100µm✳ ❚❤❡ ❧❛r❣❡ t❤✐❝❦♥❡ss❡s ♦❢ t❤❡ ❛❝t✉❛t♦rs ❛r❡ s✉❝❤ t❤❛t ❤✐❣❤ ✈♦❧t❛❣❡s ❛r❡ r❡q✉✐r❡❞ t♦
✻▼■▼❊◆❚❖ ✐s t❤❡ ❝❡♥t❡r ♦❢ ♠✐❝r♦❢❛❜r✐❝❛t✐♦♥ ♦❢ ❋❊▼❚❖✲❙❚ ■♥st✐t✉t❡✳ ■t ✐s ♦♥❡ ♦❢ t❤❡ s✐① ❣r❡❛t ❝❡♥t❡rs ♦❢
t❡❝❤♥♦❧♦❣✐❡s ✐♥ ❋r❛♥❝❡✳
✹✽
♦❜t❛✐♥ ❛ ❝♦♥✈❡♥✐❡♥t ❡❧❡❝tr✐❝❛❧ ✜❡❧❞ ❛♥❞ t❤✉s ❛ ❝♦♥✈❡♥✐❡♥t ❞✐s♣❧❛❝❡♠❡♥t✳ ❚♦ ♠❛①✐♠✐③❡ t❤❡ ❞✐s✲
♣❧❛❝❡♠❡♥ts✱ t❤❡ ❧❡♥❣t❤ ♦❢ t❤❡ ❛❝t✉❛t♦r ✐s ♦❢t❡♥ ✐♥❝r❡❛s❡❞ r❡s✉❧t✐♥❣ ✐♥ q✉✐t❡ ❜✉❧❦② ❞❡✈✐❝❡s ✭t❡♥s
♦❢ ♠♠ ❧♦♥❣ ❝❛♥t✐❧❡✈❡rs✮✳ ❊①❛♠♣❧❡s ♦❢ ❝❛♥t✐❧❡✈❡rs str✉❝t✉r❡s ❜❛s❡❞ ♦♥ P❩❚ ❜✉❧❦s ♠❛t❡r✐❛❧s ❛r❡
t❤❡ s❝❛♥♥❡rs ✐♥ ❛t♦♠✐❝ ❢♦r❝❡ ♠✐❝r♦s❝♦♣❡s ❬✶✸✕✶✽❪✱ ❛♥❞ t❤❡ ♠✐❝r♦❣r✐♣♣❡rs ✐♥ ♠✐❝r♦♠❛♥✐♣✉❧❛t✐♦♥
❛♥❞ ♠✐❝r♦❛ss❡♠❜❧② ❬✺✾✕✻✼❀ ✽✸✕✽✻❪❬P❚✶❪❬❏✶✹❪❬❈✶✶❪✳
■♥ t❤✐♥ ✜❧♠s ❛♣♣r♦❛❝❤✱ t❤❡ ♣r✐♥❝✐♣❧❡ ✐s ❜❛s❡❞ ♦♥ t❤❡ ❞❡♣♦s✐t✐♦♥ ♦❢ t❤✐♥ ❧❛②❡rs ♦❢ ♣✐❡③♦❡❧❡❝tr✐❝
♠❛t❡r✐❛❧s ✇✐t❤ t❤✐❝❦♥❡ss❡s ❧❡ss t❤❛♥ 100nm✳ ❚❤❡ ❞❡♣♦s✐t✐♦♥ st❡♣ ✐s r❡♣❡❛t❡❞ ✉♥t✐❧ t❤❡ ♦❜t❡♥✲
t✐♦♥ ♦❢ t❤❡ s♣❡❝✐✜❡❞ ❛♥❞ ✜♥❛❧ t❤✐❝❦♥❡ss ✇❤✐❝❤ ❞♦❡s ♥♦t ❣❡♥❡r❛❧❧② ❡①❝❡❡❞ 10µm✳ ❚❤✐s ❛♣♣r♦❛❝❤
❡♥❛❜❧❡s t❤❡ ❢❛❜r✐❝❛t✐♦♥ ♦❢ ✈❡r② s♠❛❧❧ ❛❝t✉❛t♦rs ✭♦❢t❡♥ ♠✉❝❤ s♠❛❧❧❡r t❤❛♥ ❛ mm✮✳ ■♥ P❩❚ ♠❛t❡✲
r✐❛❧s✱ ♦♥❧② P❩❚ s♦❧✲❣❡❧ ❤❛✈❡ ❜❡❡♥ ❡♠♣❧♦②❡❞ ❬✷✶❀ ✷✷❪✳ ❖t❤❡r t❤❛♥ P❩❚✱ ❛❧✉♠✐♥✉♠ ♥✐tr✐❞❡ ✭❆❧◆✮
♣✐❡③♦❡❧❡❝tr✐❝ ♠❛t❡r✐❛❧ ✐s t❤❡ ♠♦st ❡♠♣❧♦②❡❞ ❬✾✽✕✶✵✵❀ ✶✹✸✕✶✹✻❪✳ ❇❡❝❛✉s❡ t❤❡ t❤✐❝❦♥❡ss❡s ❛r❡
✈❡r② s♠❛❧❧✱ ❤✐❣❤ ❡❧❡❝tr✐❝❛❧ ✜❡❧❞s ❛r❡ ♦❜t❛✐♥❡❞ ❢♦r t❤❡ s❛♠❡ r❛♥❣❡ ♦❢ ❞r✐✈✐♥❣ ✈♦❧t❛❣❡s ❛s ✐♥ ❜✉❧❦✳
❈♦♥s❡q✉❡♥t❧②✱ t❤❡ ❢❛❜r✐❝❛t❡❞ ❛❝t✉❛t♦rs ❝❛♥ ♣r♦✈✐❞❡ ✈❡r② ❧❛r❣❡ ❞✐s♣❧❛❝❡♠❡♥ts ✭❤✉♥❞r❡❞s ♦❢ µm✮
✇✐t❤ ❧♦✇ ✈♦❧t❛❣❡s✳ ◆❡✈❡rt❤❡❧❡ss✱ t❤❡ st✐✛♥❡ss ♦❜t❛✐♥❡❞ ✇✐t❤ t❤✐s ❛♣♣r♦❛❝❤ ✐s ❧♦✇ ♠❛❦✐♥❣ ✐t ♥♦t
❡✣❝✐❡♥t ❢♦r ❛❝t✉❛t✐♦♥ t❤❛t r❡q✉✐r❡s ❤✐❣❤ t♦rq✉❡✳ ❋✉rt❤❡r♠♦r❡✱ t❤❡ ❞②♥❛♠✐❝s ♦❢ t❤❡ str✉❝t✉r❡s
❛r❡ ❧♦✇ ✭t②♣✐❝❛❧❧② ❧❡ss t❤❛♥ ❛ ❦❍③✮✳
❚❤❡s❡ t✇♦ ♠❛✐♥ ❛♣♣r♦❛❝❤❡s ❡♥❛❜❧❡ t❤❡ ❢❛❜r✐❝❛t✐♦♥ ♦❢ ♣❡r❢♦r♠❛♥t ❛❝t✉❛t♦rs ❜✉t ✇✐t❤ ✈❡r②
❞✐✛❡r❡♥t ❢❡❛t✉r❡s ❬✶✺✷❪✳ ❚❤❡r❡ ✐s t❤❡r❡❢♦r❡ ❛♥ ✐♥t❡r❡st t♦ s✉❝❝❡❡❞ ✐♥ t❤❡ ❢❛❜r✐❝❛t✐♦♥ ♦❢ ✐♥t❡r✲
♠❡❞✐❛t❡ str✉❝t✉r❡s✱ ❝❛❧❧❡❞ ✧t❤✐❝❦ ✜❧♠s✧✱ ✐♥ ♦r❞❡r t♦ ❜❡♥❡✜t ❢r♦♠ t❤❡ ❛❞✈❛♥t❛❣❡s ♦❢ ❜♦t❤✿ ❧❛r❣❡
❞✐s♣❧❛❝❡♠❡♥ts ✇✐t❤ ❧♦✇ ✈♦❧t❛❣❡✱ s♠❛❧❧ s✐③❡s✱ ❤✐❣❤ st✐✛♥❡ss ❛♥❞ ❤✐❣❤ ❞②♥❛♠✐❝s✳ ❚❤❡ t❤✐❝❦♥❡ss❡s
✐♥ t❤✐s ✐♥t❡r♠❡❞✐❛t❡ ❛♣♣r♦❛❝❤ r❛♥❣❡ ❜❡t✇❡❡♥ 10µm ❛♥❞ ❛❜♦✉t 100µm✳ ❋✐❣✳ ✷✳✶✷ s✉♠♠❛r✐③❡s t❤❡
t❤r❡❡ ❛♣♣r♦❛❝❤❡s ✇❤❡r❡ ✐♥ ♣❛r❡♥t❤❡s✐s ❛r❡ ✐♥❞✐❝❛t❡❞ t❤❡ ♠❛✐♥ st❡♣s ♦❢ t❤❡ ❢❛❜r✐❝❛t✐♦♥ ♣r♦❝❡ss❡s✳
❆❝t✉❛❧❧②✱ ✧t❤✐❝❦ ✜❧♠s✧ t❡❝❤♥♦❧♦❣✐❡s ❤❛✈❡ ❜❡❡♥ r❡❛❧✐s❡❞ r❡❝❡♥t❧② t♦ ❞❡✈❡❧♦♣ ✈❡r② ♠✐♥✐❛t✉r✐③❡❞
P❩❚ str✉❝t✉r❡s ❬✶✵✵❀ ✶✺✸✕✶✺✺❪✳ ❚❤❡ ♣r♦❝❡ss ♦❢ ♠✐❝r♦❢❛❜r✐❝❛t✐♦♥✱ ✐♥ ❝❧❡❛♥ r♦♦♠✱ ✐s ❜❛s❡❞ ♦♥
❜♦♥❞✐♥❣ ❛♥❞ t❤✐♥♥✐♥❣ ❛♥❞ ✇❛s ♣❡r❢♦r♠❡❞ ❛t ❡❧❡✈❛t❡❞ t❡♠♣❡r❛t✉r❡✳ ❚❤✐s ❤✐❣❤ t❡♠♣❡r❛t✉r❡
♣r♦❝❡ss ♠❛② ❝❛✉s❡ ❛ r❡❞✉❝t✐♦♥ ♦❢ t❤❡ ♠❡❝❤❛♥✐❝❛❧ ❛♥❞ ♣✐❡③♦❡❧❡❝tr✐❝ ♣r♦♣❡rt✐❡s ♦❢ t❤❡ P❩❚✳ ■♥
t❤❡ ❛♣♣r♦❛❝❤ ✇❡ ❤❛✈❡ ♣r♦♣♦s❡❞ ❛♥❞ ✇❡ r❡♣♦rt ❤❡r❡✱ t❤❡ ❞❡❛❧ ❝♦♥s✐sts ✐♥ ♣r♦❝❡ss✐♥❣ ✧t❤✐❝❦
✜❧♠s✧ P❩❚ ❛t ❛♠❜✐❛♥t t❡♠♣❡r❛t✉r❡ ✇❤✐❝❤ t❤❡r❡❢♦r❡ ❧✐♠✐ts t❤❡ r❡❞✉❝t✐♦♥ ♦❢ t❤❡ ♣r♦♣❡rt✐❡s ♦❢
t❤❡ ♣✐❡③♦❡❧❡❝tr✐❝ ♠❛t❡r✐❛❧s✳ ❚❤❡ ♠✐❝r♦❢❛❜r✐❝❛t✐♦♥ ✐s r♦✉❣❤❧② ❝♦♠♣♦s❡❞ ♦❢ t❤❡ ❢♦❧❧♦✇✐♥❣ st❡♣s✿
✐✮ ❞❡♣♦s✐t✐♦♥ ♦❢ t❤❡ P❩❚ ❜✉❧❦ ♦♥ t❤❡ s✐❧✐❝♦♥ ✇❛❢❡r t❤❛♥❦s t♦ ❣♦❧❞✲❜♦♥❞✐♥❣ ❛♥❞ ♣✉❧✈❡r✐③❛t✐♦♥
t❡❝❤♥✐q✉❡ ❛t ❧♦✇ t❡♠♣❡r❛t✉r❡✱ ✐✐✮ t❤✐♥♥✐♥❣ t❤❡ P❩❚ ❜✉❧❦ ✇✐t❤ ♣♦❧✐s❤✐♥❣ t❡❝❤♥✐q✉❡✱ ✐✐✐✮ ❡t❝❤✲
✐♥❣ t❤❡ P❩❚ ❧❛②❡r ✇✐t❤ ❉❘■❊ ❙❚❙ ✭❞❡❡♣ r❡❛❝t✐✈❡ ✐♦♥ ❡t❝❤✐♥❣ ✲ s✉r❢❛❝❡ t❡❝❤♥♦❧♦❣② s②st❡♠s✮
t❡❝❤♥✐q✉❡✱ ✐✈✮ ❛♥❞ ❡t❝❤✐♥❣ t❤❡ s✐❧✐❝♦♥ ✇✐t❤ ❉❘■❊ t❡❝❤♥✐q✉❡✳
✹✾
thin film thick film bulk
bulk PZT
PZT sol-gel
targetted thicknesses
(spinning, sputtering, coating...)
(manual gluing, dicing...)
(bulk thinning and deposition,
low temperature)
❋✐❣✉r❡ ✷✳✶✷✿ ❚❤r❡❡ ❛♣♣r♦❛❝❤❡s ❢♦r tr❡❛t✐♥❣ P❩❚ ♠❛t❡r✐❛❧s✳
✷✳✺✳✷ ❚❤❡ ❞❡s✐❣♥❡❞ ❛♥❞ ♠✐❝r♦❢❛❜r✐❝❛t❡❞ ♠✐❝r♦str✉❝t✉r❡
❋✐❣✳ ✷✳✶✸✲❛ ❞❡♣✐❝ts t❤❡ ♣r♦♣♦s❡❞ ❦✐♥❡♠❛t✐❝s ♦❢ t❤❡ ❝❛rt❡s✐❛♥ ♠✐❝r♦str✉❝t✉r❡✳ ■t ✐s ❝♦♠♣♦s❡❞
♦❢ ♣✐❡③♦❡❧❡❝tr✐❝ ❝❛♥t✐❧❡✈❡r ❛❝t✉❛t♦rs ❛♥❞ ♦❢ t❤❡ ♠♦✈❛❜❧❡ t❛❜❧❡ ✇❤✐❝❤ ❝❛♥ ❜❡ ❛❝t✉❛t❡❞ ❛❧♦♥❣
t❤r❡❡ ❞✐r❡❝t✐♦♥s ✭xyz ❛①❡s✮✳ ❚❤❡ ❡①♣❡❝t❡❞ r❛♥❣❡ ♦❢ ❞✐s♣❧❛❝❡♠❡♥t ❢r♦♠ t❤❡ ♠✐❝r♦str✉❝t✉r❡ ✐s
♦❢ ±20µm ✐♥✲♣❧❛♥❡ ❛♥❞ ♦❢ ±30µm ♦✉t✲♦❢✲♣❧❛♥❡✳ ❚❤❡ ✇❤♦❧❡ ♠✐❝r♦str✉❝t✉r❡ ✐s ❢❛❜r✐❝❛t❡❞ ✉s✐♥❣
t❤❡ ✧t❤✐❝❦ ✜❧♠✧ ♣r♦❝❡ss ♣r❡✈✐♦✉s❧② ♣r❡s❡♥t❡❞✳
❚❤❡ ♣✐❡③♦❡❧❡❝tr✐❝ ❝❛♥t✐❧❡✈❡r ❛❝t✉❛t♦rs ❛r❡ ✉♥✐♠♦r♣❤✼ ❛♥❞ ❝❛♥ ❜❡♥❞ ❛❧♦♥❣ t✇♦ ❛①❡s✿ ✐♥✲♣❧❛♥❡
❛♥❞ ♦✉t✲♦❢✲♣❧❛♥❡✳ ❚❤❡ s❡❝♦♥❞ ❞❡❣r❡❡ ♦❢ ❢r❡❡❞♦♠ ✭✐♥✲♣❧❛♥❡✮ ✐s ♦❜t❛✐♥❡❞ t❤❛♥❦s t♦ ❛ ❥✉❞✐❝✐♦✉s
s❡t ♦❢ ❡❧❡❝tr♦❞❡s ♦♥ t❤❡ ❛❝t✉❛t♦r ❬✻✷❪✳ ❊✐❣❤t ♦❢ t❤❡ ♣✐❡③♦❡❧❡❝tr✐❝ ❛❝t✉❛t♦rs ❛r❡ s♣r❡❛❞ ❜② ♣❛✐r
❛r♦✉♥❞ t❤❡ ♠♦✈❛❜❧❡ t❛❜❧❡✳ ❆ s♣r✐♥❣✲❧✐❦❡ ❝❛♥t✐❧❡✈❡r ❝♦♥♥❡❝ts ❡❛❝❤ ❛❝t✉❛t♦r ✇✐t❤ t❤❡ t❛❜❧❡✳ ❚❤❡
s♣r✐♥❣s ❛❧s♦ s❡r✈❡ ❛s ❣✉✐❞❡ ❢♦r t❤❡ xyz ♠♦✈❡♠❡♥t ❢♦r t❤❡ ♠✐♥✐♠✐③❛t✐♦♥ ♦❢ t❤❡ ❝r♦ss✲❝♦✉♣❧✐♥❣s
❜❡t✇❡❡♥ t❤❡ ❛①❡s✳
■♥ ♦r❞❡r t♦ ✈❛❧✐❞❛t❡ ✜rst t❤❡ ♣r♦❝❡ss ♦❢ ❢❛❜r✐❝❛t✐♦♥✱ ✇❡ ❤❛✈❡ ❞❡✈❡❧♦♣❡❞ s✐♠♣❧❡ str✉❝t✉r❡s✿
✉♥✐♠♦r♣❤ ♣✐❡③♦❝❛♥t✐❧❡✈❡r ❛❝t✉❛t♦rs ✇✐t❤ ❞✐✛❡r❡♥t ❞✐♠❡♥s✐♦♥s ✭❧❡♥❣t❤✱ ✇✐❞t❤ ❛♥❞ t❤✐❝❦♥❡ss❡s✮✳
❚❤❡ r❡s✉❧ts ❛r❡ ❞❡♣✐❝t❡❞ ✐♥ ❋✐❣✳ ✷✳✶✸✲❜ ❛♥❞ t❤❡ ♣r❡❧✐♠✐♥❛r② ❝❤❛r❛❝t❡r✐③❛t✐♦♥ s❤♦✇s t❤❛t t❤❡
♣❡r❢♦r♠❛♥❝❡s ♣r❡❞✐❝t❡❞ ❜② t❤❡ t❤❡♦r❡t✐❝❛❧ ♠♦❞❡❧ ✇❡r❡ r❡❛❝❤❡❞✽ ❋✐♥❛❧❧②✱ ❋✐❣✳ ✷✳✶✸✲❝ ❞❡♣✐❝ts ❛
✼❯♥✐♠♦r♣❤ ♣✐❡③♦❡❧❡❝tr✐❝ ❝❛♥t✐❧❡✈❡r ❛❝t✉❛t♦rs✿ s❡❡ ❆♣♣❡♥❞✐① ❈✳
✽❆ ♣❛♣❡r ❤❛s ❜❡❡♥ s✉❜♠✐tt❡❞ ❛t t❤❡ ■❖P ❏♦✉r♥❛❧ ♦❢ ▼✐❝r♦♠❡❝❤❛♥✐❝s ❛♥❞ ▼✐❝r♦❡♥❣✐♥❡❡r✐♥❣ ✐♥ ❆✉❣✉st ✷✵✶✹✳
❆ r❡✈✐s✐♦♥ ❤❛s ❜❡❡♥ r❡s✉❜♠✐tt❡❞✳ ❚❤❡ ♣❛♣❡r ♣r❡s❡♥ts t❤❡ ❧♦✇✲t❡♠♣❡r❛t✉r❡ ♠✐❝r♦❢❛❜r✐❝❛t✐♦♥ t❡❝❤♥♦❧♦❣② ❛♥❞ t❤❡
❡①❛♠♣❧❡s ♦❢ r❡❛❧✐③❛t✐♦♥ ✭❝❛♥t✐❧❡✈❡rs✮✳
✺✵
♣❤♦t♦ ♦❢ t❤❡ ✜rst ❢❛❜r✐❝❛t✐♦♥ s❡t ♦❢ t❤❡ ❝❛rt❡s✐❛♥ ♠✐❝r♦str✉❝t✉r❡✳ ❚❤✐s ✜rst s❡t ❝♦♥t❛✐♥s ♠❛♥②
♠✐♥♦r ❞❡❢❡❝ts ❛s ✐t ✐s ❢r♦♠ t❤❡ ✜rst tr✐❛❧ ♦❢ t❤❡ ♥❡✇ ♣r♦❝❡ss✳ ❖t❤❡r ❢❛❜r✐❝❛t✐♦♥s ❛r❡ ♦♥❣♦✐♥❣
❛♥❞ ❢r♦♠ ✇❤✐❝❤ ❡①♣❡r✐♠❡♥t❛❧ ❝❤❛r❛❝t❡r✐③❛t✐♦♥ ❛s ✇❡❧❧ ❛s ❝♦♥tr♦❧❧ ✇✐❧❧ ❜❡ ❝❛rr✐❡❞ ♦✉t✳
(a) (c)
piezoelectric cantilevers
compliant
structures
movable table
piezoelectric
cantilevers
electrical
contacts
(b)
❋✐❣✉r❡ ✷✳✶✸✿ ✭❛✮✿ ❈❆❉✲❞❡s✐❣♥ ♦❢ t❤❡ ❝❛rt❡s✐❛♥ ♠✐❝r♦str✉❝t✉r❡✳ ✭❜✮✿ ❢❛❜r✐❝❛t❡❞ ♣✐❡③♦❡❧❡❝tr✐❝
❝❛♥t✐❧❡✈❡rs ✇✐t❤ t❤❡ ✧t❤✐❝❦ ✜❧♠✧ ❛♣♣r♦❛❝❤✳ ✭❝✮✿ ❢❛❜r✐❝❛t❡❞ ❝❛rt❡s✐❛♥ ♠✐❝r♦str✉❝t✉r❡✳
✷✳✺✳✸ P❡rs♣❡❝t✐✈❡s
❚❤❡ ❞❡s✐❣♥ ♦❢ s♠❛❧❧❡r ❛♥❞ s♠❛❧❧❡r ✭t♦✇❛r❞s ▼❊▼❙✮ ❛♥❞ ❝♦♠♣❧❡① str✉❝t✉r❡❞ P❩❚ ❜✉❧❦s ❜❛s❡❞
s②st❡♠s ❤❛s ❜❡❡♥ st❛rt❡❞ t❤r♦✉❣❤ t❤✐s ✇♦r❦✳ P❩❚ ❜✉❧❦ ♠❛t❡r✐❛❧s ❛r❡ ✇✐❞❡❧② ❛✈❛✐❧❛❜❧❡ ❛t ❧♦✇
❝♦sts ❛♥❞ ❛r❡ ❣♦♦❞ ❝❛♥❞✐❞❛t❡s ❢♦r t❤❡ ❞❡✈❡❧♦♣♠❡♥t ♦❢ ❤✐❣❤❧② ♣❡r❢♦r♠❛♥t ❛❝t✉❛t♦rs✳ ❍♦✇❡✈❡r✱
♠✐❝r♦❢❛❜r✐❝❛t✐♦♥ ♦❢ P❩❚ ❜✉❧❦s ✇❡r❡ ❧✐♠✐t❡❞ ❛♥❞ ❞✐❞ ♥♦t ♣❡r♠✐t t♦ ❣♦ ❢✉rt❤❡r ♦♥ t❤❡ ♠✐♥✐❛t✉r✲
✐③❛t✐♦♥✳ ❚❤✐s t❡❝❤♥♦❧♦❣✐❝❛❧ ❜❛rr✐❡r ❤❛s ❜❡❡♥ ❜②♣❛ss❡❞ ❤❡r❡ ✇❤✐❝❤ ♦♣❡♥s ♠❛♥② ♣♦ss✐❜✐❧✐t✐❡s ✐♥
t❤❡ ❞❡✈❡❧♦♣♠❡♥t ♦❢ ❤✐❣❤❧② ♣❡r❢♦r♠❛♥t ❛❝t✉❛t❡❞ ♣✐❡③♦❡❧❡❝tr✐❝ ▼❊▼❙ ✇✐t❤ r❡❛s♦♥❛❜❧❡ ❝♦sts✳
✷✳✺✳✹ ❆❝❦♥♦✇❧❡❞❣♠❡♥ts
❚❤❡ ✇♦r❦s ❤❡r❡ ✇❡r❡ ❝❛rr✐❡❞ ♦✉t ✇✐t❤✐♥ t❤❡ s✉❝❝❡ss✐✈❡ ♣♦st❞♦❝t♦r❛❧ ❢❡❧❧♦✇s❤✐♣s ♦❢ ❉r✳ ❆❧❡①
❇✐❡♥❛✐♠é ❛♥❞ ❉r✳ ❱✐♥❝❡♥t ❈❤❛❧✈❡t✳ ■♥✈❡st✐❣❛t✐♦♥ ♦♥ t❤❡ ♠✐♥✐❛t✉r✐③❛t✐♦♥ ♦❢ P❩❚ ❞❡✈✐❝❡s ✇✐t❤
s♦❧✲❣❡❧ ❤❛s ❛❧s♦ ❜❡❡♥ st❛rt❡❞ ✇✐t❤✐♥ t❤❡ ✐♥t❡r♥s❤✐♣s ♦❢ ❆❞✐❛s❛ ❆❞✐❛s❛ ❛♥❞ ❋❛❞✇❛ ❍♦✉ss❛❧✐✳
❋✐♥❛❧❧② ♣❛r❛❧❧❡❧ ✇♦r❦s r❡❣❛r❞✐♥❣ t❤❡ ♠✐♥✐❛t✉r✐③❛t✐♦♥ ♦❢ P❩❚ ❜✉❧❦s ❝♦♠❜✐♥❡❞ ✇✐t❤ ❡❧❡❝tr♦st❛t✐❝
♣r✐♥❝✐♣❧❡ ❤❛✈❡ ❜❡❡♥ ❝❛rr✐❡❞ ✇✐t❤✐♥ t❤❡ ♣♦st❞♦❝t♦r❛❧ ❢❡❧❧♦✇s❤✐♣ ♦❢ ❉r✳ ❊❛❦❦❛❝❤❛✐ ❚♦♥ P❡♥❣✇❛♥❣✳
✷✳✻ ❉❡s✐❣♥ ♠❡t❤♦❞♦❧♦❣② ❢♦r ♣✐❡③♦❡❧❡❝tr✐❝ ❝❛♥t✐❧❡✈❡r s②st❡♠s ✉s✲
✐♥❣ ✐♥t❡r✈❛❧ t♦♦❧s
❚❤✐s s❡❝t✐♦♥ ♣r♦♣♦s❡s ❛ ♠❡t❤♦❞♦❧♦❣② t♦ ❞❡s✐❣♥ ❛❝t✉❛t❡❞ ♣✐❡③♦❡❧❡❝tr✐❝ ♠✐❝r♦s②st❡♠s✳ ❚❤❡ t❛r✲
❣❡t ✐s t♦ ❞❡✈❡❧♦♣ t❤❡ s②st❡♠s ❢r♦♠ ❛ ♣r✐♦r✐ ✐♠♣♦s❡❞ ❞❡s✐r❡❞ ♣❡r❢♦r♠❛♥❝❡s ❛♥❞ ❝❛♥ ❜❡ ✈❡r②
✺✶
❤❡❧♣❢✉❧ t♦ ❞❡s✐❣♥ s②st❡♠s ❢♦r ♣r❡❝✐s❡ ❛♥❞ ❤✐❣❤ ❞②♥❛♠✐❝s ♣♦s✐t✐♦♥✐♥❣✳
●❡♥❡r❛❧❧②✱ t❤❡r❡ ❡①✐st t✇♦ ♠❡t❤♦❞s t♦ ❞❡s✐❣♥ ❛♥❞ t♦ ❞❡✈❡❧♦♣ ♣✐❡③♦❡❧❡❝tr✐❝ s②st❡♠s✳ ■♥ t❤❡
✜rst✱ ❛ s❦❡t❝❤ ♦❢ t❤❡ str✉❝t✉r❡ ✐s ②✐❡❧❞❡❞ ♠❛♥✉❛❧❧② ❛♥❞ ✜♥✐t❡ ❡❧❡♠❡♥t ♠❡t❤♦❞s ✭❋❊▼✮ ❛r❡ ❛❢✲
t❡r✇❛r❞s ❡♠♣❧♦②❡❞ t♦ ✈❡r✐❢② ✐ts ♣❡r❢♦r♠❛♥❝❡s ❛♥❞ t♦ ❡✈❡♥t✉❛❧❧② ✐♠♣r♦✈❡ ♦r ♦♣t✐♠✐③❡ ✐t ❜❡❢♦r❡
t❤❡ ❢❛❜r✐❝❛t✐♦♥ ❬✻✵❀ ✻✼❀ ✽✹✕✾✶❀ ✾✻✕✶✵✵❀ ✶✹✵❀ ✶✹✺❀ ✶✹✻❀ ✶✺✸✕✶✺✺❪❬P❚✶❪❬❏✶✵❪❬❏✾❪✳ ❚❤✐s ♠❡t❤♦❞ ✐s
✇✐❞❡❧② ✉s❡❞✱ ❡❛s② t♦ ❛♣♣❧② ❛♥❞ ✜♥❡❧② ✇♦r❦s ✇✐t❤ ❜♦t❤ s✐♠♣❧❡ ❛♥❞ ❝♦♠♣❧❡① str✉❝t✉r❡s✳ ■❢ t❤❡
str✉❝t✉r❡ ✐s s✐♠♣❧❡ ✭❢♦r ❡①❛♠♣❧❡ ❝❛♥t✐❧❡✈❡rs✮✱ ❛ ❝♦♠♣❛r✐s♦♥ ❜❡t✇❡❡♥ t❤❡ ❋❊▼ s✐♠✉❧❛t✐♦♥ ✇✐t❤
t❤❡ t❤❡♦r❡t✐❝❛❧ ♠♦❞❡❧ ❝❛♥ ❛❧s♦ ❜❡ ❡✛❡❝t✉❛t❡❞✳ ❍♦✇❡✈❡r✱ t❤❡ ♠❡t❤♦❞ ❝❛♥♥♦t ❜❡ ✉s❡❞ ❢♦r ❛♥❛❧②t✲
✐❝❛❧ ❞❡s✐❣♥ ✇❤❡r❡ ❞❡s✐r❡❞ ♣❡r❢♦r♠❛♥❝❡s ❛r❡ ✐♠♣♦s❡❞ ❛ ♣r✐♦r✐ ❛♥❞ t❤❡ str✉❝t✉r❡ ✐s ❛♥❛❧②t✐❝❛❧❧②
❞❡s✐❣♥❡❞ ❢r♦♠ t❤❡♠✳
■♥ t❤❡ s❡❝♦♥❞ ♠❡t❤♦❞✱ t❤❡ ❞❡❛❧ ❝♦♥s✐sts ✐♥ ❞❡s✐❣♥✐♥❣ t❤❡ str✉❝t✉r❡s ♦♣t✐♠❛❧❧② ❬✻✹✕✻✻❀ ✶✺✻❀
✶✺✼❪✳ ❇❛s❡❞ ♦♥ ♦♣t✐♠❛❧ ❝♦♥tr♦❧ t❤❡♦r② t♦♦❧s ✭s✉❝❤ ❛s ♦❜s❡r✈❛❜✐❧✐t② ❛♥❞ ❝♦♥tr♦❧❧❛❜✐❧✐t② ❣r❛♠✐✲
❛♥s✮✱ t❤❡ ♠❡t❤♦❞ ❝❛♥ ♣r♦✈✐❞❡ ♦♣t✐♠❛❧ ❧♦❝❛t✐♦♥s ♦❢ ♣✐❡③♦❡❧❡❝tr✐❝ ❛❝t✉❛t♦rs ❛♥❞ s❡♥s♦rs ✐♥ ❛ ✇✐r❡
♠❡s❤✳ ❚❤✐s ♠❡t❤♦❞ ✐s ✈❡r② ✐♥t❡r❡st✐♥❣ ❛♥❞ ❡✣❝✐❡♥t ❢♦r tr❡✐❧❧✐s str✉❝t✉r❡s ❜❛s❡❞ ♦♥ ♣✐❡③♦❡❧❡❝tr✐❝
❝❛♥t✐❧❡✈❡rs✳
■♥ ♦✉r ✇♦r❦s✱ ✇❡ ♣r♦♣♦s❡ t♦ ❞❡s✐❣♥ ♣✐❡③♦❡❧❡❝tr✐❝ ❛❝t✉❛t♦rs ❜② ✉s✐♥❣ ✐♥t❡r✈❛❧ t♦♦❧s✳ ■♥t❡r✈❛❧
t❡❝❤♥✐q✉❡s ❛♥❞ r❡❧❛t❡❞ ❛r✐t❤♠❡t✐❝s ❤❛✈❡ ❜❡❡♥ ✉s❡❞ ✐♥ s❡✈❡r❛❧ ❛♣♣❧✐❝❛t✐♦♥s ✐♥ t❤❡ ♣❛st✱ ❡①❝❡♣t
❢♦r t❤❡ ❞❡s✐❣♥ ♦❢ ♠❡❝❤❛♥✐❝❛❧ s②st❡♠s ✭t♦ ♦✉r ❦♥♦✇❧❡❞❣❡✮ ❛s ✇❡ ✐♥t❡♥❞ t♦ ♣r♦♣♦s❡ ✐♥ t❤✐s ✇♦r❦✳
❚❤❡ ✐❞❡❛ ♦❢ ✉s✐♥❣ ✐♥t❡r✈❛❧s ❢♦r ❝❛❧❝✉❧❛t✐♦♥ ✇❛s ♣r♦♣♦s❡❞ ✐♥ ✶✾✷✹ ❜② ❇✉r❦✐❧❧ ❛♥❞ ✐♥ ✶✾✸✶ ❜②
❨♦✉♥❣✳ ❇✉t✱ ✐♥t❡r✈❛❧ ❛r✐t❤♠❡t✐❝s ❜❡❝❛♠❡ r❡❛❧❧② ♣♦♣✉❧❛r ❥✉st ❛❢t❡r t❤❡ ❛♣♣❡❛r❛♥❝❡ ♦❢ t❤❡ ❘✳❊✳
▼♦♦r❡✬s ❜♦♦❦ ✐♥ ✶✾✻✻ ❬✶✺✽❪✳ ❚❤✐s ❧❛t❡r ♣r♦✈✐❞❡❞ ❛ ❣❡♥❡r❛❧ ♠❡t❤♦❞ ❛♥❞ s♦♠❡ ❢♦r♠❛❧✐③❛t✐♦♥ ♦❢
✐♥t❡r✈❛❧s ❛♥❞ r❡❧❛t❡❞ ❛r✐t❤♠❡t✐❝s✳ ❙✐♥❝❡✱ t❤❡r❡ ❛r❡ s❡✈❡r❛❧ ❛♣♣❧✐❝❛t✐♦♥s ♦❢ ✐♥t❡r✈❛❧s✱ ❢♦r ❡①❛♠♣❧❡s✿
→ r♦❜♦t✐❝s✱ s❡❡ ❬✶✺✾✕✶✻✺❪ ❛♥❞ r❡❢❡r❡♥❝❡s ❤❡r❡✐♥✱
→ ♠✐❝r♦r♦❜♦t✐❝s ❬✶✻✻❀ ✶✻✼❪❬❈✹✹❪✱
→ ❞✐❛❣♥♦s✐s ❛♥❞ ❢❛✉❧t ❞❡t❡❝t✐♦♥✱ s❡❡ ❬✶✻✽✕✶✼✵❪ ❛♥❞ r❡❢❡r❡♥❝❡s ❤❡r❡✐♥✱
→ ❝♦♥tr♦❧ t❤❡♦r② ✇❤✐❝❤ ✐♥❝❧✉❞❡s✿ ✉♥❝❡rt❛✐♥t✐❡s ♠♦❞❡❧✐♥❣✱ ❣✉❛r❛♥t❡❡❞ ❡st✐♠❛t✐♦♥✱ st❛❜✐❧✐t②
❛♥❛❧②s✐s✱ ♣❡r❢♦r♠❛♥❝❡s ❛♥❛❧②s✐s✱ ❝♦♥tr♦❧❧❡rs s②♥t❤❡s✐s✱ s❡❡ ❙❡❝t✐♦♥ ✸✳✸ ❢♦r t❤❡ s✉r✈❡②✳
❇② ❡♠♣❧♦②✐♥❣ ✐♥t❡r✈❛❧ t♦♦❧s t♦ ❞❡s✐❣♥ t❤❡ ♣✐❡③♦❡❧❡❝tr✐❝ ❛❝t✉❛t♦rs ❛♥❞ s②st❡♠s✱ ✇❡ ❜❡♥❡✜t
❢r♦♠ t✇♦ ❞✐st✐♥❣✉✐s❤❡❞ ❛❞✈❛♥t❛❣❡s✿
✲ ✐t ✐s ❣✉❛r❛♥t❡❡❞ t❤❛t t❤❡ ❞❡s✐❣♥❡❞ str✉❝t✉r❡ ✇✐❧❧ ♣r♦✈✐❞❡ t❤❡ ❞❡s✐r❡❞ ♣❡r❢♦r♠❛♥❝❡s ✐❢ s♦❧✉✲
t✐♦♥s ❡①✐st✳ ❚❤✐s ❛❞✈❛♥t❛❣❡ ✐s ✐♥❤❡r✐t❡❞ ❢r♦♠ t❤❡ ❝❡rt✐✜❝❛t✐♦♥ ♣r♦♣❡rt② ✐♥ ✐♥t❡r✈❛❧ t♦♦❧s✱
✲ ❛♥❞ t❤❡ ♠❡t❤♦❞ ✐s ♥♦t ❧✐♠✐t❡❞ t♦ ♣✐❡③♦❡❧❡❝tr✐❝ ❝❛♥t✐❧❡✈❡r ❛❝t✉❛t♦rs✳ ■t ✐s ❛♣♣❧✐❝❛❜❧❡ t♦ ❛♥②
♦t❤❡r str✉❝t✉r❡s ❛♥❞ s②st❡♠s✱ s✉❜❥❡❝t❡❞ t❤❛t t❤❡ ❛♥❛❧②t✐❝❛❧ ♠♦❞❡❧s ❛r❡ ❛✈❛✐❧❛❜❧❡✳ ❆ ♠♦r❡ ❝♦♠✲
♣❧❡① ♠♦❞❡❧ ♠❛② ②✐❡❧❞ ❤♦✇❡✈❡r ❛ ♠♦r❡ ❝♦♠♣❧❡① ❝❛❧❝✉❧❛t✐♦♥✳
❚♦ ❞♦ s♦✱ t✇♦ t❡❝❤♥✐q✉❡s ♦❢ ❞❡s✐❣♥ ❛r❡ ♣r♦♣♦s❡❞✿ ✶✮ t❤❡ ♣❡r❢♦r♠❛♥❝❡s ✐♠♣r♦✈❡♠❡♥t ♦❢
❛♥ ❡①✐st✐♥❣ s②st❡♠ ❜② r❡❞❡s✐❣♥✐♥❣ t❤✐s✱ ✷✮ ❛♥❞ t❤❡ ❞❡s✐❣♥ ♦❢ ❛ ♥❡✇ s②st❡♠ ❜② ❡①♣❧♦✐t✐♥❣ t❤❡
♣❡r❢♦r♠❛♥❝❡s ✐♥❝❧✉s✐♦♥ t❤❡♦r❡♠ ✭P■❚✮ ❞❡✈❡❧♦♣❡❞ ✐♥ ❬❈✷✽❪✳
✺✷
✷✳✻✳✶ ❘❡❞❡s✐❣♥ ♦❢ ♣✐❡③♦❡❧❡❝tr✐❝ ❛❝t✉❛t♦rs
❲❡ ❞❡♠♦♥str❛t❡ ✐♥ t❤✐s s❡❝t✐♦♥ t❤❛t✱ ❜② ✉s✐♥❣ ✐♥t❡r✈❛❧ t❡❝❤♥✐q✉❡s✱ ✐t ✐s ♣♦ss✐❜❧❡ t♦ r❡❞❡s✐❣♥ ❛♥
❡①✐st✐♥❣ ❛❝t✉❛t❡❞ s②st❡♠ ✐♥ ♦r❞❡r t♦ ♦❜t❛✐♥ ❛ ♥❡✇ ❛❝t✉❛t♦r ✇✐t❤ ❜❡tt❡r ♣❡r❢♦r♠❛♥❝❡s ❛♥❞ ✇✐t❤
♠♦r❡ ♦♣t✐♠✐③❡❞ str✉❝t✉r❡s✱ ❢♦r ✐♥st❛♥❝❡ ✇✐t❤ ❧❡ss ❞✐♠❡♥s✐♦♥s✳ ❚❤❡ ♠❡t❤♦❞ ❤❛s ❜❡❡♥ ♣✉❜❧✐s❤❡❞
❛t ❬❏✷✶❪✳ ❆s ✐❧❧✉str❛t✐✈❡ ❡①❛♠♣❧❡✱ ✇❡ ♣r❡s❡♥t t❤❡ r❡❞❡s✐❣♥ ♦❢ ✉♥✐♠♦r♣❤ ♣✐❡③♦❡❧❡❝tr✐❝ ❝❛♥t✐❧❡✈❡r
❛❝t✉❛t♦rs✳ ❚❤❡ t❛r❣❡t ✐s t♦ ❝❛❧❝✉❧❛t❡ t❤❡ ❞✐♠❡♥s✐♦♥s ♦❢ ❛ ♥❡✇ ✉♥✐♠♦r♣❤ s✉❝❤ t❤❛t ✐ts ♦✉t♣✉t
❞❡✢❡❝t✐♦♥ δd ❛♥❞ ✐ts ✜rst r❡s♦♥❛♥t ❢r❡q✉❡♥❝② f1d ❛r❡ ❤✐❣❤❡r t❤❛♥ t❤♦s❡ ✭r❡s♣❡❝t✐✈❡❧② ❞❡♥♦t❡❞ δ
❛♥❞ f1✮ ♦❢ ❛♥ ❡①✐st✐♥❣ ✉♥✐♠♦r♣❤ ❛❝t✉❛t♦r✳ ❚❤❡ ❛❞❞✐t✐♦♥❛❧ ❝♦♥str❛✐♥t ✐s t❤❛t t❤❡ ❧❡♥❣t❤ Ld ❛♥❞
t❤❡ t♦t❛❧ t❤✐❝❦♥❡ss ld ♦❢ t❤❡ ❞❡s✐r❡❞ ❛❝t✉❛t♦r ❛r❡ ❧❡ss t❤❛♥ t❤❡ ✐♥✐t✐❛❧ ♦♥❡✱ s❡❡ ❋✐❣✳ ✷✳✶✸✳
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❋✐❣✉r❡ ✷✳✶✹✿ ❘❡❞❡s✐❣♥ ♦❢ ❛ ✉♥✐♠♦r♣❤ ♣✐❡③♦❡❧❡❝tr✐❝ ❛❝t✉❛t♦r✳
❚❤❡ ♣r✐♥❝✐♣❧❡ ✐s t♦ ✇r✐t❡ t❤❡ ♣❡r❢♦r♠❛♥❝❡s ♦❜❥❡❝t✐✈❡s ❜❛s❡❞ ♦♥ t❤❡ ♠♦❞❡❧ ♦❢ t❤❡ ❞❡s✐r❡❞
❛❝t✉❛t♦r ❛♥❞ ♦♥ t❤❡ ♠♦❞❡❧ ♦❢ t❤❡ ✐♥✐t✐❛❧ ❛❝t✉❛t♦r✳ ❚❛❦✐♥❣ t❤❡ ♠♦❞❡❧ ✭st❛t✐❝ ❛♥❞ ❞②♥❛♠✐❝ ♠♦❞✲
❡❧✐♥❣✮ ♦❢ ✉♥✐♠♦r♣❤ ♣✐❡③♦❝❛♥t✐❧❡✈❡rs ❛s ✐♥ ❙❡❝t✐♦♥ ❈✳✸✮✱ t❤❡ r❡❞❡s✐❣♥ ♣r♦❜❧❡♠ ❝❛♥ ❜❡ tr❛♥s❝r✐❜❡❞
✐♥t♦ t❤❡ ❢♦❧❧♦✇✐♥❣ ♠❛t❤❡♠❛t✐❝❛❧ ♣r♦❜❧❡♠✳
Pr♦❜❧❡♠✿ ❋✐♥❞ hdp ❛♥❞ hdmp s✉❝❤ t❤❛t✿

mpiezo(hdp, hdmp)
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α
)2
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(1.8751)2
2pi
(
L
α
)2
√
C(hdp, hdmp)
w(ρmphdmp + ρphdp)
≥ (1.8751)
2
2piL2
√
C(hp, hmp)
w(ρmphmp + ρphp)
hdp + hdmp ≤ h
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✇❤✐❝❤ ❛r❡ ❡q✉✐✈❛❧❡♥t t♦ t❤❡ ❢♦❧❧♦✇✐♥❣ ✐♥❡q✉❛❧✐t✐❡s✿
✺✸


mpiezo(hdp, hdmp)
α2C(hdp, hdmp)
≥
mpiezo(hp, hmp)
C(hp, hmp)
α4
C(hdp, hdmp)
w(ρmphdmp + ρphdp)
≥
C(hp, hmp)
w(ρmphmp + ρphp)
hdp + hdmp ≤ h
✭✷✳✶✽✮
✇❤❡r❡ t❤❡ ❞✐♠❡♥s✐♦♥s ❛r❡ ✐♥❞✐❝❛t❡❞ ✐♥ ❋✐❣✳ ✷✳✶✸✳
▲❡t [θ] = [[hdp], [hdmp]] ❜❡ ❛ ❜♦① ✭✈❡❝t♦r ♦❢ ✐♥t❡r✈❛❧s✮ t❤❛t ❝♦♥t❛✐♥s t❤❡ ✐♥t❡r✈❛❧ ♣❛r❛♠❡t❡rs
[hdp] ❛♥❞ [hdmp] ✇❤✐❝❤ ❛r❡ t❤❡ t❤✐❝❦♥❡ss❡s t❤❛t s❛t✐s❢② t❤❡ ✐♥❡q✉❛❧✐t✐❡s ■♥❊q✳ ✭✷✳✶✽✮✳ ❙♦✱ t❤❡
♣r♦❜❧❡♠✱ ✇❤❡♥ ❢♦r♠✉❧❛t❡❞ ✇✐t❤ ✐♥t❡r✈❛❧s✱ ❝♦♥s✐sts ✐♥ ✜♥❞✐♥❣ t❤❡ s✉✐t❛❜❧❡ ✈❛❧✉❡s ♦❢ [θ] s✉❝❤
t❤❛t✿
Θ := {θ ∈ ❉ |[H](θ) ⊆ [❨]} ✭✷✳✶✾✮
✇❤❡r❡ ❉ ✐s t❤❡ ❞♦♠❛✐♥ ♦❢ ❞❡✜♥✐t✐♦♥ ♦❢ θ✳ [H](θ) ❛♥❞ [❨] ❛r❡ ❞❡✜♥❡❞ ❛s ❢♦❧❧♦✇s✿
[H](θ) =


mpiezo([hdp], [hdmp])
α2C([hdp], [hdmp])
−
mpiezo(hp, hmp)
C(hp, hmp)
α4C([hdp], [hdmp])
(ρmp[hdmp] + ρp[hdp])
−
C(hp, hmp)
(ρmphmp + ρphp)
h− [hdp]− [hdmp]


✭✷✳✷✵✮
❛♥❞
[❨] =

 [0,+∞][0,+∞]
[0,+∞]

 ✭✷✳✷✶✮
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❋✐❣✉r❡ ✷✳✶✺✿ ◆✉♠❡r✐❝❛❧ r❡s✉❧ts ♦❢ t❤❡ ♣r♦❜❧❡♠
✐♥ ✷✳✶✾✳
❚❤❡ ♣r♦❜❧❡♠ ♦❢ ✜♥❞✐♥❣ t❤❡ s❡t ♣❛r❛♠❡✲
t❡r ♦❢ [θ] t❤❛t ❡♥s✉r❡s ■♥❊q✳ ✭✷✳✶✽✮ ✐s ❛ s❡t✲
✐♥✈❡rs✐♦♥ ♣r♦❜❧❡♠ ❛♥❞ ❝❛♥ ❜❡ s♦❧✈❡❞ ✉s✐♥❣
✐♥t❡r✈❛❧ t❡❝❤♥✐q✉❡s✳ ❚❤❡ s❡t✲✐♥✈❡rs✐♦♥ ♦♣❡r✲
❛t✐♦♥ ❝♦♥s✐sts t♦ ❝♦♠♣✉t❡ t❤❡ r❡❝✐♣r♦❝❛❧ ✐♠✲
❛❣❡ ♦❢ ❛ ❝♦♠♣❛❝t s❡t ❝❛❧❧❡❞ s✉❜♣❛✈✐♥❣✳ ❋♦r
✐♥st❛♥❝❡✱ t❤❡ s❡t✲✐♥✈❡rs✐♦♥ ❛❧❣♦r✐t❤♠ ❙■❱■❆
✭❙❡t ■♥✈❡rs✐♦♥ ❆❧❣♦r✐t❤♠ ❱✐❛ ■♥t❡r✈❛❧ ❆♥❛❧✲
②s✐s ❬✶✼✶❀ ✶✼✷❪✮ ❛❧❧♦✇s t♦ ❛♣♣r♦①✐♠❛t❡ ✇✐t❤
s✉❜♣❛✈✐♥❣s t❤❡ s❡t s♦❧✉t✐♦♥ Θ ❞❡s❝r✐❜❡❞ ❜②
t❤❡ Pr♦❜❧❡♠✳ ✭✷✳✶✾✮✳ ❚❤✐s ❛❧❣♦r✐t❤♠ ✐s ♣r❡✲
s❡♥t❡❞ ✐♥ ❙❡❝t✐♦♥ ❉✳✸✳ ❋♦r ✐♥st❛♥❝❡✱ ❤❛✈✐♥❣
❣✐✈❡♥ ✐♥✐t✐❛❧ ✈❛❧✉❡s ♦❢ [0, 650µm]× [0, 650µm]
t♦ t❤❡ s❡t ♦❢ [θ]✱ ❛♥❞ ❤❛✈✐♥❣ ❛♣♣❧✐❡❞ t❤❡
❙■❱■❆ ❛❧❣♦r✐t❤♠✱ ✇❡ ♦❜t❛✐♥ t❤❡ s✉❜♣❛✈✐♥❣s
✺✹
♦❢ ❋✐❣✳ ✷✳✶✺✳ ■♥ t❤✐s✱ S1 ✐s t❤❡ s❡t ♦❢ [θ]
t❤❛t ✐s ❣✉❛r❛♥t❡❡❞ t♦ s❛t✐s❢② t❤❡ ♣r♦❜❧❡♠
Pr♦❜❧❡♠✳ ✭✷✳✶✾✮ ❛♥❞ t❤✉s t❤❡ ♦❜❥❡❝t✐✈❡ ✐♥
■♥❊q✳ ✭✷✳✶✽✮✱ S3 ✐s t❤❡ s❡t t❤❛t ✐s ❣✉❛r❛♥t❡❡❞
t♦ ♥♦t s❛t✐s❢② t❤❡ ♣r♦❜❧❡♠✳ ❚❤❡ s❡t S2 ❝♦rr❡✲
s♣♦♥❞s t♦ ✉♥❝❡rt❛✐♥ r❡s✉❧ts✳ ■♥ t❤❡ s✐t✉❛t✐♦♥ ✇❤❡r❡ ✇❡ ❝❛♥ ♥♦t ✜♥❞ ❛ s♦❧✉t✐♦♥ S1✱ ✐t ✐s s✉❣❣❡st❡❞
t♦ r❡❝❛❧❝✉❧❛t❡ t❤❡ ♣r♦❜❧❡♠ s♦❧✉t✐♦♥ ✇✐t❤ t❤❡ ❢♦❧❧♦✇✐♥❣ ♠♦❞✐✜❝❛t✐♦♥s✿ s❤✐❢t t❤❡ ✐♥✐t✐❛❧ s❡t ✈❛❧✉❡s✱
♦r✴❛♥❞ r❡❧❛①❡ t❤❡ s♣❡❝✐✜❝❛t✐♦♥s ✭❞❡s✐r❡❞ ♣❡r❢♦r♠❛♥❝❡s✮ ❜❡❝❛✉s❡ t❤❡② ♠❛② ❜❡ t♦♦ s❡✈❡r❡✳ ❆♥②
t❤✐❝❦♥❡ss❡s hdp ❛♥❞ hdmp ♦❢ t❤❡ ♣✐❡③♦❡❧❡❝tr✐❝ ❧❛②❡r ❛♥❞ ♦❢ t❤❡ ♣❛ss✐✈❡ ❧❛②❡r r❡s♣❡❝t✐✈❡❧② ✐♥s✐❞❡
S1 ❛r❡ ❣✉❛r❛♥t❡❡❞ t♦ r❡s♣❡❝t t❤❡ ❝♦♥❞✐t✐♦♥s ✐♥ ■♥❊q✳ ✭✷✳✶✽✮✱ ❛♥❞ t❤❡r❡❢♦r❡ t♦ s❛t✐s❢② t❤❡ ✇❛♥t❡❞
♣❡r❢♦r♠❛♥❝❡s✳
✷✳✻✳✷ ❉❡s✐❣♥ ♦❢ ♣✐❡③♦❡❧❡❝tr✐❝ ❛❝t✉❛t♦rs ✇✐t❤ t❤❡ ♣❡r❢♦r♠❛♥❝❡s ✐♥❝❧✉s✐♦♥ t❤❡✲
♦r❡♠
❚❤❡ ♣r❡✈✐♦✉s t❡❝❤♥✐q✉❡ ❝♦♥s✐st❡❞ ✐♥ r❡❞❡s✐❣♥✐♥❣ ❛♥ ❡①✐st✐♥❣ ❛❝t✉❛t♦r ✇✐t❤ ✐♥t❡r✈❛❧s t❡❝❤♥✐q✉❡s✳
❍❡r❡✱ ✇❡ ❝♦♠♣❧❡t❡❧② ❞❡s✐❣♥ t❤❡ ❛❝t✉❛t♦r ❜❛s❡❞ ♦♥ t❤❡ s♣❡❝✐✜❡❞ ♣❡r❢♦r♠❛♥❝❡s✳ ❋♦r t❤❛t✱ t❤❡
♣❡r❢♦r♠❛♥❝❡s ✐♥❝❧✉s✐♦♥ t❤❡♦r❡♠ ❬❈✷✽❪✱ ❞❡s❝r✐❜❡❞ ✐♥ ❙❡❝t✐♦♥ ✸✳✸✳✶✱ ✐s ✉t✐❧✐③❡❞✳ ❲✐t❤♦✉t ❧♦ss ♦❢
❣❡♥❡r❛❧✐t②✱ t❤❡ ✐❧❧✉str❛t✐✈❡ ❡①❛♠♣❧❡ ✐s t❤❡ ❞❡s✐❣♥ ♦❢ ❛ ♣✐❡③♦❡❧❡❝tr✐❝ ❝❛♥t✐❧❡✈❡r ❛❝t✉❛t♦r✳ ❚❤❡
❞❡s✐❣♥ ♠❡t❤♦❞♦❧♦❣② ❤❛s ❜❡❡♥ ♣✉❜❧✐s❤❡❞ ✐♥ ❬❇❈✽❪✳
❈♦♥s✐❞❡r s♦♠❡ ❞❡s✐r❡❞ ♣❡r❢♦r♠❛♥❝❡s s♣❡❝✐✜❡❞ ✐♥ t❤❡ t✐♠❡ ❞♦♠❛✐♥ ♦r ✐♥ t❤❡ ❢r❡q✉❡♥❝② ❞♦✲
♠❛✐♥✳ ❋♦r ❡①❛♠♣❧❡✱ ✐♥ t❤❡ t✐♠❡ ❞♦♠❛✐♥✱ t❤❡s❡ ♣❡r❢♦r♠❛♥❝❡s ❝❛♥ ❜❡ st❛t❡❞ ❛s✿ ♠❛①✐♠❛❧ r❡s♣♦♥s❡
t✐♠❡✱ ♠❛①✐♠❛❧ ♦✈❡rs❤♦♦t ❛♥❞ ♠✐♥✐♠❛❧ r❛♥❣❡ ♦❢ ❞✐s♣❧❛❝❡♠❡♥t✳ ■t ✐s ❣❡♥❡r❛❧❧② ♣♦ss✐❜❧❡ t♦ tr❛♥✲
s❝r✐❜❡ t❤❡s❡ ♣❡r❢♦r♠❛♥❝❡s ✐♥t♦ tr❛♥s❢❡r ❢✉♥❝t✐♦♥✱ ✐♥ ♣❛rt✐❝✉❧❛r ✐♥t❡r✈❛❧ tr❛♥s❢❡r ❢✉♥❝t✐♦♥ ❬❏✶✺❪✳
❋♦r ✐♥st❛♥❝❡✱ ❧❡t ✉s ❝♦♥s✐❞❡r t❤❡ ❢♦❧❧♦✇✐♥❣ s❡❝♦♥❞ ♦r❞❡r ✐♥t❡r✈❛❧ tr❛♥s❢❡r ❢✉♥❝t✐♦♥ ❛s ❛♥ ❡①❛♠♣❧❡
♦❢ tr❛♥s❝r✐♣t✐♦♥ ♦❢ t❤❡ s♣❡❝✐✜❝❛t✐♦♥s✿
[Gd] (s) =
[bo]
[a2] s2 + [a1] s+ 1
✭✷✳✷✷✮
✇❤❡r❡ [bo][
µm
V ] ✐s t❤❡ ❞❡s✐r❡❞ ❣❛✐♥ ✇❤✐❝❤ ✐s ❜❛s❡❞ ♦♥ t❤❡ ❞❡s✐r❡❞ r❛♥❣❡ ♦❢ ❞✐s♣❧❛❝❡♠❡♥t✱ ❛♥❞
[a2] ❛♥❞ [a1] ❛r❡ ❢✉♥❝t✐♦♥ ♦❢ t❤❡ ❞❡s✐r❡❞ ❞②♥❛♠✐❝s ✭tr❛♥s✐❡♥t ♣❛rt✱ ♦✈❡rs❤♦♦t✱ ❜❛♥❞✇✐❞t❤✳✳✳✮✳
❈♦♥s✐❞❡r ♥♦✇ t❤❡ ♠♦❞❡❧ ♦❢ t❤❡ t♦ ❜❡ ❞❡s✐❣♥❡❞ ✉♥✐♠♦r♣❤ ♣✐❡③♦❡❧❡❝tr✐❝ ❛❝t✉❛t♦r ❜② ✉s✐♥❣
t❤❡ ❇❛❧❧❛s ❧✐♥❡❛r ♠♦❞❡❧ ✐♥ ❙❡❝t✐♦♥ ❈✳✸✿
G(s) =
y(s)
u(s)
=
K(
1
wn
)2
s2 + 2ζwn s+ 1
✭✷✳✷✸✮
✇❤❡r❡ t❤❡ st❛t✐❝ ❣❛✐♥ K[µmV ] ❛♥❞ t❤❡ ♥❛t✉r❛❧ ❢r❡q✉❡♥❝② wn[
rad
s ] ❛r❡ ❞❡♣❡♥❞❡♥t ♦♥ t❤❡ ❣❡✲
♦♠❡tr✐❝❛❧ ❛♥❞ ♣❤②s✐❝❛❧ ♣r♦♣❡rt✐❡s ♦❢ t❤❡ ✉♥✐♠♦r♣❤✳ ❚❤❡ ❞❛♠♣✐♥❣ r❛t✐♦ ζ✱ ❢♦r ❧✐❣❤t❧② ❞❛♠♣❡❞
♦s❝✐❧❧❛t✐♥❣ str✉❝t✉r❡✱ ✐s ✈❡r② ❧♦✇ ❛♥❞ ✐s ♦♥❧② ❦♥♦✇♥ ❡①♣❡r✐♠❡♥t❛❧❧②✳
✺✺
■❢ ✇❡ ❛❞♠✐t t❤❛t t❤❡r❡ ✐s ❛ s❡t ♦❢ ❞✐♠❡♥s✐♦♥s ♦❢ t❤❡ ✉♥✐♠♦r♣❤ t❤❛t ❝❛♥ ♣r♦✈✐❞❡ t❤❡ ❡①♣❡❝t❡❞
♣❡r❢♦r♠❛♥❝❡s tr❛♥s❝r✐❜❡❞ ✐♥ ❊q✳ ✭✷✳✷✷✮✱ t❤✉s ✇❡ ❝❛♥ ✉t✐❧✐③❡ ❛♥ ✐♥t❡r✈❛❧ s②st❡♠ t♦ r❡♣r❡s❡♥t s✉❝❤
s❡t ♦❢ ✉♥✐♠♦r♣❤✿
[G] (s) =
[K]
1
[wn]
2 s2 +
2ζ
[wn]
s+ 1
✭✷✳✷✹✮
✇❤❡r❡ ζ ✐s ✐♠♣♦s❡❞ t♦ ❜❡ ♣♦✐♥t ✐♥st❡❛❞ ♦❢ ✐♥t❡r✈❛❧ ❢♦r t❤❡ s❛❦❡ ♦❢ s✐♠♣❧✐❝✐t②✳ ❚❤❡ ♣r♦❜❧❡♠
❝♦♥s✐sts t❤❡r❡❢♦r❡ ✐♥ ✜♥❞✐♥❣ ♥✉♠❡r✐❝❛❧❧② t❤❡ s❡t ♦❢ ❣❡♦♠❡tr✐❝❛❧ ♣r♦♣❡rt✐❡s [K] ❛♥❞ [wn] ♦❢ t❤❡
s❡t ♦❢ ✉♥✐♠♦r♣❤ t❤❛t ✇✐❧❧ s❛t✐s❢② t❤❡ s♣❡❝✐✜❝❛t✐♦♥s✳ ❚❤❡ ♣❡r❢♦r♠❛♥❝❡s ✐♥❝❧✉s✐♦♥ t❤❡♦r❡♠ ✐s
♣r♦♣♦s❡❞ t♦ ❢♦r♠✉❧❛t❡ t❤❡ ♣r♦❜❧❡♠✿
Pr♦❜❧❡♠✿ ❋✐♥❞ L✱ hdp ❛♥❞ hdmp s✉❝❤ t❤❛t✿

[K ([L], [hp], [hmp])] ⊆ [bo]
1
[wn([L],[hp],[hmp])]
2 ⊆ [a2]
2ζ
[wn([L],[hp],[hmp])]
⊆ [a1]
⇒ [G] (s) ⊆ [Gd] (s) ✭✷✳✷✺✮
❚❤❡ t❡r♠ [G] (s) ⊆ [Gd] (s) ♠❡❛♥s t❤❛t t❤❡ ♣❡r❢♦r♠❛♥❝❡s ✐♥ t❤❡ t✐♠❡✲❞♦♠❛✐♥ ❛♥❞ ✐♥ t❤❡
❢r❡q✉❡♥❝② ❞♦♠❛✐♥ ♦❢ [G] ✭t❤❡ s❡t ♦❢ ❢❛❜r✐❝❛t❡❞ ❛❝t✉❛t♦rs✮ ✇✐❧❧ ❜❡ ❜♦✉♥❞❡❞ ❜② t❤❡ ♣❡r❢♦r♠❛♥❝❡s
♦❢ t❤❡ s♣❡❝✐✜❡❞ ❛♥❞ ❞❡s✐r❡❞ ♠♦❞❡❧s [Gd]✳ ❖♥❝❡ ❛❣❛✐♥✱ t❤❡ ♣r♦❜❧❡♠ ✐s ❛ s❡t ✐♥✈❡rs✐♦♥ ♣r♦❜❧❡♠
❛♥❞ ❝❛♥ ❜❡ s♦❧✈❡❞ ❜② ✉s✐♥❣ ✐♥t❡r✈❛❧ t❡❝❤♥✐q✉❡s t♦ ✜♥❞ t❤❡ s❡t s♦❧✉t✐♦♥ ♦❢ t❤❡ ❧❡♥❣t❤ [L]✱ t❤❡
♣✐❡③♦❧❛②❡r t❤✐❝❦♥❡ss [hp] ❛♥❞ t❤❡ ♣❛ss✐✈❡ ❧❛②❡r t❤✐❝❦♥❡ss [hmp]✳ ❙✐♠✐❧❛r❧② t♦ t❤❡ ✜rst ❞❡s✐❣♥
t❡❝❤♥✐q✉❡✱ ❛♥ ✐♥✐t✐❛❧ ❜♦① ♦❢ [L]✱ [hp] ❛♥❞ [hmp] ✐s r❡q✉✐r❡❞ ❤❡r❡✳ ■❢ t❤❡r❡ ✐s ♥♦ s♦❧✉t✐♦♥ ❢♦✉♥❞✱
t❤❡ s❛♠❡ r❡♠❛r❦s t❤❛♥ ♣r❡✈✐♦✉s❧② ❛❧s♦ ❤♦❧❞✿ s❤✐❢t t❤❡ ✐♥✐t✐❛❧ s❡t ✈❛❧✉❡s ♦r✴❛♥❞ r❡❧❛①❡ t❤❡
s♣❡❝✐✜❝❛t✐♦♥s ✭❞❡s✐r❡❞ ♣❡r❢♦r♠❛♥❝❡s✮ ❜❡❝❛✉s❡ t❤❡② ♠❛② ❜❡ t♦♦ s❡✈❡r❡✳
✷✳✻✳✸ P❡rs♣❡❝t✐✈❡s
■♥t❡r✈❛❧ t❡❝❤♥✐q✉❡s ✇❡r❡ ♣r♦♣♦s❡❞ ❤❡r❡ t♦ ❞❡s✐❣♥ ♣✐❡③♦❡❧❡❝tr✐❝ ❝❛♥t✐❧❡✈❡r ❛❝t✉❛t♦rs✳ ▼❛❥♦r
❛❞✈❛♥t❛❣❡s ♦❢ t❤❡ ♣r♦♣♦s❡❞ ♠❡t❤♦❞♦❧♦❣② ✐s t❤❡ ❣✉❛r❛♥t❡❡ ❛s♣❡❝t✿ ✐❢ s♦❧✉t✐♦♥s ❡①✐st✱ t❤❡ ❞❡s✐❣♥❡❞
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✐s t❤❡ ♠❛✐♥ ❜❛s✐s✳ ❲❡ ❞❡♠♦♥str❛t❡❞ t❤❛t t❤✐s s✐♠♣❧❡ str✉❝t✉r❡ ❝♦✉❧❞ ❜❡ ✉t✐❧✐③❡❞ t♦ ❞❡✈❡❧♦♣
♣❡r❢♦r♠❛♥t ❛♥❞ ❝♦♠♣❧❡① str✉❝t✉r❡❞ ♣✐❡③♦❡❧❡❝tr✐❝ s②st❡♠s✳ ❘❡❣❛r❞✐♥❣ t❤❡ ♠♦❞❡❧✐♥❣✱ ✇❡ ♣r❡✲
s❡♥t❡❞ ✜rst t❤❡ ❇❛❧❧❛s ❧✐♥❡❛r ♠♦❞❡❧ ♦❢ ♣✐❡③♦❡❧❡❝tr✐❝ ❝❛♥t✐❧❡✈❡rs✳ ❆❧t❤♦✉❣❤ t❤✐s ♠♦❞❡❧ ✐s ✇✐❞❡❧②
❡♠♣❧♦②❡❞✱ ✐t ✐s ❧✐♥❡❛r ❛♥❞ t❤✉s ❝❛♥ tr❛❝❦ ♦♥❧② s♠❛❧❧ ❞❡❢♦r♠❛t✐♦♥ ♦❢ t❤❡ ♣✐❡③♦❡❧❡❝tr✐❝ ❛❝t✉❛t♦rs✳
❲❡ ❡①t❡♥❞❡❞ t❤❡ ♠♦❞❡❧ ✐♥t♦ ♥♦♥❧✐♥❡❛r ✇❤✐❝❤ ❡♥❝♦♠♣❛ss❡s t❤❡ ❤②st❡r❡s✐s ❛♥❞ t❤❡ ❝r❡❡♣ ♥♦♥✲
❧✐♥❡❛r✐t✐❡s✳ ❋✉rt❤❡r❡♠♦r❡✱ t❤❡ t❤❡r♠❛❧ ❡✛❡❝t ❤❛s ❛❧s♦ ❜❡❡♥ ✐♥tr♦❞✉❝❡❞ ✐♥ t❤❡ ♠♦❞❡❧✳ ❚❤❡ ✜♥❛❧
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❚❤❡ ✐♥✈❡st✐❣❛t✐♦♥ ♦♥ t❤❡ ❞❡✈❡❧♦♣♠❡♥t ♦❢ s♠❛❧❧❡r ❛♥❞ s♠❛❧❧❡r ♠✉❧t✐✲❞❡❣r❡❡s ♦❢ ❢r❡❡❞♦♠
✭♠✉❧t✐✲❉❖❋✮ ♣✐❡③♦❡❧❡❝tr✐❝ s②st❡♠s ❤❛s ❜❡❡♥ st❛rt❡❞✳ ❚❤❡s❡ ♠✉❧t✐✲❉❖❋ s②st❡♠s ❛r❡ ❤✐❣❤❧②
s❛❧❡❛❜❧❡ ✐♥ ♣r❡❝✐s❡ ♣♦s✐t✐♦♥✐♥❣ t❤❛t r❡q✉✐r❡s ❤✐❣❤ ❞❡①t❡r✐t② ❧✐❦❡ ♠✐❝r♦❛ss❡♠❜❧② ♦❢ ✸❉ ♠✐❝r♦str✉❝✲
t✉r❡s✱ ♦r ❧❛s❡r s❝❛♥♥✐♥❣ ❢♦r ♠❡❞✐❝❛❧ s✉r❣❡r②✳ ❆s ✇❡ ✇✐❧❧ s❡❡ ✐♥ ❙❡❝t✐♦♥ ✻✱ t❤❡② ❝❛♥ ❛❧s♦ s❡r✈❡
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♥ ❝❤❛♣t❡r✳ ✷✱ ✇❡ ♣r❡s❡♥t❡❞ t❤❡ ❞❡s✐❣♥✱ ❞❡✈❡❧♦♣♠❡♥t ❛♥❞ ♠♦❞❡❧✐♥❣ ♦❢ ♣✐❡③♦❡❧❡❝tr✐❝ s②st❡♠s✳ ■♥
t❤✐s ❝❤❛♣t❡r✱ ✇❡ ♣r❡s❡♥t t❤❡✐r ❢❡❡❞❜❛❝❦ ❝♦♥tr♦❧✳ ❲✐t❤♦✉t ❧♦ss ♦❢ ❣❡♥❡r❛❧✐t②✱ ♦♥❧② ♣✐❡③♦❡❧❡❝tr✐❝
❝❛♥t✐❧❡✈❡r❡❞ str✉❝t✉r❡s ✇✐❧❧ ❜❡ tr❡❛t❡❞ ✐♥ ♦r❞❡r t♦ ❜❡ ❝♦♥s✐st❡♥t ✇✐t❤ t❤❡ ✇♦r❦s ❝❛rr✐❡❞ ♦✉t✳ ❖♥❝❡
❛❣❛✐♥✱ ✐♥t❡r✈❛❧ t❡❝❤♥✐q✉❡s ❛♥❞ r❡❧❛t❡❞ t♦♦❧s ❛r❡ ♣r♦♣♦s❡❞ t♦ ❝❛❧❝✉❧❛t❡ r♦❜✉st ❝♦♥tr♦❧❧❡rs ❛♥❞
♣r❡s❡♥t ✐♥t❡r❡st✐♥❣ r❡s✉❧ts✳ ■♥ ♣❛rt✐❝✉❧❛r✱ t❤❡ P❡r❢♦r♠❛♥❝❡s ■♥❝❧✉s✐♦♥s ❚❤❡♦r❡♠ ②❡t ✉s❡❞ ✐♥
s❡❝t✐♦♥✳ ✷✳✻ ❛r❡ ✉t✐❧✐③❡❞✳ ❚❤❡ ♠❛✐♥ ✐♥t❡r❡st ✐s t❤❛t t❤❡s❡ t❡❝❤♥✐q✉❡s ❝♦♠❜✐♥❡❞ ✇✐t❤ ❝❧❛ss✐❝❛❧
❝♦♥tr♦❧ t❤❡♦r② ❝❛♥ ♣r♦✈✐❞❡ ❧♦✇ ♦r❞❡r ❛♥❞ r♦❜✉st ❝♦♥tr♦❧❧❡rs t❤❛t ❛r❡ ✇❡❧❧ ❝♦♥s✐st❡♥t ✇✐t❤ t❤❡
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✸✳✸✳✹ ❘♦❜✉st ♣❡r❢♦r♠❛♥❝❡s ❛♥❛❧②s✐s ✇✐t❤ ✐♥t❡r✈❛❧ t❡❝❤♥✐q✉❡s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✼✼
✸✳✸✳✺ ●❡♥❡r❛❧ r❡♠❛r❦s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✼✾
✸✳✸✳✻ ❆❝❦♥♦✇❧❡❞❣♠❡♥ts ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✼✾
✺✾
✸✳✹ ❋❡❡❞❢♦r✇❛r❞✲❢❡❡❞❜❛❝❦ ❝♦♥tr♦❧ s❝❤❡♠❡s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✼✾
✸✳✺ ❈♦♥tr♦❧ ♦❢ ❤②❜r✐❞ t❤❡r♠♦♣✐❡③♦❡❧❡❝tr✐❝ ♠✐❝r♦❣r✐♣♣❡rs ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✽✶
✸✳✻ ❈♦♥❝❧✉s✐♦♥s ❛♥❞ ♣❡rs♣❡❝t✐✈❡s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✽✸
✸✳✶ ■♥tr♦❞✉❝t✐♦♥
P
✐❡③♦❡❧❡❝tr✐❝ ♠✐❝r♦s②st❡♠s ❛♥❞ ❛❝t✉❛t♦rs ❛r❡ ✇❡❧❧ ❛♣♣r❡❝✐❛t❡❞ ❢♦r ❛t ❧❡❛st t❤❡✐r ❤✐❣❤ r❡s♦✲
❧✉t✐♦♥✱ ❤✐❣❤ ❜❛♥❞✇✐❞t❤ ❛♥❞ ❤✐❣❤ st✐✛♥❡ss ✭❢♦r P❩❚ ❜✉❧❦✮✳ ❍♦✇❡✈❡r✱ t❤❡② ❡①❤✐❜✐t str♦♥❣
♥♦♥❧✐♥❡❛r✐t✐❡s ✇❤✐❝❤ ❛r❡ t❤❡ ❤②st❡r❡s✐s ❛♥❞ t❤❡ ❝r❡❡♣ ❛♥❞ ♠♦st ♦❢ t❤❡♠ ❛r❡ t②♣✐✜❡❞ ❜② ❜❛❞❧②
❞❛♠♣❡❞ ♦s❝✐❧❧❛t✐♦♥ ✐♥ t❤❡✐r r❡s♣♦♥s❡ t♦ ❜r✉sq✉❡ ✐♥♣✉t ❝♦♠♠❛♥❞✳ ❚❤❡s❡ ❧❛tt❡r ❝❤❛r❛❝t❡r✐st✐❝s
❝♦♠♣r♦♠✐s❡ t❤❡ ✜♥❛❧ ♣❡r❢♦r♠❛♥❝❡s ♦r ❡✈❡♥ t❤❡ st❛❜✐❧✐t② ♦❢ t❤❡ ♠✐❝r♦s②st❡♠s ❛♥❞ ♦❢ t❤❡ ❛❝t✉✲
❛t♦rs✳ ❋✉rt❤❡r♠♦r❡✱ ✐♥ ♠❛♥② ❛♣♣❧✐❝❛t✐♦♥s ♦❢ ♣r❡❝✐s❡ ♣♦s✐t✐♦♥✐♥❣✱ ❞✉❡ t♦ t❤❡ s♠❛❧❧ s✐③❡s ♦❢ t❤❡
♠✐❝r♦s②st❡♠s✱ t❤❡② ❛r❡ ✈❡r② s❡♥s✐t✐✈❡ t♦ ❛♥② ❞✐st✉r❜❛♥❝❡s t❤❛t ✇♦✉❧❞ ❜❡ ♥❡❣❧✐❣✐❜❧❡ ❛t ❝❧❛ss✐❝❛❧
s❝❛❧❡✳ ❋✐♥❛❧❧②✱ t❤❡ s♠❛❧❧ ❛♠♣❧✐t✉❞❡s ♦❢ t❤❡ s✐❣♥❛❧s ❛♥❞ t❤❡ ✈❡r② ❤✐❣❤ r❡s♦❧✉t✐♦♥ ✐♥✈♦❧✈❡❞ ✐♥ t❤❡s❡
❛♣♣❧✐❝❛t✐♦♥s ♠❛❦❡ ❛ ♥♦✐s❡ t♦ s✐❣♥❛❧s r❛t✐♦ r❡❧❛t✐✈❡❧② ❤✐❣❤✳ ■t ✐s t❤❡r❡❢♦r❡ ❡ss❡♥t✐❛❧ t♦ ❝♦♥tr♦❧
t❤❡ ♠✐❝r♦s②st❡♠s ✇✐t❤ ❛ ❥✉❞✐❝✐♦✉s ❝♦♥s✐❞❡r❛t✐♦♥ ♦❢ ❛❧❧ t❤❡s❡ ❝❤❛r❛❝t❡r✐st✐❝s✳
❚❤❡ ❧✐tt❡r❛t✉r❡ r❡❣❛r❞✐♥❣ t❤❡ ❝❧♦s❡❞✲❧♦♦♣ ❝♦♥tr♦❧ ♦❢ ♣✐❡③♦❡❧❡❝tr✐❝ ❛❝t✉❛t♦rs ❛♥❞ s②st❡♠s ✐s
❞❡♥s❡ ❞✉❡ t♦ t❤❡ ❧❛r❣❡ ✈❛r✐❡t② ♦❢ t❤❡s❡ ❧❛tt❡rs✳ ❋♦r ✐♥st❛♥❝❡✱ ❛s ✈❛r✐❡t② ♦❢ s②st❡♠s✱ t❤❡r❡ ❛r❡✿
♣✐❡③♦❡❧❡❝tr✐❝ ❝❛♥t✐❧❡✈❡r❡❞ s②st❡♠s ✇✐t❤ ❜❡♥❞✐♥❣ ❢✉♥❝t✐♦♥✐♥❣✱ ♣✐❡③♦❡❧❡❝tr✐❝ st❛❝❦ ❜❛s❡❞ s②st❡♠s✱
st❡♣♣❡r ♣✐❡③♦❡❧❡❝tr✐❝ ♠✐❝r♦r♦❜♦ts ✭✐♥❝❤✲✇♦r♠ ♦r st✐❝❦✲s❧✐♣✮✱ ♣✐❡③♦❡❧❡❝tr✐❝ s❤❡❡ts ❢♦r ❞❛♠♣✐♥❣
✐♥ ✢❡①✐❜❧❡ str✉❝t✉r❡s✱ ✉❧tr❛s♦♥✐❝ ♣✐❡③♦❡❧❡❝tr✐❝ s②st❡♠s✳✳✳ ▼❛♥② ♦❢ t❤❡s❡ s②st❡♠s ❛r❡ ♠♦❞❡❧❡❞
❛♥❞ ❝♦♥tr♦❧❧❡❞ ✇✐t❤ ♠♦r❡ ♦r ❧❡ss ❝♦♥s✐❞❡r❛t✐♦♥ ♦❢ t❤❡ ❛❜♦✈❡ ♠❡♥t✐♦♥♥❡❞ ♣r♦♣❡rt✐❡s ❛♥❞ ❝❛♥
s❤❛r❡ t❤❡ ♠❡t❤♦❞s ♦❢ ❝♦♥tr♦❧❧❡rs s②♥t❤❡s✐s ♦r ❜❡❤❛✈✐♦rs ♠♦❞❡❧✐♥❣❀ ✇❤✐❧st ♦t❤❡r s②st❡♠s ✭❧✐❦❡
✉❧tr❛s♦♥✐❝ s②st❡♠s ❛♥❞ st❡♣♣❡r ♠✐❝r♦r♦❜♦ts✮ ❤❛✈❡ ✈❡r② ❞✐✛❡r❡♥t ♠♦❞❡❧s ❛♥❞ r❡q✉✐r❡ ❞❡✈♦t❡❞
❝♦♥tr♦❧ t❡❝❤♥✐q✉❡s t❤❛t ❝❛♥♥♦t ❜❡ ❛♣♣❧✐❡❞ t♦ ♦t❤❡r s②st❡♠s✳ ■♥ t❤✐s t❤❡s✐s✱ ✇❡ ❛r❡ ✐♥ ❝♦♥❝❡r♥
✇✐t❤ ♣✐❡③♦❡❧❡❝tr✐❝ s②st❡♠s ❢♦r ♣r❡❝✐s❡ ❛♥❞ ❤✐❣❤ ❞②♥❛♠✐❝s ♣♦s✐t✐♦♥✐♥❣ ❛♥❞ ✇❤✐❝❤ ❛r❡ ❜❛s❡❞ ♦♥
♣✐❡③♦❡❧❡❝tr✐❝ ❝❛♥t✐❧❡✈❡rs ✇✐t❤ t✉❜✉❧❛r ♦r r❡❝t❛♥❣✉❧❛r s❡❝t✐♦♥ ❛♥❞ st❛❝❦s ❛❝t✉❛t♦rs✳ ●❡♥❡r❛❧❧②
s♣❡❛❦✐♥❣✱ t❤❡ ❧✐tt❡r❛t✉r❡ ❝❛♥ ❜❡ s♣❧✐tt❡❞ ✐♥t♦ t❤❡ ❢♦❧❧♦✇✐♥❣ ♠❛✐♥ ✇♦r❦s✳
❈♦♥tr♦❧ ♦❢ ♣✐❡③♦❡❧❡❝tr✐❝ t✉❜❡ s❝❛♥♥❡rs ✐♥ ♠✐❝r♦s❝♦♣② ✲ ❚❤❡ ✇♦r❦s ❤❡r❡ ❞❡❛❧ ✇✐t❤
t❤❡ ❝♦♥tr♦❧ ♦❢ ♣✐❡③♦❡❧❡❝tr✐❝ t✉❜❡s ✭♣✐❡③♦t✉❜❡ s❝❛♥♥❡rs ♦r P❚❙✮ ✉t✐❧✐③❡❞ ❛s ❛❝t✉❛t♦rs ✐♥ s❝❛♥✲
♥✐♥❣ ♣r♦❜❡ ♠✐❝r♦s❝♦♣❡s ✭❙P▼✮✳ ❱✐❜r❛t✐♦♥ ❞✉❡ t♦ t❤❡ ❤✐❣❤ ◗✲❢❛❝t♦r ♦❢ t❤❡ ❛❝t✉❛t♦r✱ ❤②st❡r❡s✐s
❛♥❞ ❝r❡❡♣ ♥♦♥❧✐♥❡❛r✐t✐❡s ❛r❡ t❤❡ ♠❛✐♥ ❝❤❛❧❧❡♥❣❡ t♦ ❛❝❝♦✉♥t ❢♦r ❞✉r✐♥❣ t❤❡ ❝♦♥tr♦❧❧❡rs s②♥t❤❡s✐s✳
❚❤❡② ❤✐❣❤❧② ❧✐♠✐t t❤❡ ♣r❡❝✐s✐♦♥ ❛♥❞ t❤❡ t❤r♦✉❣❤♣✉t s♣❡❡❞ ♦❢ t❤❡ s✉r❢❛❝❡ s❝❛♥♥✐♥❣ ❬✶✼✸❪✳ ❙❡✈✲
❡r❛❧ t❡❝❤♥✐q✉❡s ✲ ❞❡❛❧✐♥❣ ✇✐t❤ t❤❡ ♥♦♥❧✐♥❡❛r✐t✐❡s ❛❧♦♥❡✱ ✇✐t❤ t❤❡ ✈✐❜r❛t✐♦♥s ❛❧♦♥❡ ♦r ✇✐t❤ ❜♦t❤ ✲
❤❛✈❡ ❜❡❡♥ ❝❛rr✐❡❞ ♦✉t✳ ❍✐❣❤ ❣❛✐♥ ❛♥❞ ✐♥t❡❣r❛❧ ❝♦♥tr♦❧ t❡❝❤♥✐q✉❡s✶ ❬✶✼✹❀ ✶✼✺❪ ❛r❡ ❦♥♦✇♥ t♦ ✇❡❧❧
❞❡❧❡t❡ t❤❡ ❤②st❡r❡s✐s ❛♥❞ t❤❡ ❝r❡❡♣ ✇❤✐❝❤ ♦❝❝✉r ❛t ❧♦✇ ❛♥❞ ✈❡r② ❧♦✇ ❢r❡q✉❡♥❝✐❡s✱ ❤♦✇❡✈❡r t❤❡②
❡①❤✐❜✐t ❧♦✇ st❛❜✐❧✐t② ♠❛r❣✐♥ ❛t ❤✐❣❤ ❢r❡q✉❡♥❝✐❡s✳ ❚❤❡r❡❢♦r❡ t❤❡② ❝❛♥♥♦t ❜❡ ✉t✐❧✐③❡❞ ❛t ❤✐❣❤ r❛t❡
s❝❛♥♥✐♥❣✳ ■♥ ❢❛❝t✱ ✐t ✐s s❤♦✇♥ ❬✶✼✻❪ t❤❛t t❤❡ ❝❧♦s❡❞✲❧♦♦♣ ❜❛♥❞✇✐❞t❤ t❤❛t ❝❛♥ ❜❡ ❛❝❤✐❡✈❡❞ ❜② ❛♥
✐♥t❡❣r❛❧ ❝♦♥tr♦❧❧❡r ❢♦r ❛ P❚❙ ✐s ❧❡ss t❤❛♥ 2wrζ✱ ✇❤❡r❡ wr ❛♥❞ ζ ❛r❡ t❤❡ r❡s♦♥❛♥❝❡ ❢r❡q✉❡♥❝② ❛♥❞
✶■♥t❡❣r❛❧ ❝♦♥tr♦❧ t❡❝❤♥✐q✉❡s ✐♥❝❧✉❞❡ P■✱ P■❉✱ ❛♥❞ ❛❧❧ ♦t❤❡r s❝❤❡♠❡s ✇✐t❤ ✐♥t❡❣r❛❧ ❛❝t✐♦♥✳
✻✵
t❤❡ ❞❛♠♣✐♥❣ ❝♦♥st❛♥t ♦❢ t❤❡ P❚❙ r❡s♣❡❝t✐✈❡❧②✳ ❙✐♥❝❡ t❤❡ ❞❛♠♣✐♥❣ ❝♦♥st❛♥t ♦❢ P❚❙ ✐s ❧♦✇✱ ✉s✉✲
❛❧❧② ✐♥ t❤❡ ♦r❞❡r ♦❢ 0.01✱ t❤❡ ❝❧♦s❡❞✲❧♦♦♣ ❜❛♥❞✇✐❞t❤ t❤❛t ❝❛♥ ❜❡ ❛❝❤✐❡✈❡❞ ❜② ✉s✐♥❣ ❛♥ ✐♥t❡❣r❛❧
❝♦♥tr♦❧❧❡r ✐s ❧❡ss t❤❛♥ t✇♦ ♣❡r❝❡♥t ♦❢ t❤❡ ✜rst r❡s♦♥❛♥❝❡ ❢r❡q✉❡♥❝② ♦❢ t❤❡ P❚❙ ❬✶✼✻❪✳ ❆❧t❤♦✉❣❤✱
✐♥t❡❣r❛❧ ❝♦♥tr♦❧ t❡❝❤♥✐q✉❡s ❛r❡ ✇✐❞❡❧② ✉t✐❧✐③❡❞ ✐♥ ❝♦♠♠❡r❝✐❛❧ ❙P▼ ❜❡❝❛✉s❡ ♦❢ t❤❡✐r s✐♠♣❧✐❝✐t②
❛♥❞ ❡❛s❡ ♦❢ ✐♠♣❧❡♠❡♥t❛t✐♦♥ ❬✶✼✼❀ ✶✼✽❪✳ ◆❡❣❛t✐✈❡ ✐♠❛❣✐♥❛r② ✭◆■✮ ❞❛♠♣✐♥❣ t❡❝❤♥✐q✉❡s s✉❝❤
❛s ♣♦s✐t✐✈❡ ♣♦s✐t✐♦♥ ❢❡❡❞❜❛❝❦ ✭PP❋✮ ❝♦♥tr♦❧❧❡rs ❬✶✼✾❀ ✶✽✵❪✱ ✐♥t❡❣r❛❧ r❡s♦♥❛♥t ❝♦♥tr♦❧❧❡rs ✭■❘❈✮
❬✶✽✶❪ ❛♥❞ r❡s♦♥❛♥t ❝♦♥tr♦❧❧❡rs ✭❘❈✮ ❬✶✽✷❀ ✶✽✸❪ ❤❛✈❡ ❛❧s♦ ❜❡❡♥ ❞❡s✐❣♥❡❞ t♦ s✉♣♣r❡ss s✉❝❝❡ss❢✉❧❧②
t❤❡ r❡s♦♥❛♥t ❢r❡q✉❡♥❝✐❡s ♦❢ P❚❙✳ PP❋ ❛♥❞ ■❘❈ ❛r❡ ❦♥♦✇♥ ❛s ❧♦✇ ♣❛ss ❝♦♥tr♦❧❧❡rs ❛♥❞ t❤❡♥ ♠❛②
s✉✛❡r ❢r♦♠ ❧♦✇ ❣❛✐♥ ❛♥❞ ❧♦✇ ♣❤❛s❡ ♠❛r❣✐♥s✳ ■♥ ❝♦✉♥t❡r♣❛rt✱ ❘❈ ❛r❡ ❤✐❣❤ ♣❛ss ❝♦♥tr♦❧❧❡rs ✇❤✐❝❤
♠❛② ❛♠♣❧✐❢② t❤❡ ♥♦✐s❡ ❢r♦♠ t❤❡ s❡♥s♦rs✱ ❡✈❡♥ ✐❢ t❤❡② ✐♥tr♦❞✉❝❡ ❤✐❣❤ ❣❛✐♥ ❛♥❞ ♣❤❛s❡ ♠❛r❣✐♥s✳
❘❡❝❡♥t❧②✱ ❛ ♠✐①❡❞ ◆■ ❛♥❞ s♠❛❧❧✲❣❛✐♥ ❛♣♣r♦❛❝❤ ❤❛s ❜❡❡♥ ♣r♦♣♦s❡❞ ❬✶✽✹❪✱ ✇❤✐❝❤ ✇❛s ❢✉rt❤❡r
❡①t❡♥❞❡❞ ✐♥t♦ ♠✐①❡❞ ◆■✱ ♣❛ss✐✈✐t② ❛♥❞ s♠❛❧❧✲❣❛✐♥ ❛♣♣r♦❛❝❤ ❬✶✽✺❪✳ ❚❤❡ t❡❝❤♥✐q✉❡ ♣❡r♠✐tt❡❞ t♦
♣r♦✈✐❞❡ ❛ ❧❛r❣❡ ❞❛♠♣✐♥❣ ♦❢ t❤❡ ✜rst r❡s♦♥❛♥t ❢r❡q✉❡♥❝② ✇✐t❤ ❛ s✉✣❝✐❡♥t r♦❜✉st♥❡ss ❛❣❛✐♥st t❤❡
❝❤❛♥❣❡s ✐♥ t❤❡ ♣❧❛♥t ♠♦❞❡❧s✳ ❙✐♥❝❡ ♠♦st ♦❢ t❤❡ ❙P▼ ❛♣♣❧✐❝❛t✐♦♥s ✉t✐❧✐③❡ ♣❡r✐♦❞✐❝ ♠♦t✐♦♥ ✭❡❣✳
r❛st❡r ♣❛tt❡r♥✮✱ r❡♣❡t✐t✐✈❡ ❝♦♥tr♦❧ t❡❝❤♥✐q✉❡s ✭❘❈✮ ❤❛✈❡ ❛❧s♦ ❜❡❡♥ ✉s❡❞ ❬✶✽✻❀ ✶✽✼❪✳ ❚❤❡② ❛r❡
❡✣❝✐❡♥t t♦ tr❛❝❦ ♣❡r✐♦❞✐❝ r❡❢❡r❡♥❝❡ tr❛❥❡❝t♦r✐❡s ❛♥❞✴♦r t♦ r❡❥❡❝t ♣❡r✐♦❞✐❝ ❞✐st✉r❜❛♥❝❡s✳ ❋✐♥❛❧❧②✱
❬✶✽✽✕✶✾✶❪ ✉s❡ r♦❜✉st ❝♦♥tr♦❧ t❡❝❤♥✐q✉❡s ✭H∞✱ ✳✳✳✮ t♦ ✐♠♣r♦✈❡ t❤❡ ♣❡r❢♦r♠❛♥❝❡s ♦❢ t❤❡ P❚❙
♦❢ t❤❡ ❙P▼✳ ■t ✐s ✇♦rt❤ t♦ ♥♦t✐❝❡ t❤❛t ❢❡❡❞❢♦r✇❛r❞✲❢❡❡❞❜❛❝❦ ❝♦♥tr♦❧ s❝❤❡♠❡s ❤❛✈❡ ❛❧s♦ ❜❡❡♥
✐♥✈❡st✐❣❛t❡❞ ✐♥ P❚❙ ❛❝t✉❛t♦rs ❬✶✾✶❪✳ ■♥ ❣❡♥❡r❛❧✱ ❛ ❢❡❡❞❜❛❝❦ ❛✉❣♠❡♥t❡❞ ❜② ❛ ❢❡❡❞❢♦r✇❛r❞ ♣❡r✲
♠✐ts t♦ ✐♥❝r❡❛s❡ t❤❡ ❝❛♣❛❝✐t② ♦❢ t❤❡ ❝❧♦s❡❞✲❧♦♦♣ s❝❤❡♠❡ r❡❧❛t✐✈❡ t♦ ❛ ❢❡❡❞❜❛❝❦ ♦♥❧② s❝❤❡♠❡✳ ❋♦r
✐♥st❛♥❝❡✱ t❤❡ s✐③❡ ♦❢ ❛❝❝❡♣t❛❜❧❡ ✉♥❝❡rt❛✐♥t✐❡s ❜② st✐❧❧ ♠❛✐♥t❛✐♥✐♥❣ t❤❡ ♣❡r❢♦r♠❛♥❝❡s r♦❜✉st♥❡ss
✐♥❝r❡❛s❡s ✇❤❡♥ ❛❞❞✐♥❣ ❛ ❢❡❡❞❢♦r✇❛r❞ t♦ ❛ ❢❡❡❞❜❛❝❦ s❝❤❡♠❡ ❬✶✾✷❪✳
❈♦♥tr♦❧ ♦❢ ♣✐❡③♦❡❧❡❝tr✐❝ st❛❝❦s ❜❛s❡❞ s②st❡♠s ✲ P✐❡③♦❡❧❡❝tr✐❝ st❛❝❦s ❤❛✈❡ ❜❡❡♥ ✉t✐✲
❧✐③❡❞ t♦ ❞❡✈❡❧♦♣ ♣❧❛t❢♦r♠ ❛♥❞ s②st❡♠s t❤❛t r❡q✉✐r❡s ❧❛r❣❡ st✐✛♥❡ss✳ ❚❤❡✐r ♣r✐♥❝✐♣❧❡s ❛r❡ ✈❡r②
❞✐✛❡r❡♥t ❢r♦♠ ♣✐❡③♦❡❧❡❝tr✐❝ ❝❛♥t✐❧❡✈❡rs ✭P❚❙ ♦r ♠✉❧t✐♠♦r♣❤✮ s✐♥❝❡ t❤❡ ❧♦♥❣✐t✉❞✐♥❛❧ ❞❡❢♦r♠❛t✐♦♥
♦❢ t❤❡ ♣✐❡③♦❡❧❡❝tr✐❝ ❧❛②❡rs ✭d33 ❝♦❡✣❝✐❡♥t✮ ✐s ✉s❡❞ ✐♥st❡❛❞ ♦❢ t❤❡ tr❛♥s✈❡rs❛❧ ❞❡❢♦r♠❛t✐♦♥ ✭d31✮✳
❆❧t❤♦✉❣❤✱ ♠❛♥② ❝♦♥tr♦❧ t❡❝❤♥✐q✉❡s ❢♦r st❛❝❦s ❛❝t✉❛t♦rs ❛r❡ ❡①♣❧♦✐t❛❜❧❡ ❢♦r ❝❛♥t✐❧❡✈❡rs✳ ❚❤❡②
✐♥❝❧✉❞❡ st❛t❡✲❢❡❡❞❜❛❝❦ t❡❝❤♥✐q✉❡s ❬✶✾✸❪✱ ❛❞❛♣t✐✈❡ t❡❝❤♥✐q✉❡s ❬✶✾✹❪✱ ❝❧❛ss✐❝❛❧ r♦❜✉st ❝♦♥tr♦❧
t❡❝❤♥✐q✉❡s ✭H∞✮ ❬✶✾✺❪ ❛♥❞ s❧✐❞✐♥❣ ♠♦❞❡ t❡❝❤♥✐q✉❡s ❬✶✾✻❀ ✶✾✼❪✳
❈♦♥tr♦❧ ♦❢ ♠✉❧t✐♠♦r♣❤ ♣✐❡③♦❡❧❡❝tr✐❝ ❜❛s❡❞ s②st❡♠s ✲ ❚❤❡ ♠❛✐♥ ✇♦r❦s ❝❛rr✐❡❞ ♦✉t
✐♥ t❤✐s t❤❡s✐s ❞❡❛❧ ✇✐t❤ ♠✉❧t✐❧❛②❡r❡❞ ♣✐❡③♦❡❧❡❝tr✐❝ ❝❛♥t✐❧❡✈❡rs ✇✐t❤ r❡❝t❛♥❣✉❧❛r str✉❝t✉r❡s ✭t❤❛t
✇❡ s✐♠♣❧② ❝❛❧❧ ♣✐❡③♦❡❧❡❝tr✐❝ ❝❛♥t✐❧❡✈❡rs ♦r ♠✉❧t✐❧❛②❡r❡❞ ♣✐❡③♦❡❧❡❝tr✐❝ ❝❛♥t✐❧❡✈❡rs ♦r ♠✉❧t✐♠♦r♣❤
♣✐❡③♦❡❧❡❝tr✐❝ ❝❛♥t✐❧❡✈❡rs✮✳ ❘❡❧❛t✐✈❡ t♦ P❚❙✱ t❤❡ ❜❡♥❞✐♥❣✲t♦✲❧❡♥❣t❤ r❛t✐♦ ✭ δL✮ ✐s ❤✐❣❤ ✐♥ t❤❡s❡
♣✐❡③♦❡❧❡❝tr✐❝ ❝❛♥t✐❧❡✈❡rs✳ ❆♣♣r♦①✐♠❛t❡❧②✱ ✇❡ ❤❛✈❡ ✉♣ t♦ δL =
100µm
15mm = 6.67[
µm
mm ] ✐♥ ❝❧❛ss✐❝❛❧
♠✉❧t✐♠♦r♣❤ ✇❤✐❧st δL =
35µm
30mm = 1.17[
µm
mm ] ✐♥ ❝❧❛ss✐❝❛❧ P❚❙ ✇❤❡♥ ❛ ✈♦❧t❛❣❡ ♦❢ 150V ✐s ❛♣♣❧✐❡❞✳
❚❤✐s ❤✐❣❤ r❛t✐♦ ②✐❡❧❞s ❧❛r❣❡r ❤②st❡r❡s✐s ❛♠♣❧✐t✉❞❡ ❛♥❞ ❝r❡❡♣ ❛♠♣❧✐t✉❞❡ ✐♥ ♠✉❧t✐♠♦r♣❤ ♣✐❡③♦✲
❡❧❡❝tr✐❝ ❝❛♥t✐❧❡✈❡rs✳ ❋✉rt❤❡r♠♦r❡✱ t❤❡ ✈✐❜r❛t✐♦♥s ❢♦✉♥❞ ✐♥ t❤❡s❡ ❧❛tt❡rs ❛r❡ ♠♦r❡ ✐♠♣♦rt❛♥t
✇❤❡♥ ❝♦♠♣❛r❡❞ t♦ t❤❡ ✈✐❜r❛t✐♦♥s ✐♥ ♣✐❡③♦❡❧❡❝tr✐❝ st❛❝❦s✳ ❈♦♥s❡q✉❡♥t❧②✱ ✉♥❧❡ss ✇♦r❦✐♥❣ ❛t ❧♦✇
❡❧❡❝tr✐❝❛❧ ✜❡❧❞✱ ❛t ❧♦✇ ❞❡❢♦r♠❛t✐♦♥ ❛♥❞ ❛t s❧♦✇ ✐♥♣✉t ❝♦♠♠❛♥❞✱ t❤❡ ♥♦♥❧✐♥❡❛r✐t✐❡s ❛♥❞ t❤❡
✈✐❜r❛t✐♦♥s ✐♥ ♠✉❧t✐♠♦r♣❤ ♣✐❡③♦❡❧❡❝tr✐❝ ❝❛♥t✐❧❡✈❡rs ❛r❡ ✈❡r② str♦♥❣ ❛♥❞ s❤♦✉❧❞ ❞❡✜♥✐t❡❧② ❜❡ ❝♦♥✲
s✐❞❡r❡❞ ✐♥ t❤❡ ♠♦❞❡❧✐♥❣ ❛♥❞ ✐♥ t❤❡ ❝♦♥tr♦❧✳ ❆♥♦t❤❡r ❡ss❡♥t✐❛❧ ♣♦✐♥t ✐♥ ♠✐❝r♦♠❛♥✐♣✉❧❛t✐♦♥ ❛♥❞
✻✶
♠✐❝r♦❛ss❡♠❜❧② ✇❤❡r❡ t❤❡s❡ ❛❝t✉❛t♦rs ❛r❡ ✇✐❞❡❧② ❡♠♣❧♦②❡❞ ✐s t❤❡ ❢♦r❝❡ ❝♦♥tr♦❧✱ ❛❞❞✐t✐♦♥❛❧❧② t♦
t❤❡ ❞✐s♣❧❛❝❡♠❡♥t ❝♦♥tr♦❧✳ ❈♦♥tr♦❧❧✐♥❣ t❤❡ ❢♦r❝❡ ♣❡r♠✐ts t♦ ❛✈♦✐❞ t❤❡ ❞❡str✉❝t✐♦♥ ♦❢ t❤❡ ❛❝t✉❛t♦r
✐ts❡❧❢ ♦r ♦❢ t❤❡ ♠❛♥✐♣✉❧❛t❡❞ ♦❜❥❡❝t✳ ❚❤❡ ❧✐tt❡r❛t✉r❡ s❤♦✇s ❤♦✇❡✈❡r t❤❛t ♠❛♥② ♦❢ t❤❡ ❝♦♥tr♦❧
t❡❝❤♥✐q✉❡s ❛r❡ ♣❛rt✐❛❧✿ ♦♥❧② t❤❡ ❞✐s♣❧❛❝❡♠❡♥t ♦r ♦♥❧② t❤❡ ❢♦r❝❡ ✐s ❝♦♥s✐❞❡r❡❞✳ ❋♦r ✐♥st❛♥❝❡✱ ✐♥
❬✽✸❪✱ t❤❡ ❢♦r❝❡ ❝♦♥tr♦❧ ♦❢ ♦♥❡ ♣✐❡③♦❡❧❡❝tr✐❝ ❛❝t✉❛t♦r ♦❢ ❛ ♠✐❝r♦❣r✐♣♣❡r ❤❛s ❜❡❡♥ ✐♥✈❡st✐❣❛t❡❞ ❜②
✉t✐❧✐③✐♥❣ str❛✐♥ ❣❛❣❡s s❡♥s♦rs ❢♦r t❤❡ ❢❡❡❞❜❛❝❦ ❛♥❞ ❛ ♣r♦♣♦rt✐♦♥❛❧✲✐♥t❡❣r❛❧ ❛s ❝♦♥tr♦❧ s❝❤❡♠❡✳
■♥ ❬✺✾❪✱ t❤❡ ❞✐s♣❧❛❝❡♠❡♥t ♦❢ ♦♥❡ ✉♥✐♠♦r♣❤ ♣✐❡③♦❡❧❡❝tr✐❝ ❝❛♥t✐❧❡✈❡r ♦❢ ❛ ♠✐❝r♦❣r✐♣♣❡r ❤❛s ❜❡❡♥
❝♦♥tr♦❧❧❡❞ ✇✐t❤ ❛ P■❉ ✜rst ❛♥❞ t❤❡♥ ✇✐t❤ ❛ st❛t❡✲❢❡❡❞❜❛❝❦ ✇✐t❤ ✐♥t❡❣r❛❧ ❛❝t✐♦♥✳ ■♥ t❤❡ t✇♦
♣❛♣❡rs ❬✺✾❀ ✽✸❪✱ t❤❡ ✐♥t❡❣r❛❧ ❛❝t✐♦♥ ❛❧❧♦✇❡❞ t♦ ❤❛✈❡ ❛ ❤✐❣❤ ❣❛✐♥ ❛t ❧♦✇ ❢r❡q✉❡♥❝② ❛♥❞ t❤✉s t♦
r❡❞✉❝❡ t❤❡ ❡✛❡❝t ♦❢ t❤❡ ❤②st❡r❡s✐s ❛♥❞ ♦❢ t❤❡ ❝r❡❡♣ ✐♥ t❤❡ tr❛❝❦✐♥❣ ♣r❡❝✐s✐♦♥✳ ❘❡❝❡♥t❧②✱ t❤❡
s✐♠✉❧t❛♥❡♦✉s ❝♦♥tr♦❧ ♦❢ t❤❡ ❢♦r❝❡ ❛♥❞ ♣♦s✐t✐♦♥ ✐♥ ❛ ♣✐❡③♦❡❧❡❝tr✐❝ ♠✐❝r♦❣r✐♣♣❡r ❤❛s ❜❡❡♥ ✐♥✈❡s✲
t✐❣❛t❡❞ ❬✶✾✽❪✳ ❲❤✐❧❡ ♦♥❡ ❛❝t✉❛t♦r ✇❛s ❝♦♥tr♦❧❧❡❞ ♦♥ ❢♦r❝❡ ✇✐t❤ ❛ P■❉✱ t❤❡ ♦t❤❡r ❛❝t✉❛t♦r ✇❛s
❝♦♥tr♦❧❧❡❞ ♦♥ ♣♦s✐t✐♦♥ ✇✐t❤ ❛ s❧✐❞✐♥❣ ♠♦❞❡ s❝❤❡♠❡✳
❈♦♠♣❛r❛t✐✈❡❧② t♦ t❤✐s ❧✐tt❡r❛t✉r❡✱ t❤❡ ♠❛✐♥ ❞✐r❡❝t✐♦♥ ♦❢ t❤❡ ✇♦r❦s r❡♣♦rt❡❞ ✐♥ t❤✐s t❤❡s✐s
❞❡❛❧s ✇✐t❤ t❤❡ ❢❡❡❞❜❛❝❦ ❝♦♥tr♦❧ ♦❢ ✭♠✉❧t✐♠♦r♣❤✮ ♣✐❡③♦❡❧❡❝tr✐❝ ❝❛♥t✐❧❡✈❡rs✳ ❚❤❡ ✇♦r❦s ❢♦❝✉s ♦♥
❜♦t❤ ❢♦r❝❡ ❛♥❞ ♣♦s✐t✐♦♥ s✐❣♥❛❧s✳ ❆s ✇❡ s❤❛❧❧ ❞❡s❝r✐❜❡ ✐♥ t❤❡ ♥❡①t s❡❝t✐♦♥s✱ ❝♦♥tr❛r② t♦ t❤❡
✇♦r❦s ✐♥ ❬✽✸❪ ❬✺✾❪ ❬✶✾✽❪✱ ✇❡ ♣r♦♣♦s❡ ♠❡t❤♦❞♦❧♦❣✐❡s t❤❛t ❛❝❝♦✉♥t ❢♦r t❤❡ str♦♥❣ ❤②st❡r❡s✐s ❛♥❞
❝r❡❡♣ ♥♦♥❧✐♥❡❛r✐t✐❡s ❛♥❞ ❢♦r t❤❡ ❜❛❞❧② ❞❛♠♣❡❞ ✈✐❜r❛t✐♦♥✳ ❋✉rt❤❡r♠♦r❡✱ ✇❡ ❛❧s♦ ❛❝❝♦✉♥t ❢♦r t❤❡
♠♦❞❡❧s ✉♥❝❡rt❛✐♥t✐❡s ♦❢ t❤❡ ♣✐❡③♦❡❧❡❝tr✐❝ s②st❡♠s✳ ❚❤❡s❡ ♠♦❞❡❧s ✉♥❝❡rt❛✐♥t✐❡s ❛r❡ ❞✉❡ t♦ t❤❡
♣❛r❛♠❡t❡rs ✈❛r✐❛t✐♦♥ ❞✉r✐♥❣ t❤❡ ❢✉♥❝t✐♦♥✐♥❣✱ t♦ t❤❡ ❞✐✣❝✉❧t② t♦ ♦❜t❛✐♥ ♣r❡❝✐s❡ ♠❡❛s✉r❡♠❡♥t
❛♥❞ t♦ t❤❡ ❤✐❣❤ s❡♥s✐t✐✈✐t② ♦❢ t❤❡ s②st❡♠s t♦ t❤❡ ❡♥✈✐r♦♥♠❡♥t ✐♥ ❣❡♥❡r❛❧ ✭s❡❡ ❝❤❛♣t❡r✳ ✶✮✳ ❉✉❡
t♦ t❤❡s❡ ❢❛❝ts✱ r♦❜✉st ❝♦♥tr♦❧ t❡❝❤♥✐q✉❡s ❛r❡ t❤❡ ♠♦st ❛❞❛♣t❡❞✳
❚❤❡ ✜rst ♣❛rt ♦❢ t❤❡ ✇♦r❦s ❞❡❛❧s ✇✐t❤ t❤❡ r♦❜✉st ❝♦♥tr♦❧ ♦❢ ♣✐❡③♦❡❧❡❝tr✐❝ ❝❛♥t✐❧❡✈❡r ❛❝t✉✲
❛t♦rs✳ ❚❤❡ ✇♦r❦s ✐♥❝❧✉❞❡ ❝❧❛ss✐❝❛❧ r♦❜✉st t❡❝❤♥✐q✉❡s ✭H∞✱ ✳✳✳✮ ❛♥❞ ❡①♦t✐❝ r♦❜✉st t❡❝❤♥✐q✉❡s
✭❜❛s❡❞ ♦♥ ✐♥t❡r✈❛❧ t❡❝❤♥✐q✉❡s✮✳ ❘❡❣❛r❞✐♥❣ t❤❡s❡ ❧❛tt❡rs✱ ♦♥❡ ♦❢ t❤❡ ♠❛✐♥ t❤❡♦r❡t✐❝❛❧ r❡s✉❧ts
✇❡ ♣r♦♣♦s❡❞ ✐s t❤❡ P❡r❢♦r♠❛♥❝❡s ■♥❝❧✉s✐♦♥ ❚❤❡♦r❡♠ ✭P■❚✮ ❬❈✷✽❪✳ ❚❤✐s r❡s✉❧t ✐s ✉t✐❧✐③❛❜❧❡ t♦
s②♥t❤❡s✐s r♦❜✉st ❝♦♥tr♦❧❧❡rs ❛♥❞ ❝❛♥ ❛❧s♦ ❜❡ ✉s❡❞ ❢♦r s②st❡♠s ❞❡s✐❣♥ ✭s❡❡ ❝❤❛♣t❡r✳ ✷✳✻✳✷✮✳ ❚❤❡
s❡❝♦♥❞ ♣❛rt ♦❢ t❤❡ ✇♦r❦s ❞❡❛❧s ✇✐t❤ t❤❡ ❢❡❡❞❢♦r✇❛r❞✲❢❡❡❞❜❛❝❦ ❝♦♠❜✐♥❡❞ s❝❤❡♠❡s ✇❤✐❝❤ ❛r❡
s✉❣❣❡st❡❞ ✇❤❡♥ t❤❡ ♥♦♥❧✐♥❡❛r✐t✐❡s ♦r t❤❡ ✈✐❜r❛t✐♦♥s ❛r❡ t♦♦ str♦♥❣ ❛♥❞ t❤✉s ✇❤❡♥ t❤❡ ♣r❡✈✐♦✉s
r♦❜✉st t❡❝❤♥✐q✉❡s ❛r❡ ♥♦t ❛♥②♠♦r❡ ❡✣❝✐❡♥t✳ ❚❤❡ ❣❡♥❡r❛❧ ♣r✐♥❝✐♣❧❡ ♦❢ ❢❡❡❞❢♦r✇❛r❞✲❢❡❡❞❜❛❝❦
❤❡r❡ ❝♦♥s✐sts ✐♥ r❡❞✉❝✐♥❣ ✜rst t❤❡ ♥♦♥❧✐♥❡❛r✐t✐❡s ♦r t❤❡ ✈✐❜r❛t✐♦♥s ❜② ❢❡❡❞❢♦r✇❛r❞ ❜❡❢♦r❡ ❛♣✲
♣❧②✐♥❣ t❤❡ ❢❡❡❞❜❛❝❦ ❝♦♥tr♦❧✳ ■♥ t❤❡ ❧❛st ♣❛rt ♦❢ t❤❡ ❝❤❛♣t❡r✱ ✇❡ ♣r❡s❡♥t t❤❡ ❝❛s❡ ♦❢ ♠✉❧t✐✲❛①❡s
✭♦r ♠✉❧t✐✲❉❖❋✮ ♣✐❡③♦❡❧❡❝tr✐❝ ❝❛♥t✐❧❡✈❡r ❛❝t✉❛t♦rs✳ ■♥ t❤✐s ❝❛s❡✱ t❤❡ ❝r♦ss✲❝♦✉♣❧✐♥❣s ❜❡t✇❡❡♥
t❤❡ ❛①❡s ✐♥tr♦❞✉❝❡ ♥❡✇ ❞✐✣❝✉❧t② ❢♦r t❤❡ ❝♦♥tr♦❧✱ ❛❞❞✐t✐♦♥❛❧❧② t♦ t❤❡ ♥♦♥❧✐♥❡❛r✐t✐❡s ❛♥❞ t♦ t❤❡
✈✐❜r❛t✐♦♥✳ ❋✐♥❛❧❧②✱ ✇❡ ♣r❡s❡♥t t❤❡ ♣r♦♣♦s❡❞ ❝♦♥tr♦❧ t❡❝❤♥✐q✉❡s ❢♦r ❤②❜r✐❞ t❤❡r♠♦♣✐❡③♦❡❧❡❝tr✐❝
❛❝t✉❛t♦rs ❛♥❞ ❢♦r t❤❡r♠♦♣✐❡③♦❡❧❡❝tr✐❝ ♠✐❝r♦❣r✐♣♣❡rs✳
✸✳✷ ❈❧❛ss✐❝❛❧ r♦❜✉st ❝♦♥tr♦❧
❚❤❡ ❛✐♠ ❤❡r❡ ❝♦♥s✐sts ✐♥ t❛❦✐♥❣ ✐♥t♦ ❝♦♥s✐❞❡r❛t✐♦♥ t❤❡ ❤②st❡r❡s✐s✱ t❤❡ ❝r❡❡♣✱ t❤❡ ❞②♥❛♠✐❝s ❛♥❞
t❤❡ ❡♥✈✐r♦♥♠❡♥t ❡✛❡❝t ❞✉r✐♥❣ t❤❡ ♠♦❞❡❧✐♥❣ ❛♥❞ ❞✉r✐♥❣ t❤❡ ❝♦♥tr♦❧❧❡rs s②♥t❤❡s✐s✳ ❚❤❡ ♣r♦♣♦s❡❞
✻✷
♣r✐♥❝✐♣❧❡ ❝♦♥s✐sts ✐♥ ❞❡❧✐❝❛t❡❧② t❛❦✐♥❣ ❛ ♣❛rt ♦❢ t❤❡s❡ ❡❧❡♠❡♥ts ❛s ♠♦❞❡❧ ✉♥❝❡rt❛✐♥t✐❡s ✇❤✐❧st
t❤❡ ♦t❤❡r ♣❛rt ❛s ❡①t❡r♥❛❧ ❛♥❞ ✜❝t✐✈❡ ❞✐st✉r❜❛♥❝❡s✳ ❯♥❝❡rt❛✐♥ ❛♥❞ ♣❡rt✉r❜❡❞ ❧✐♥❡❛r ♠♦❞❡❧s ❛r❡
t❤❡r❡❢♦r❡ ❞❡r✐✈❡❞ ✇❤✐❝❤ ♣r❡s❡♥t ❛ ♠❛❥♦r ❛❞✈❛♥t❛❣❡ t❤❛t ✐s t❤❡ ✉t✐❧✐③❛t✐♦♥ ♦❢ ❡①✐st✐♥❣ r♦❜✉st
❝♦♥tr♦❧ t❡❝❤♥✐q✉❡s✳
✸✳✷✳✶ ❉✐s♣❧❛❝❡♠❡♥t ♠♦❞❡❧✐♥❣ ❛♥❞ ❝♦♥tr♦❧
❈♦♥s✐❞❡r t❤❡ s❝❤❡♠❡ ✐♥ ❋✐❣✳ ✸✳✶ ✇❤❡r❡ C(s) ✐s t❤❡ ♣♦s✐t✐♦♥ ❝♦♥tr♦❧❧❡r t♦ ❜❡ s②♥t❤❡s✐③❡❞ ❛♥❞ δr
t❤❡ r❡❢❡r❡♥❝❡ ✐♥♣✉t✳
piezoelectric
system
+
-
❋✐❣✉r❡ ✸✳✶✿ ❙❝❤❡♠❛t✐❝ ♦❢ t❤❡ ❢❡❡❞❜❛❝❦✳
❘❡❝♦♥s✐❞❡r t❤❡ ❣❡♥❡r❛❧ ♠♦❞❡❧ ✐♥ ❊q✳ ✭✷✳✽✮ ✇❤✐❝❤ ❛❝❝♦✉♥ts ❢♦r t❤❡ ❤②st❡r❡s✐s✱ ❝r❡❡♣✱ ❞②♥❛♠✲
✐❝s✱ ❡①t❡r♥❛❧ ❢♦r❝❡ ❛♥❞ t❤❡r♠❛❧ ✈❛r✐❛t✐♦♥✿
δ(s) = Γ (u(s))D(s) + Ccreep (u(s), s) + spD(s)F (s) + ΓT (T (s))DT (s) ✭✸✳✶✮
✇❤❡r❡✿
→ δ(s) ❛♥❞ u(s) ❛r❡ t❤❡ ♦✉t♣✉t ❞✐s♣❧❛❝❡♠❡♥t ❛♥❞ t❤❡ ❞r✐✈✐♥❣ ✈♦❧t❛❣❡ r❡s♣❡❝t✐✈❡❧②✱
→ F (s) ❛♥❞ T (s) ❛r❡ t❤❡ ❡①t❡r♥❛❧ ❢♦r❝❡ ❛♣♣❧✐❡❞ t♦ t❤❡ ❛❝t✉❛t♦r ❛♥❞ t❤❡ t❡♠♣❡r❛t✉r❡
✈❛r✐❛t✐♦♥ r❡s♣❡❝t✐✈❡❧②✱
→ Γ (u(s)) ✐s t❤❡ r❛t❡✲✐♥❞❡♣❡♥❞❛♥t ✭♦r st❛t✐❝✮ ❤②st❡r❡s✐s ♦♣❡r❛t♦r✱
→ Ccreep (u(s), s) ✐s t❤❡ ❝r❡❡♣ ♦♣❡r❛t♦r✱
→ sp ✐s t❤❡ ❝♦♠♣❧✐❛♥❝❡ ❝♦❡✣❝✐❡♥t✱
→ ❛♥❞ D(s) ❛♥❞ DT (s) ❛r❡ t❤❡ ❞②♥❛♠✐❝s ♦❢ t❤❡ str✉❝t✉r❡ ❛♥❞ t❤❡ t❤❡r♠♦♠❡❝❤❛♥✐❝❛❧ ❞②✲
♥❛♠✐❝s r❡s♣❡❝t✐✈❡❧②✳
❘❡❣❛r❞✐♥❣ t❤❡ ♦♣❡r❛t♦r Γ (u(s))✱ ❧❡t ✉s ✜rst ❛♣♣r♦①✐♠❛t❡ t❤❡ ❤②st❡r❡s✐s ❛s ❛ q✉❛❞r✐❧❛t❡r❛❧
✭s❡❡ ❋✐❣✳ ✸✳✷✲❛✮✳ ❋r♦♠ t❤✐s q✉❛❞r✐❧❛t❡r❛❧✱ ❛ ♠❛①✐♠❛❧ s❧♦♣❡ kM ❛♥❞ ❛ ♠✐♥✐♠❛❧ s❧♦♣❡ km ❛♠♦♥❣
t❤❡ ❢♦✉r s❡❣♠❡♥ts ❝❛♥ ❜❡ ✐❞❡♥t✐✜❡❞✳ ❚❤❡♥✱ ❛♥ ✉♥❝❡rt❛✐♥ ❧✐♥❡❛r ♠♦❞❡❧ ✐s ❞❡r✐✈❡❞ ❛s ❢♦❧❧♦✇s✿
Γ (U) ∼= (k + ∂)u+ δo ✭✸✳✷✮
✇❤❡r❡ δo ✐s t❤❡ ♦✛s❡t ✭♣♦s✐t✐✈❡ ♦r ♥❡❣❛t✐✈❡✮✳ ❋♦r ❛ r♦❜✉st ❝♦♥tr♦❧ s②♥t❤❡s✐s ❝❛s❡✱ δo ✐s
❞✐r❡❝t❧② t❛❦❡♥ ❡q✉❛❧ t♦ t❤❡ ♠❛①✐♠❛❧ ♦r t❤❡ ♠✐♥✐♠❛❧ ♦❢ t❤❡ ♦✛s❡ts ♣♦ss✐❜❧❡✱ t❤❡ ♦♥❡ ✇❤✐❝❤ ❤❛s
t❤❡ ❤✐❣❤❡st ♥♦r♠✳ ❋♦r ✐♥st❛♥❝❡✱ ✐♥ ❋✐❣✳ ✸✳✷✲❛✱ δo ❝♦rr❡s♣♦♥❞s t♦ t❤❡ ♣♦s✐t✐✈❡ ♦✛s❡t✳ ❚❤❡ st❛t✐❝❛❧
❣❛✐♥ k ❛♥❞ t❤❡ ✉♥❝❡rt❛✐♥t② ∂ ❛r❡ ❞❡✜♥❡❞ ❛s ❢♦❧❧♦✇s✿{
k = kM+km2
− (kM−km)2 ≤ ∂ ≤
(kM−km)
2
✭✸✳✸✮
✻✸
■♥tr♦❞✉❝✐♥❣ t❤❡ q✉❛❞r✐❧❛t❡r❛❧ ❛♣♣r♦①✐♠❛t✐♦♥ ❞❡s❝r✐❜❡❞ ❜② ❊q✳ ✭✸✳✷✮ ❛♥❞ ❊q✳ ✭✸✳✸✮ ✐♥t♦
❊q✳ ✭✸✳✶✮ ②✐❡❧❞s✿
δ(s) =
(
1 +
∂
k
)
G(s)u(s) + b(s) ✭✸✳✹✮
✇❤❡r❡ G(s) = kD(s) ✐s t❤❡ ♥♦♠✐♥❛❧ ♠♦❞❡❧✱ ❛♥❞ b(s) ✐s ❛♥ ✭✜❝t✐✈❡✮ ❡①t❡r♥❛❧ ♦✉t♣✉t ❞✐s✲
t✉r❜❛♥❝❡ ✇❤✐❝❤ r❛ss❡♠❜❧❡s t❤❡ ❝r❡❡♣ ❡✛❡❝t✱ t❤❡ ❡❧❛st✐❝ ❡✛❡❝t ✭❞✉❡ t♦ t❤❡ ❢♦r❝❡✮✱ t❤❡ t❤❡r♠❛❧
✈❛r✐❛t✐♦♥ ❡✛❡❝t ❛♥❞ t❤❡ ♦✛s❡t ♦❢ t❤❡ ❤②st❡r❡s✐s✳ ■t ✐s ❞❡✜♥❡❞ ❜②✿
b(s) = Ccreep (u(s), s) + spD(s)F (s) + ΓT (T (s))DT (s) + δo ✭✸✳✺✮
❚❤❡ ✉♥❝❡rt❛✐♥t② ♦❢ t❤❡ ♠♦❞❡❧ ❤❛s ❛ ✭✐♥♣✉t✮ ❞✐r❡❝t ♠✉❧t✐♣❧✐❝❛t✐✈❡ str✉❝t✉r❡✳ ❋✐❣✳ ✸✳✷✲❜
❞❡♣✐❝ts t❤❡ ♥❡✇ ❜❧♦❝❦ ❞✐❛❣r❛♠ ♦❢ t❤❡ s②st❡♠ ✇✐t❤ t❤❡ ❝♦♥tr♦❧❧❡r t♦ ❜❡ s②♥t❤❡s✐③❡❞✳ ■♥ t❤❡
✜❣✉r❡✱ t❤❡ ♥♦r♠❛❧✐③❡❞ ✉♥❝❡rt❛✐♥t② ∆(s) ❛♥❞ t❤❡ ✇❡✐❣❤t✐♥❣ W∆(s) ❛r❡ ❞❡✜♥❡❞ ❜②✿

−1 ≤ ∆ ≤ 1 ⇒ ‖∆‖
∞
≤ 1
and
W∆ =
kM−km
2k
✭✸✳✻✮
+
-
+
+
+
+
(a) (b)slope
slope
❋✐❣✉r❡ ✸✳✷✿ ✭❛✮✿ t❤❡ q✉❛❞r✐❧❛t❡r❛❧ ❛♣♣r♦①✐♠❛t✐♦♥✳ ✭❜✮✿ t❤❡ ❡q✉✐✈❛❧❡♥t ❜❧♦❝❦✲❞✐❛❣r❛♠✳
❆ s②♥t❤❡s✐s ✇❤✐❝❤ ✐s ❛❜❧❡ t♦ ❝♦♥s✐❞❡r t❤❡ ❛❜♦✈❡ ✉♥❝❡rt❛✐♥t②✱ t❤❡ ❞✐st✉r❜❛♥❝❡ ❛♥❞ s♦♠❡
s♣❡❝✐✜❝❛t✐♦♥s ✐♥❝❧✉❞✐♥❣ t❤❡ tr❛❝❦✐♥❣ ♣❡r❢♦r♠❛♥❝❡s ♦❢ t❤❡ ♣✐❡③♦❡❧❡❝tr✐❝ ❛❝t✉❛t♦r ✐s t❤❡ st❛♥❞❛r❞
H∞ s②♥t❤❡s✐s✳ ▲❡t ✉s ❢♦r ✐♥st❛♥❝❡ t❛❦❡ t❤❡ ❢♦❧❧♦✇✐♥❣ s♣❡❝✐✜❝❛t✐♦♥s✿ tr❛❝❦✐♥❣ ♣❡r❢♦r♠❛♥❝❡s✱
❝♦♠♠❛♥❞ ♠♦❞❡r❛t✐♦♥✱ ❛♥❞ ❞✐st✉r❜❛♥❝❡ r❡❥❡❝t✐♦♥✳ ❲✐t❤ r❡❣❛r❞s t♦ t❤❡ ❞✐st✉r❜❛♥❝❡ r❡❥❡❝t✐♦♥✱
✐t ✐s ♣♦ss✐❜❧❡ t♦ ❡①♣r❡ss t❤❡ r❡❧❛t❡❞ s♣❡❝✐✜❝❛t✐♦♥ ❛s ❛ ♠❛①✐♠❛❧ ♣❡r♠✐tt❡❞ ❡rr♦r εmax ✇❤❡♥ t❤❡
✇♦rst ❝❛s❡ ✐♥ ❞✐st✉r❜❛♥❝❡ bmax ❤❛♣♣❡♥s✳ ■♥ t❤✐s ✇♦rst ❝❛s❡✱ t❤❡ ❝r❡❡♣✱ t❤❡ ♦✛s❡t✱ t❤❡ ❡❧❛st✐❝
♣❛rt ❡✛❡❝t ❛♥❞ t❤❡ t❤❡r♠❛❧ ❡✛❡❝t ❛r❡ ✐♠♣♦s❡❞ t♦ ❜❡ ♠❛①✐♠❛❧✳ ❚❤❡✐r ✈❛❧✉❡s ❝❛♥ ❜❡ ❝❛❧❝✉❧❛t❡❞
✇✐t❤ ♠❛①✐♠❛❧ ✐♥♣✉ts umax ❛♥❞✴♦r Fmax ❛♥❞✴♦r Tmax(s)✳ ❆❧❧ t❤❡ s♣❡❝✐✜❝❛t✐♦♥s ❝❛♥ ❜❡ tr❛♥✲
s❝r✐❜❡❞ ✐♥t♦ t❤❡ ❢♦❧❧♦✇✐♥❣ ✇❡✐❣❤t✐♥❣s✿
→ Wε(s) ❢♦r t❤❡ tr❛❝❦✐♥❣ ♣❡r❢♦r♠❛♥❝❡s✱
→ Wu(s) ❢♦r t❤❡ ❝♦♠♠❛♥❞ ♠♦❞❡r❛t✐♦♥✱
→ ❛♥❞ Wb(s) ❢♦r t❤❡ ❞✐st✉r❜❛♥❝❡ r❡❥❡❝t✐♦♥✳
✻✹
■t ✐s ❛❧s♦ ✇♦rt❤ t♦ r❡♠✐♥❞ t❤❛t t❤❡ st❛❜✐❧✐t② ❝♦♥❞✐t✐♦♥ ♦❢ ❛ ❝❧♦s❡❞✲❧♦♦♣ ✐♥ ♣r❡s❡♥❝❡ ♦❢ ❛
❞✐r❡❝t ♠✉❧t✐♣❧✐❝❛t✐✈❡ str✉❝t✉r❡❞ ✉♥❝❡rt❛✐♥t② ✐s ‖CSGW∆‖∞ < 1 ⇔ ‖TW∆‖∞ < 1 ✱ ✇❤❡r❡
S = 11+CG ❛♥❞ T = 1 − S ❛r❡ t❤❡ s❡♥s✐t✐✈✐t② ❛♥❞ t❤❡ ❝♦♠♣❧❡♠❡♥t❛r② s❡♥s✐t✐✈✐t② ❢✉♥❝t✐♦♥s
r❡s♣❡❝t✐✈❡❧②✱ ❬✶✾✾❪✳
❈♦♥s✐❞❡r✐♥❣ t❤❡ ❛❜♦✈❡ ✇❡✐❣❤t✐♥❣s ❢♦r t❤❡ s♣❡❝✐✜❝❛t✐♦♥s ❛♥❞ t❤❡ ❛❜♦✈❡ st❛❜✐❧✐t② ❝♦♥❞✐t✐♦♥✱
t❤❡ ❜❧♦❝❦✲❞✐❛❣r❛♠ ❢♦r t❤❡ ❝♦♥tr♦❧❧❡r s②♥t❤❡s✐s ✐s ❣✐✈❡♥ ❜② ❋✐❣✳ ✸✳✸✲❛✱ ✇❤✐❝❤ ❝❛♥ ❜❡ r❡❛rr❛♥❣❡❞ ✐♥
♦r❞❡r t♦ ❤❛✈❡ t❤❡ st❛♥❞❛r❞ s❝❤❡♠❡ ✐♥ ❋✐❣✳ ✸✳✸✲❜✳ ■♥ t❤✐s st❛♥❞❛r❞ ❢♦r♠✱ t❤❡ ❛✉❣♠❡♥t❡❞ s②st❡♠
P(s) ❝♦♥t❛✐♥s t❤❡ ♥♦♠✐♥❛❧ s②st❡♠ G(s) ❛♥❞ t❤❡ ❢♦✉r ✇❡✐❣❤t✐♥❣s✳ ❚❤❡ ✭✇❡✐❣❤t❡❞✮ ♦✉t♣✉ts ❛r❡(
eε eu e∆
)T ❛♥❞ t❤❡ ❡①♦❣❡♥❡♦✉s ✐♥♣✉ts ❛r❡ ( δr bw )T ✳
+
-
+
+
(a) (b)
❋✐❣✉r❡ ✸✳✸✿ ✭❛✮✿ ❜❧♦❝❦✲❞✐❛❣r❛♠ ❢♦r t❤❡ s②♥t❤❡s✐s✳ ✭❜✮✿ t❤❡ st❛♥❞❛r❞ s❝❤❡♠❡✳
❆♣♣❧②✐♥❣ t❤❡ st❛♥❞❛r❞ H∞ ♣r♦❜❧❡♠ ❬✶✾✾❪ t♦ t❤❡ s❝❤❡♠❡s ✐♥ ❋✐❣✳ ✸✳✸ ②✐❡❧❞s✿
Pr♦❜❧❡♠ ✸✳✷✳✶✳ ❋✐♥❞ t❤❡ ♦♣t✐♠❛❧ ❝♦♥tr♦❧❧❡r C(s) ❛♥❞ t❤❡ ♦♣t✐♠❛❧ ✈❛❧✉❡ ♦❢ γ > 0 ✭❝❛❧❧❡❞
♣❡r❢♦r♠❛♥❝❡s ❧❡✈❡❧✮ s✉❝❤ t❤❛t t❤❡ ❝❧♦s❡❞ ❧♦♦♣ ✐♥ ❋✐❣✳ ✸✳✸✲❜ ✐s st❛❜❧❡ ❛♥❞✿
‖Fl (P(s), C(s))‖∞ ≤ γ
✇❤❡r❡ Fl (P(s), C(s)) ✐s t❤❡ ❧♦✇❡r ❢r❛❝t✐♦♥❛❧ tr❛♥s❢♦r♠❛t✐♦♥ ❛♥❞ ❣✐✈❡s t❤❡ ❢♦❧❧♦✇✐♥❣ ❞❡✜♥✐✲
t✐♦♥✿ 
 eε(s)eu(s)
e∆(s)

 = Fl (P(s), C(s))( δr(s)bw(s)
)
✭✸✳✼✮
❆❢t❡r ❞❡✈❡❧♦♣♠❡♥t ❛♥❞ tr❛♥s❢♦r♠❛t✐♦♥ ♦❢ t❤❡ ❛❜♦✈❡ ♣r♦❜❧❡♠ ✐♥t♦ ♠❛❣♥✐t✉❞❡s ✐♥❡q✉❛❧✐t✐❡s✱
✇❡ ❤❛✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ♥❡✇ ♣r♦❜❧❡♠✳
Pr♦❜❧❡♠ ✸✳✷✳✷✳ ❋✐♥❞ t❤❡ ♦♣t✐♠❛❧ ❝♦♥tr♦❧❧❡r C(s) ❛♥❞ t❤❡ ♦♣t✐♠❛❧ ✈❛❧✉❡ ♦❢ γ > 0 s✉❝❤ t❤❛t✿
|S| ≤ γWε |−S| ≤
γ
WεWb
|CS| ≤ γWu |−CS| ≤
γ
WuWb
|CSG| ≤ γW∆ |S| ≤
γ
W∆Wb
✻✺
❚❤❡ ❛❜♦✈❡ ♣r♦❜❧❡♠ ❝❛♥ ❜❡ s♦❧✈❡❞ ❜② ✉s✐♥❣ t❤❡ ❉●❑❋✷ ❛❧❣♦r✐t❤♠ ✇❤✐❝❤ ✐s ❜❛s❡❞ ♦♥ ❛
st❛t❡✲s♣❛❝❡ ❢♦r♠✉❧❛t✐♦♥ ❬✷✵✵❀ ✷✵✶❪✳
❚❤❡ q✉❛❞r✐❧❛t❡r❛❧ ❛♣♣r♦①✐♠❛t✐♦♥ ♦❢ ❛ st❛t✐❝ ❤②st❡r❡s✐s ✐ts❡❧❢ ❤❛s ❜❡❡♥ ❞❡s❝r✐❜❡❞ ✐♥ ❬❏✷❪✳ ❚❤❡
q✉❛❞r✐❧❛t❡r❛❧ ❛♣♣r♦①✐♠❛t✐♦♥ ✐s ❛ ♣❛rt✐❝✉❧❛r ❛♥❞ t❤❡ s✐♠♣❧❡st ❝❛s❡ ♦❢ t❤❡ ♣❧✉r✐❧✐♥❡❛r ♠♦❞❡❧✐♥❣
♦❢ ❛ ❤②st❡r❡s✐s ❬❈✼❪✳ ■♥ ❬❈✶✷❪✱ ✇❡ ✐♥❝❧✉❞❡❞ ✐♥ t❤❡ ❝♦♥tr♦❧ s②♥t❤❡s✐s t❤❡ t❤❡r♠❛❧ ❡✛❡❝t r❡❥❡❝t✐♦♥✳
❚❤❡s❡ r❡s✉❧ts ✉t✐❧✐③❡❞ r♦❜✉st ❧✐♥❡❛r ❝♦♥tr♦❧ t❡❝❤♥✐q✉❡s ✇❤✐❝❤ ✇❡r❡ ✐♥✈❛r✐❛♥t✳ ■❢ t❤❡ ❤②st❡r❡s✐s
✐s t♦♦ str♦♥❣ ❛♥❞ t❤✉s t❤❡ ✉♥❝❡rt❛✐♥t✐❡s ❜❡❝♦♠❡ t♦♦ ❧❛r❣❡✱ ❛♥ ▲❚■ r♦❜✉st ❝♦♥tr♦❧❧❡r ♠❛② ♥♦t
❜❡ s✉✣❝✐❡♥t ❛♥❞ t❤✉s ❛ r♦❜✉st ❛❞❛♣t✐✈❡ s❝❤❡♠❡ s❤♦✉❧❞ ❜❡ ❡♠♣❧♦②❡❞✳ ❚❤✐s ✇❛s t❤❡ ❛✐♠ ♦❢ t❤❡
♣❛♣❡r ❬❈✺✹❪ ✇❤❡r❡ ✇❡ ♣r♦♣♦s❡❞ ❛♥ ❛❞❛♣t✐✈❡ ❜❛❝❦st❡♣♣✐♥❣ s❝❤❡♠❡✳
✸✳✷✳✷ ❋♦r❝❡ ♠♦❞❡❧✐♥❣ ❛♥❞ ❝♦♥tr♦❧
force
support
manipulated
object
support
piezoelectric
actuator
❋✐❣✉r❡ ✸✳✹✿ ❚❤❡ ❢♦r❝❡ ❛❝t✉❛t♦r ♠❛♥✐♣✉❧❛t✐♥❣ ❛♥
♦❜❥❡❝t✳
❲❡ ❢♦❝✉s ♥♦✇ t❤❡ st✉❞② ✇❤❡♥ t❤❡ ♣✐❡③♦❡❧❡❝✲
tr✐❝ ❛❝t✉❛t♦r ✐s ✉s❡❞ ✐♥ ❢♦r❝❡ ❛❝t✉❛t✐♦♥✳ ❚❤✐s
✐s t❤❡ ❝❛s❡ ❢♦r t❤❡ ❧❡❢t ❛❝t✉❛t♦r ♦❢ t❤❡ ♠✐✲
❝r♦❣r✐♣♣❡r ✐♥ ❋✐❣✳ ✷✳✶✲❜✳ ■❢ ✇❡ ❛♣♣r♦①✐♠❛t❡
t❤❡ ♠❛♥✐♣✉❧❛t❡❞ ♦❜❥❡❝t✬s ❞❡❢♦r♠❛t✐♦♥ ❛s ❛
s♣r✐♥❣✲❞❛♠♣❡r✲♠❛ss s②st❡♠ ❛♥❞ ✐❢ ✇❡ ❝♦♥✲
s✐❞❡r t❤❛t ♦♥❡ ♦❢ ✐ts ❡①tr❡♠✐t② ✐s ✐♥ ❛ ❝♦♥✲
t❛❝t ✇✐t❤ t❤❡ ❛❝t✉❛t♦r ✇❤✐❧st t❤❡ ♦t❤❡r ♦♥❡
✜①❡❞ ✐♥ t❤❡ s♣❛❝❡ ✭s❡❡ ❋✐❣✳ ✸✳✹✮✱ t❤❡ ❡q✉❛t✐♦♥s
t❤❛t ❣♦✈❡r♥ t❤❡ ❞❡❢♦r♠❛t✐♦♥ ♦❢ t❤❡ ♣✐❡③♦❡❧❡❝✲
tr✐❝ ❛❝t✉❛t♦r ✭t❛❦❡♥ ❢r♦♠ ❊q✳ ✭✷✳✽✮✮ ❛♥❞ t❤❡
♦❜❥❡❝t ❞❡❢♦r♠❛t✐♦♥ ✇❤❡♥ t❤❡② ❛r❡ ✐♥ ❝♦♥t❛❝t
❛r❡✿
{
δ(s) = Γ (u(s))D(s) + Ccreep (u(s), s) + spD(s)F (s) + ΓT (T (s))DT (s)
mos
2δ(s) = −F − ko (δ(s)− δbc(s))− cosδ(s)
✭✸✳✽✮
✇❤❡r❡✿
→ δbc ✐s t❤❡ ❞✐st❛♥❝❡ ❜❡t✇❡❡♥ t❤❡ ❛❝t✉❛t♦r ❛♥❞ t❤❡ ♦❜❥❡❝t ❜❡❢♦r❡ ❝♦♥t❛❝t ✭❛t r❡st✮✱
→ ❛♥❞ mo✱ co ❛♥❞ ko ❛r❡ t❤❡ ❡✛❡❝t✐✈❡ ♠❛ss✱ t❤❡ ❞❛♠♣✐♥❣ r❛t✐♦ ❛♥❞ t❤❡ st✐✛♥❡ss ♦❢ t❤❡
♦❜❥❡❝t r❡s♣❡❝t✐✈❡❧②✳
✷❉●❑❋✿ ❉♦②❧❡✱ ●❧♦✈❡r✱ ❑❤❛r❣♦♥❡❦❛r ❛♥❞ ❋r❛♥❝✐s✳
✻✻
❈♦♠❜✐♥✐♥❣ t❤❡ t✇♦ ❡q✉❛t✐♦♥s ✐♥ ❊q✳ ✭✸✳✽✮ r❡s✉❧ts ✐♥ t❤❡ ♠♦❞❡❧ t❤❛t r❡❧❛t❡s t❤❡ ❢♦r❝❡ Fo =
−F ❛♣♣❧✐❡❞ ❜② t❤❡ ❛❝t✉❛t♦r t♦ t❤❡ ♦❜❥❡❝t ✇✐t❤ t❤❡ ❞r✐✈✐♥❣ ✈♦❧t❛❣❡ u✿
Fo(s) = (so + sp) Γ (u(s))DF (s) + Ccreep (u(s), s)
1
(soDo(s) + spD(s))
✰ ΓT (T (s))
DT (s)
(soDo(s)+spD(s))
− Do(s)(soDo(s)+spD(s))δbc(s)
✭✸✳✾✮
✇❤❡r❡ so = 1ko ✐s t❤❡ ❝♦♠♣❧✐❛♥❝❡ ♦❢ t❤❡ ♦❜❥❡❝t ❛♥❞ Do(s) =
1
mo
ko
s2+ co
ko
s+1
✐s t❤❡ ♥♦r♠❛❧✐③❡❞
❞②♥❛♠✐❝s ♦❢ ✐ts ❞❡❢♦r♠❛t✐♦♥✳ ❚❤❡ ❞②♥❛♠✐❝s ♦❢ t❤❡ ❛❝t✉❛t✐♦♥ ✐s DF (s) =
D(s)
(so+sp)(soDo(s)+spD(s))
✳
❆s ✇❡ ❝❛♥ s❡❡ ❢r♦♠ t❤❡ ♠♦❞❡❧ ❊q✳ ✭✸✳✷✳✷✮✱ t❤❡ ♣r❡s❡♥❝❡ ♦❢ ❛♥ ♦❜❥❡❝t str♦♥❣❧② ♠♦❞✐✜❡s t❤❡ st❛t✐❝
❜❡❤❛✈✐♦r ❛♥❞ t❤❡ ❞②♥❛♠✐❝s ♦❢ t❤❡ ♣✐❡③♦❡❧❡❝tr✐❝ ❝❛♥t✐❧❡✈❡r✿ ❛ ♥❡✇ ♥♦r♠❛❧✐③❡❞ ❞②♥❛♠✐❝s DF (s)
✐s ♦❜t❛✐♥❡❞ ✇❤✐❧st t❤❡ ♥❡✇ ✭♥♦♥❧✐♥❡❛r✮ st❛t✐❝ ❣❛✐♥ ✐s (so + sp) Γ (u(s))✳ ❙✐♠✐❧❛r ♣❤❡♥♦♠❡♥♦♥ ✐s
❝❧❛ss✐❝❛❧ ❢♦r ♠❛❝r♦ r♦❜♦t✐❝❛❧ s②st❡♠s ❬✷✵✷❪✳ ❍❡r❡ ✇❡ ❤❛✈❡ s❤♦✇♥ t❤❛t t❤✐s ✐s ❛❧s♦ ✈❛❧✉❛❜❧❡ ❢♦r
♠✐♥✐❛t✉r✐③❡❞ s②st❡♠s✳
piezoelectric
system
+
-
❋✐❣✉r❡ ✸✳✺✿ ❈❧♦s❡❞✲❧♦♦♣ ❢♦r❝❡ ❝♦♥tr♦❧✳
❍❛✈✐♥❣ t❤❡ ❢♦r❝❡ ♠♦❞❡❧ ♦❢ t❤❡ ♣✐❡③♦❡❧❡❝✲
tr✐❝ ❛❝t✉❛t♦r✱ ❛ss✉♠✐♥❣ t❤❛t t❤❡ ❢♦r❝❡ s✐❣♥❛❧
✐s ❛✈❛✐❧❛❜❧❡ ✭❜② ♠❡❛s✉r❡♠❡♥t ♦r ❜② ♦❜s❡r✈❛✲
t✐♦♥✮✱ t❤❡ ❞❡❛❧ ✐s ♥♦✇ t♦ s②♥t❤❡s✐s ❛ ❝♦♥tr♦❧❧❡r
CF ✭s❡❡ ❋✐❣✳ ✸✳✺✮ t❤❛t ✇✐❧❧ ❡♥s✉r❡ s♦♠❡ s♣❡❝✲
✐✜❝❛t✐♦♥s r❡❧❛t❡❞ t♦ ♣r❡❝✐s❡ ❛♥❞ ❤✐❣❤ ❞②♥❛♠✲
✐❝s ♣♦s✐t✐♦♥✐♥❣✳ ❙✐♠✐❧❛r❧② t♦ t❤❡ ❞✐s♣❧❛❝❡♠❡♥t
♠♦❞❡❧✱ ✐t ✐s ♣♦ss✐❜❧❡ t♦ ✐♥tr♦❞✉❝❡ ❛♥ ✭✜❝t✐✈❡✮
❡①t❡r♥❛❧ ❞✐st✉r❜❛♥❝❡ ✇❤✐❝❤ ❛❝❝♦✉♥ts ❢♦r t❤❡
❝r❡❡♣ ♣❛rt✱ t❤❡ t❤❡r♠❛❧ ♣❛rt✱ t❤❡ ❞✐st❛♥❝❡ ❜❡t✇❡❡♥ t❤❡ ❛❝t✉❛t♦r ❛♥❞ t❤❡ ♦❜❥❡❝t ❛t r❡st✳ ❘❡✲
❣❛r❞✐♥❣ t❤❡ st❛t✐❝ ❤②st❡r❡s✐s Γ (u(s))✱ t❤❡ q✉❛❞r✐❧❛t❡r❛❧ ❛♣♣r♦①✐♠❛t✐♦♥ ❝❛♥ ❛❣❛✐♥ ❜❡ ❡♠♣❧♦②❡❞✳
❆❧❧ t❤❡s❡ ❡❧❡♠❡♥ts ❧❡❛❞ t❤❡r❡❢♦r❡ t♦ ❛♥ ✉♥❝❡rt❛✐♥ ❧✐♥❡❛r ♠♦❞❡❧ ✇✐t❤ ❛♥ ❡①t❡r♥❛❧ ❞✐st✉r❜❛♥❝❡
❛♥❞ ❛ r♦❜✉st ❝♦♥tr♦❧❧❡r ❝❛♥ ❜❡ ❢✉rt❤❡r s②♥t❤❡s✐③❡❞✱ ❡q✉✐✈❛❧❡♥t❧② t♦ t❤❡ ❞✐s♣❧❛❝❡♠❡♥t ❝♦♥tr♦❧❧❡r
s②♥t❤❡s✐s✳ ❉✉r✐♥❣ ❛ ♠✐❝r♦♠❛♥✐♣✉❧❛t✐♦♥ ♦r ♠✐❝r♦❛ss❡♠❜❧② t❛s❦✱ ❡✈❡r② ♥❡✇ ♠❛♥✐♣✉❧❛t❡❞ ♦❜❥❡❝t
❧❡❛❞s t♦ ♥❡✇ ♠♦❞❡❧ ♣❛r❛♠❡t❡rs✱ ❜❡❝❛✉s❡ t❤❡ ♠♦❞❡❧ str♦♥❣❧② ❞❡♣❡♥❞s ♦♥ t❤❡ ♦❜❥❡❝t✬s ❝❤❛r❛❝✲
t❡r✐st✐❝s✳ ❆ ✇❛② ❝♦♥s✐sts t❤❡r❡❢♦r❡ t♦ ✐❞❡♥t✐❢② t❤❡ ♦❜❥❡❝t✬s ♣❛r❛♠❡t❡rs ❛♥❞ ♠❛♥✉❛❧❧② s❝❤❡❞✉❧❡
t❤❡ ♠♦❞❡❧ ❜❡❢♦r❡ s②♥t❤❡s✐③✐♥❣ t❤❡ ❝♦♥tr♦❧❧❡r✳ ❙✉❝❤ ✇❛② ♠❛② ❜❡ t♦♦ ❤❡❛✈② ✐❢ ✇❡ ❛r❡ ❢❛❝❡ t♦
s❡✈❡r❛❧ t②♣❡s ♦❢ ♦❜❥❡❝ts ♦r ✐❢ t❤❡ ♦❜❥❡❝t ❝❤❛r❛❝t❡r✐③❛t✐♦♥ ✐ts❡❧❢ ✐s ❝♦♠♣❧❡①✳ ❆♥♦t❤❡r ✇❛② ❝♦♥✲
s✐sts ✐♥ ❦♥♦✇✐♥❣ ❛ ❜♦✉♥❞ ♦❢ t❤❡ ♣❛r❛♠❡t❡rs so✱ mo ❛♥❞ co ✐❢ t❤❡ t②♣❡s ♦❢ ♦❜❥❡❝ts ❛r❡ ❦♥♦✇♥
✐♥ ❛❞✈❛♥❝❡✱ ✐♥❥❡❝t t❤✐s ❜♦✉♥❞ ✐♥ t❤❡ ♠♦❞❡❧ ❊q✳ ✭✸✳✷✳✷✮✱ ❛♥❞ ❛❢t❡r✇❛r❞s ❝♦♥str✉❝t ❛❞❞✐t✐♦♥❛❧
✉♥❝❡rt❛✐♥t② r❡❧❛t❡❞ t♦ t❤❡ ♦❜❥❡❝ts ❝❤❛r❛❝t❡r✐st✐❝s✳ ❍♦✇❡✈❡r✱ ❞✉❡ t♦ t❤❡ str✉❝t✉r❡ ♦❢ t❤❡ ♠♦❞❡❧✱
t❤❡ r❡❧❛t❡❞ ∆✲✉♥❝❡rt❛✐♥t② ✐s ♠♦r❡ ❝♦♠♣❧❡① t♦ ❡①tr❛❝t✳ ❋✐♥❛❧❧②✱ ❛ ❧❛st ♣♦ss✐❜✐❧✐t② ❝♦♥s✐sts ✐♥
❡♠♣❧♦②✐♥❣ t❤❡ ❝❤❛r❛❝t❡r✐st✐❝s ♦❢ ♦♥❡ ♦❜❥❡❝t ♦♥❧② ✭s✐❧✐❝♦♥ ❢♦r ❡①❛♠♣❧❡✮ ✐♥ t❤❡ ♠♦❞❡❧ ❊q✳ ✭✸✳✷✳✷✮✱
❛♥❞ t❤❡♥ s②♥t❤❡s✐③✐♥❣ ❛ r♦❜✉st ❝♦♥tr♦❧❧❡r ❢r♦♠ t❤❛t ♠♦❞❡❧ ❬❈✾❪✳ ■❢ t❤❡ ❛❝t✉❛❧ ♠❛♥✐♣✉❧❛t❡❞
♦❜❥❡❝t ❤❛s ♣r♦♣❡rt✐❡s ❝❧♦s❡ t♦ t❤❡s❡✱ t❤❡ st❛❜✐❧✐t② ❛♥❞ ❡✈❡♥ t❤❡ s♣❡❝✐✜❡❞ ♣❡r❢♦r♠❛♥❝❡s ✇✐❧❧ ❜❡
✻✼
st✐❧❧ ♠❛✐♥t❛✐♥❡❞✳ ■❢ t❤❡s❡ ♣r♦♣❡rt✐❡s ❛r❡ t♦♦ ❢❛r✱ ❛♥ ❛❞❛♣t✐✈❡ ❝♦♥tr♦❧ s❝❤❡♠❡ ♠❛② ❜❡ t❤❡ ♠♦st
❝♦♥✈❡♥✐❡♥t✳ ❋♦r ✐♥st❛♥❝❡✱ ✐♥ ❬❈✷✸❪✱ ✇❡ ♣r♦♣♦s❡❞ ❛ s❡❧❢✲s❝❤❡❞✉❧❡❞ H∞ ❝♦♥tr♦❧❧❡r t❤❛t ✇❛s ❛❜❧❡
t♦ ♠❛✐♥t❛✐♥ t❤❡ s♣❡❝✐✜❡❞ ♣❡r❢♦r♠❛♥❝❡s ❢♦r ❛ ✇✐❞❡ t②♣❡s ♦❢ ♦❜❥❡❝ts✳
✸✳✷✳✸ ❉✐s♣❧❛❝❡♠❡♥t ❛♥❞ ❢♦r❝❡ ❝♦♥tr♦❧ ♦❢ ♣✐❡③♦❡❧❡❝tr✐❝ ♠✐❝r♦❣r✐♣♣❡rs
❚❤❡ ❞✐s♣❧❛❝❡♠❡♥t ❝♦♥tr♦❧ ❛♥❞ t❤❡ ❢♦r❝❡ ❝♦♥tr♦❧ ✐♥ t❤❡ ♣r❡✈✐♦✉s s✉❜s❡❝t✐♦♥s ❞❡❛❧ ✇✐t❤ ♦♥❡
♣✐❡③♦❡❧❡❝tr✐❝ ❛❝t✉❛t♦r ♦♥❧②✳ ❲❤❡♥ ❛ ✇❤♦❧❡ ♠✐❝r♦❣r✐♣♣❡r ✐s ✇♦r❦✐♥❣✱ ✐t ✐s ♣♦ss✐❜❧❡ t♦ ❝♦♥tr♦❧ t❤❡
❞✐s♣❧❛❝❡♠❡♥t ❛♥❞ t❤❡ ❢♦r❝❡ s✐♠✉❧t❛♥♦✉s❧②✳ ❚✇♦ ❛♣♣r♦❛❝❤❡s ❛r❡ ♣♦ss✐❜❧❡✳ ❚❤❡ ✜rst ❛♣♣r♦❛❝❤
❧✐❡s ✐♥ ❛ s✐♥❣❧❡ ♠♦❞❡❧ ❛♥❞ ❛ s✐♥❣❧❡ ❝♦♥tr♦❧ ❢♦r t❤❡ ✇❤♦❧❡ ♠✐❝r♦❣r✐♣♣❡r✳ ❋♦r ✐♥st❛♥❝❡ ❛ ✭❧✐♥❡❛r
♦r ♥♦♥❧✐♥❡❛r✮ st❛t❡✲s♣❛❝❡ r❡♣r❡s❡♥t❛t✐♦♥ ❝❛♥ ❜❡ ✉t✐❧✐③❡❞ ❬❈✶❪ ✇✐t❤ t❤❡ ❞✐s♣❧❛❝❡♠❡♥t ❛♥❞ t❤❡
❢♦r❝❡ r❛ss❡♠❜❧❡❞ ✐♥ ❛♥ ♦✉t♣✉t ✈❡❝t♦r
(
δ Fo
)T ❛♥❞ t❤❡ ❞r✐✈✐♥❣ ✈♦❧t❛❣❡s ♦❢ t❤❡ t✇♦ ❛❝t✉❛t♦rs
r❛ss❡♠❜❧❡❞ ✐♥ ❛♥ ✐♥♣✉t ✈❡❝t♦r
(
ul ur
)T ✱ s✉❜s❝r✐♣t l ❜❡✐♥❣ ❢♦r ❧❡❢t ❝❛♥t✐❧❡✈❡r ❛♥❞ r ❢♦r r✐❣❤t
❝❛♥t✐❧❡✈❡r✳ ❍♦✇❡✈❡r✱ t❤✐s ❛♣♣r♦❛❝❤ r❡q✉✐r❡s ❛ ♣r❡❝✐s❡ ❦♥♦✇❧❡❞❣❡ ♦❢ t❤❡ ♦❜❥❡❝ts ❝❤❛r❛❝t❡r✐st✐❝s
❛♥❞ ♦❢ t❤❡ ❝♦✉♣❧✐♥❣s ❜❡t✇❡❡♥ t❤❡ ♦❜❥❡❝t ❛♥❞ t❤❡ t✇♦ ❛❝t✉❛t♦rs✳ ❚❤❡ ♠♦❞❡❧✐♥❣ ✐♥ t❤✐s ❛♣♣r♦❛❝❤
✐s t❤❡r❡❢♦r❡ ❝♦♠♣❧❡①✳ ❚❤❡ ❛❧t❡r♥❛t✐✈❡ ❛♣♣r♦❛❝❤ ✐s ♠♦r❡ s✐♠♣❧❡✱ ❛❧t❤♦✉❣❤ ❧❡ss ♣r❡❝✐s❡✳ ■♥
t❤✐s✱ t❤❡ t✇♦ ❝❛♥t✐❧❡✈❡r ❛❝t✉❛t♦rs ❛r❡ ♠♦❞❡❧❡❞ ✐♥❞❡♣❡♥❞❛♥t❧② ❛♥❞ t✇♦ ♠♦♥♦✈❛r✐❛❜❧❡ ♠♦❞❡❧s
❛r❡ ♦❜t❛✐♥❡❞✳ ❲❤✐❧st ♦♥❡ ❛❝t✉❛t♦r ✐s ♠♦❞❡❧❡❞ ✐♥ ❞✐s♣❧❛❝❡♠❡♥t✱ t❤❡ ♦t❤❡r ♦♥❡ ✐s ♠♦❞❡❧❡❞
✐♥ ❢♦r❝❡✳ ❈♦♥s❡q✉❡♥t❧②✱ ✇❡ ❝❛♥ ❛♣♣❧② t❤❡ ♣r❡✈✐♦✉s ❡❧❡♠❡♥t❛r② ♠♦❞❡❧✐♥❣ ❛♥❞ r♦❜✉st ❝♦♥tr♦❧ ♦❢
❞✐s♣❧❛❝❡♠❡♥t ❛♥❞ ♦❢ ❢♦r❝❡✱ ❛s ♣✐❝t✉r❡❞ ✐♥ ❋✐❣✳ ✸✳✻✲❛✳ ❋✐❣✳ ✸✳✻✲❜ ❛♥❞ ✲❝ ❞❡♣✐❝t t❤❡ r❡s✉❧ts ♦❜t❛✐♥❡❞
✇✐t❤ t❤✐s ❛♣♣r♦❛❝❤ ❞✉r✐♥❣ ❛ ♣✐❝❦✲❛♥❞✲♣❧❛❝❡ t❛s❦ ♣❡r❢♦r♠❡❞ ✇✐t❤ ❛ ♣✐❡③♦❡❧❡❝tr✐❝ ♠✐❝r♦❣r✐♣♣❡r
❬❈✶✶❪✳ ■♥ t❤✐s✱ ❛ s❡r✐❡s ♦❢ st❡♣s ❛r❡ ❛♣♣❧✐❡❞ ❛s r❡❢❡r❡♥❝❡s t♦ ❡❛❝❤ ❛❝t✉❛t♦r✳ ❲❡ ❝❛♥ ♦❜s❡r✈❡ ❣♦♦❞
tr❛❝❦✐♥❣ ♣❡r❢♦r♠❛♥❝❡s ❜② t❤❡ t✇♦ ❛❝t✉❛t♦rs ❛♥❞ ❛ ❝♦♥✈❡♥✐❡♥t r❡❥❡❝t✐♦♥ ♦❢ t❤❡ ❝♦✉♣❧✐♥❣s ❢♦✉♥❞
✐♥ ♦♥❡ ❛❝t✉❛t♦r ❞✉❡ t♦ t❤❡ ♠♦✈❡♠❡♥t ♦❢ t❤❡ ♦t❤❡r ❛❝t✉❛t♦r✳
✻✽
support
+
-
force
measurement
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estimation
+
-
displacement
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actuator for the force actuator for the displacement
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❋✐❣✉r❡ ✸✳✻✿ ✭❛✮✿ ❢♦r❝❡✴❞✐s♣❧❛❝❡♠❡♥t ❝♦♥tr♦❧ ♦❢ ❛ ♣✐❡③♦❡❧❡❝tr✐❝ ♠✐❝r♦❣r✐♣♣❡r✳ ✭❜✮✿ ❡①♣❡r✐♠❡♥t❛❧
r❡s✉❧ts ❬❈✶✶❪✳
✸✳✷✳✹ ▼✉❧t✐✈❛r✐❛❜❧❡ ❝♦♥tr♦❧ ♦❢ ♠✉❧t✐✲❛①❡s ♣✐❡③♦❡❧❡❝tr✐❝ ❛❝t✉❛t♦rs
❚❤❡ ♠♦❞❡❧✐♥❣ ❛♥❞ ❝♦♥tr♦❧ t❡❝❤♥✐q✉❡s s♦ ❢❛r ♣r❡s❡♥t❡❞ ✇❡r❡ ❞❡✈♦t❡❞ t♦ ♠♦♥♦✲❛①✐s ♣✐❡③♦❡❧❡❝tr✐❝
s②st❡♠s✱ ♠❛✐♥❧② ♣✐❡③♦❡❧❡❝tr✐❝ ❝❛♥t✐❧❡✈❡r ❛❝t✉❛t♦rs t❤❛t ❜❡♥❞ ❛❧♦♥❣ ♦♥❡ ❛①✐s✳ ❙♦♠❡ ❛♣♣❧✐❝❛t✐♦♥s
♥❡❡❞ ❤♦✇❡✈❡r ♣✐❡③♦❡❧❡❝tr✐❝ ❝❛♥t✐❧❡✈❡r ❛❝t✉❛t♦rs t❤❛t ❝❛♥ ♣r♦✈✐❞❡ ❞✐s♣❧❛❝❡♠❡♥ts ❛❧♦♥❣ t✇♦ ♦r
t❤r❡❡ ❞✐r❡❝t✐♦♥s✳ ■♥ s❝❛♥♥✐♥❣ ♣r♦❜❡ ♠✐❝r♦s❝♦♣❡s ❢♦r ✐♥st❛♥❝❡✱ t❤❡ ♣✐❡③♦❡❧❡❝tr✐❝ t✉❜❡ s❝❛♥♥❡rs
❜❡♥❞ ❛❧♦♥❣ x ❛♥❞ y ❛①✐s ❛♥❞ ❝♦♥tr❛❝t ♦r ❡①♣❛♥❞ ❛❧♦♥❣ t❤❡ z ❛①✐s✳ ■♥ ❞❡①t❡r♦✉s ♠✐❝r♦♠❛♥✐♣✲
✉❧❛t✐♦♥ ❛♥❞ ♠✐❝r♦❛ss❡♠❜❧② ❬❏✶✾❪✱ 4✲❉❖❋ ♣✐❡③♦❡❧❡❝tr✐❝ ♠✐❝r♦❣r✐♣♣❡rs ❤❛✈❡ ❜❡❡♥ ✉s❡❞✳ ❊❛❝❤ ♦❢
t❤❡ ❝❛♥t✐❧❡✈❡r ♦❢ t❤❡ ♠✐❝r♦❣r✐♣♣❡r ❝❛♥ ♣❡r❢♦r♠ ❛ ❜❡♥❞✐♥❣ ❛❧♦♥❣ t✇♦ ❛①❡s✳ ❚✇♦ ✈❡rs✐♦♥s ♦❢ t❤❡
❛❝t✉❛t♦rs ♣❡r♠✐tt❡❞ s✉❝❤ ♣❡r❢♦r♠❛♥❝❡s✳ ❚❤❡ ✜rst ✈❡rs✐♦♥ ✲ ❞❡s✐❣♥❡❞ ❛♥❞ ❞❡✈❡❧♦♣❡❞ ❛s ♣r♦♦❢✲♦❢✲
❝♦♥❝❡♣t ♦❢ ❛ ♣❛t❡♥t ❛✉t❤♦r❡❞ ❜② t❤❡ ❞❡♣❛rt♠❡♥t ❬✷✵✸❪ ✲ ✐s ❛ ❜✐♠♦r♣❤ ❝❛♥t✐❧❡✈❡r ✇❤✐❝❤ ❤❛s t✇♦
❡❧❡❝tr♦❞❡s ♦♥ t❤❡ ✉♣♣❡r s✉r❢❛❝❡ ❛♥❞ t✇♦ ❡❧❡❝tr♦❞❡s ♦♥ t❤❡ ❧♦✇❡r s✉r❢❛❝❡✳ ❚❤❡ ❥✉❞✐❝✐♦✉s ❛♣♣❧✐❝❛✲
✻✾
t✐♦♥ ♦❢ ♣♦t❡♥t✐❛❧s ♦♥ t❤❡ ❢♦✉r ❡❧❡❝tr♦❞❡s r❡s✉❧ts ✐♥ t❤❡ ❜❡♥❞✐♥❣ ❛❧♦♥❣ y ♦♥❧②✱ ❛❧♦♥❣ z ♦♥❧② ♦r ✐♥ ❞✐✲
❛❣♦♥❛❧ ✭s❡❡ ❋✐❣✳ ✸✳✼✲❛✮✳
2-DoF
piezoelectric actuator
10mm
2-DoF
piezoelectric
actuator
support
(b)
(a)
❋✐❣✉r❡ ✸✳✼✿ ✭❛✮✿ ❛ ♣❤♦t♦ ♦❢ t❤❡ ♣✐❡③♦❡❧❡❝tr✐❝
❞✉♦✲♠✉❧t✐♠♦r♣❤ ❛❝t✉❛t♦r✳ ✭❜✮ ❛♥❞ ✭❝✮✿ ❜✐✲
✈❛r✐❛❜❧❡ s②st❡♠✳
❚❤✐s ✈❡rs✐♦♥ ✐s ❝❛❧❧❡❞ ❞✉♦✲❜✐♠♦r♣❤ ❛❝t✉❛✲
t♦r✳ ❚❤❡ s❡❝♦♥❞ ✈❡rs✐♦♥ ✇❤✐❝❤ ✐s ♠♦r❡ ♣❡r✲
❢♦r♠❛♥t ♦❢ t❤❡ ♣r❡✈✐♦✉s ♦♥❡ ❤❛s 36 ♣✐❡③♦✲
❡❧❡❝tr✐❝ ❧❛②❡rs ✐♥st❡❛❞ ♦❢ t✇♦✳ ❈❛❧❧❡❞ ❞✉♦✲
♠✉❧t✐♠♦r♣❤✱ t❤❡ ❛❞✈❛♥t❛❣❡ ♦❢ t❤✐s ❛❝t✉✲
❛t♦r ✐s t❤❡ ❧♦✇ ✈♦❧t❛❣❡ ✭±10V ✮ r❡q✉✐r❡❞
t♦ r❡s✉❧t ✐♥ ❛ ❧❛r❣❡ r❛♥❣❡ ♦❢ ❞✐s♣❧❛❝❡♠❡♥t
t❤❛♥❦s t♦ t❤❡ s❡✈❡r❛❧ ❧❛②❡rs✳ ❆ ♠❛✐♥ ❝❤❛❧✲
❧❡♥❣❡ ♣♦s❡❞ ❜② ❛❧❧ t❤❡s❡ ♠✉❧t✐✲❉❖❋ ♣✐❡③♦✲
❡❧❡❝tr✐❝ ❛❝t✉❛t♦rs✱ ❛❞❞✐t✐♦♥❛❧❧② t♦ t❤❡ ♥♦♥✲
❧✐♥❡❛r✐t✐❡s ❛♥❞ t♦ t❤❡ ❜❛❞❧② ❞❛♠♣❡❞ ♦s✲
❝✐❧❧❛t✐♦♥✱ ✐s t❤❡ ✐♠♣♦rt❛♥t ❝r♦ss✲❝♦✉♣❧✐♥❣s
❜❡t✇❡❡♥ t❤❡ ❛①❡s✳ ❚❤❡s❡ ❝r♦ss✲❝♦✉♣❧✐♥❣s
r❡✐♥❢♦r❝❡ t❤❡ ❧♦ss ♦❢ t❤❡ ❣❡♥❡r❛❧ ♣❡r❢♦r✲
♠❛♥❝❡s ✭❛❝❝✉r❛❝②✱✳✳✳✮ ♦❢ t❤❡ ❛❝t✉❛t♦rs ✐❢
♥♦t ✇❡❧❧ ❛❝❝♦✉♥t❡❞ ❞✉r✐♥❣ t❤❡ ❝♦♥tr♦❧❧❡rs ❞❡✲
s✐❣♥✳
❉✐✛❡r❡♥t ❝❤❛r❛❝t❡r✐③❛t✐♦♥s ❞❡♠♦♥str❛t❡
t❤❛t t❤❡ ❝r♦ss✲❝♦✉♣❧✐♥❣s ❛r❡ ♥♦♥❧✐♥❡❛r✳ ❚❤❡②
❜❡❤❛✈❡ ✐♥ ❛ ♠✉❧t✐✈♦q✉❡ ✇❛② ❛♥❞ ❛r❡ ♥♦t
tr❛❝❦❛❜❧❡ ❜② ❝❧❛ss✐❝❛❧ ♥♦♥❧✐♥❡❛r ♠♦❞❡❧s s✉❝❤
❛s ❤②st❡r❡s✐s✳✳✳ ❆♥ ❡✣❝✐❡♥t ❛♣♣r♦❛❝❤ ✐s t♦
❞❡❧✐❝❛t❡❧② ♠♦❞❡❧ t❤❡♠ ✐♥ ✜❝t✐✈❡ ❡①t❡r♥❛❧ ❞✐s✲
t✉r❜❛♥❝❡s✳ ❚❤✐s ✇✐❧❧ ②✐❡❧❞ s❡✈❡r❛❧ ♠♦♥♦✈❛r✐❛❜❧❡ s②st❡♠s ✇✐t❤ ✉♥❝❡rt❛✐♥t✐❡s ❛♥❞ ❞✐st✉r❜❛♥❝❡s
✇❤✐❝❤ ❛❝❝♦✉♥t ❢♦r t❤❡ ♥♦♥❧✐♥❡❛r✐t✐❡s ❛♥❞ ❢♦r t❤❡ ❝r♦ss✲❝♦✉♣❧✐♥❣s✳ ❆♣♣❧②✐♥❣ t❤✐s ❛♣♣r♦❛❝❤ t♦
t❤❡ ✷✲❉❖❋ ❞✉♦✲♠✉❧t✐♠♦r♣❤ ❛❝t✉❛t♦r✱ ✇✐t❤ ❜❧♦❝❦✲❞✐❛❣r❛♠ ✐♥ ❋✐❣✳ ✸✳✼✲❜✱ ❜② ❛❞❞✐♥❣ t❤❡ ❝r♦ss✲
❝♦✉♣❧✐♥❣s t♦ t❤❡ ✐♥✐t✐❛❧ ♠♦❞❡❧ ✐♥ ❊q✳ ✭✷✳✽✮✱ ✇❡ ❤❛✈❡✿
δi(s) = Γi (ui(s))Di(s) + Ccreep−i (ui(s), s) + spiDi(s)Fi(s) + ΓT i (Ti(s))DT i(s) + Γci (uj(s))
✭✸✳✶✵✮
✇❤❡r❡ i ∈ {y, z} ❛♥❞ j ∈ {y, z} − {i}✳ ❚❤❡ ❝r♦ss✲❝♦✉♣❧✐♥❣ ❢♦✉♥❞ ❛t t❤❡ ♦✉t♣✉t δi ❛♥❞ ❞✉❡
t♦ t❤❡ ✈♦❧t❛❣❡ uj ✐s ❞❡♥♦t❡❞ Γci (uj(s))✳ ❋r♦♠ ❤❡r❡✱ t❤❡ ♠♦❞❡❧✐♥❣ ❛♥❞ t❤❡ ❝♦♥tr♦❧❧❡rs s②♥t❤❡s✐s
❝♦♠❡s ❜❛❝❦ t♦ t❤❡ ❝❛s❡ ♦❢ ♠♦♥♦✈❛r✐❛❜❧❡ ❛♣♣r♦❛❝❤✱ s❡❡ ❙❡❝t✐♦♥ ✸✳✷✳✶ ❛♥❞ ❙❡❝t✐♦♥ ✸✳✷✳✷ ❢♦r t❤❡
❞✐s♣❧❛❝❡♠❡♥t ❛♥❞ ❢♦r t❤❡ ❢♦r❝❡ r❡s♣❡❝t✐✈❡❧②✳ ❲❡ ❥✉st ❛❞❞ t❤❡ ❝r♦ss✲❝♦✉♣❧✐♥❣s Γci (uj(s)) ✐♥
t❤❡ ✜❝t✐✈❡ ❡①t❡r♥❛❧ ❞✐st✉r❜❛♥❝❡✳ ■♥ ❬❇❈✻❪✱ t❤❡ ❞✐s♣❧❛❝❡♠❡♥t ❝♦♥tr♦❧ ♦❢ t❤❡ ❞✉♦✲♠✉❧t✐♠♦r♣❤
♣✐❡③♦❡❧❡❝tr✐❝ ❛❝t✉❛t♦r ✇✐t❤ t❤❡ st❛♥❞❛r❞ H∞ t❡❝❤♥✐q✉❡ ✇❛s ❞❡✈❡❧♦♣❡❞ ❛♥❞ ❡①♣❡r✐♠❡♥t❡❞✳ ❚✇♦
♦♣t✐❝❛❧ s❡♥s♦rs ✇❡r❡ ✉s❡❞ ❢♦r t❤❛t✳ ■♥ ❬❈✺✷❪✱ t❤❡ s❛♠❡ ❝♦♥tr♦❧ ✇❛s ❛♣♣❧✐❡❞ ❜✉t ✇✐t❤ t✇♦
♥♦✈❡❧ ❛♥❞ ❡♠❜❡❞❞❛❜❧❡ ♠❛❣♥❡t✐❝ s❡♥s♦rs ❢♦r t❤❡ ❢❡❡❞❜❛❝❦✳ ❚❤❡ ♠❛❣♥❡t✐❝ s❡♥s♦rs ❜❡✐♥❣ ♥♦✐s②✱ ❛
❑❛❧♠❛♥ ✜❧t❡r✐♥❣ ❝❛♥ ❜❡ ❛❞❞❡❞ ✐♥ t❤❡ ❢❡❡❞❜❛❝❦ t♦ r❡❞✉❝❡ t❤❡ s✐❣♥❛❧ ♣r♦♣❛❣❛t✐♦♥ ❬❇❈✸❪✳
✼✵
✸✳✷✳✺ ❆❝❦♥♦✇❧❡❞❣❡♠❡♥ts
❚❤❡ ✇♦r❦s ❞❡❛❧✐♥❣ ✇✐t❤ r♦❜✉st ❛❞❛♣t✐✈❡ ❝♦♥tr♦❧ t❡❝❤♥✐q✉❡s ✇❡r❡ ✇✐t❤✐♥ t❤❡ ♣♦st❞♦❝t♦r❛❧ ❢❡❧✲
❧♦✇s❤✐♣ ♦❢ ❉r✳ ❏✉❛♥✲❆♥t♦♥✐♦ ❊s❝❛r❡♥♦✳
✸✳✸ ■♥t❡r✈❛❧ t❡❝❤♥✐q✉❡s ❝♦♠❜✐♥❡❞ ✇✐t❤ ❝❧❛ss✐❝❛❧ ❝♦♥tr♦❧ t❤❡♦r②
❚❤❡ ❝❧❛ss✐❝❛❧ r♦❜✉st ❝♦♥tr♦❧ t❡❝❤♥✐q✉❡s ✭H∞✱ µ✲s②♥t❤❡s✐s✳✳✳✮ ♦❢t❡♥ ❞❡r✐✈❡ ❤✐❣❤ ♦r❞❡r ❝♦♥tr♦❧❧❡rs✿
t❤❡ ❝♦♥tr♦❧❧❡rs ♦r❞❡rs ❛r❡ ❤✐❣❤❡r t❤❛♥ t❤❡ s②st❡♠s ♦r❞❡rs✳ ❚❤❡s❡ ♦r❞❡rs ❝❛♥ ❜❡ r❡❞✉❝❡❞ ✇✐t❤
❡①✐st✐♥❣ t❡❝❤♥✐q✉❡s✱ ❤♦✇❡✈❡r t❤✐s ✐s ♦❢t❡♥ ❛❝❝♦♠♣❛♥✐❡❞ ❜② ❛ r❡❞✉❝t✐♦♥ ♦❢ t❤❡ ♣❡r❢♦r♠❛♥❝❡s
♦❢ t❤❡ ❝❧♦s❡❞✲❧♦♦♣ ❝♦♥tr♦❧❧❡❞ ♣✐❡③♦❡❧❡❝tr✐❝ s②st❡♠s✳ ❖t❤❡r t❡❝❤♥✐q✉❡s ❧✐❦❡ H∞ s②♥t❤❡s✐s ✇✐t❤
♦r❞❡rs ❝♦♥str❛✐♥t ♠❛② ❡✈❡♥t✉❛❧❧② ❜❡ ❛ ♣♦ss✐❜✐❧✐t② t♦ ❡①♣❧♦r❡ ❬✷✵✹❪ ❜✉t ✐♥ t❤❡ ✇♦r❦s ❝❛rr✐❡❞ ♦✉t✱
✇❡ ♣r♦♣♦s❡❞ t♦ ❡①♣❧♦r❡ ✐♥t❡r✈❛❧ t❡❝❤♥✐q✉❡s ❝♦♠❜✐♥❡❞ ✇✐t❤ ❝♦♥tr♦❧ t❤❡♦r②✳ ■♥ ❢❛❝t✱ ✐♥t❡r✈❛❧s
♣❡r♠✐t t♦ ♠♦❞❡❧ ♠♦r❡ ♥❛t✉r❛❧❧② ❛♥❞ ❡❛s✐❧② ✉♥❝❡rt❛✐♥ ♣❛r❛♠❡t❡rs ❜② ❜♦✉♥❞✐♥❣ t❤❡♠✳ ❚❤✐s ✐s
✈❡r② ✐♥t❡r❡st✐♥❣ ✇❤❡♥✱ ❢♦r ❡①❛♠♣❧❡✱ ❢❛❝✐♥❣ t♦ ♦❜❥❡❝ts ♣❛r❛♠❡t❡rs ♦r ❛❝t✉❛t♦r ♠♦❞❡❧ ♣❛r❛♠❡✲
t❡rs t❤❛t ❛r❡ ♥♦t ♣r❡❝✐s❡❧② ❦♥♦✇♥✱ ❛s ✉s✉❛❧ ✐♥ ♠✐❝r♦♠❛♥✐♣✉❧❛t✐♦♥ ♦r ♠✐❝r♦❛ss❡♠❜❧②✳ ❆♥♦t❤❡r
♣❛rt✐❝✉❧❛r✐t② ♦❢ ✐♥t❡r✈❛❧ t❡❝❤♥✐q✉❡s ✐s t❤❡ ❣✉❛r❛♥t❡❡ ✭♦r ❝❡rt✐✜❝❛t✐♦♥✮ ♥♦t✐♦♥✿ ✐❢ ❛♥ ❛❧❣♦r✐t❤♠
✜♥❞s ❛ s♦❧✉t✐♦♥ s❡t✱ t❤✐s ❧❛tt❡r ✐s ❣✉❛r❛♥t❡❡❞ t♦ s❛t✐s❢② t❤❡ ♣r♦❜❧❡♠✳ ■❢ ❛♥ ❛❧❣♦r✐t❤♠ ✜♥❞s ❛
♥♦♥✲s♦❧✉t✐♦♥ s❡t✱ ✐t ✐s ❣✉❛r❛♥t❡❡❞ t❤❛t t❤✐s s❡t ❞♦❡s ♥♦t ❝♦♥t❛✐♥s ❛♥② s♦❧✉t✐♦♥ ♦❢ t❤❡ ♣r♦❜❧❡♠✳
❋✐♥❛❧❧②✱ ✐t ✐s ♣♦ss✐❜❧❡ t♦ s②♥t❤❡s✐s r♦❜✉st ❛♥❞ ❧♦✇ ♦r❞❡rs ❝♦♥tr♦❧❧❡rs ✇✐t❤ ✐♥t❡r✈❛❧ t❡❝❤♥✐q✉❡s
❝♦♠❜✐♥❡❞ ✇✐t❤ ❝❧❛ss✐❝❛❧ ❝♦♥tr♦❧ t❤❡♦r②✱ ❛s ✇❡ ✇✐❧❧ ♣r❡s❡♥t ❜❡❧♦✇✳
■♥ ❝♦♥tr♦❧ t❤❡♦r② ❛♣♣❧✐❝❛t✐♦♥s✱ ✐♥t❡r✈❛❧ t❡❝❤♥✐q✉❡s ❛r❡ ✇✐❞❡❧② ✉s❡❞ ❢♦r ❣✉❛r❛♥t❡❡❞ ❡st✐♠❛✲
t✐♦♥ ✭st❛t❡ ❡st✐♠❛t✐♦♥ ❛♥❞ ♣❛r❛♠❡t❡rs ❡st✐♠❛t✐♦♥✴✐❞❡♥t✐✜❝❛t✐♦♥✮ ❬✶✼✶❀ ✷✵✺✕✷✵✾❪ ❛♥❞ ❢♦r r♦❜✉st
st❛❜✐❧✐t② ❛♥❛❧②s✐s ❬✶✼✷❀ ✷✶✵✕✷✶✻❪✳ ▼❛♥② ✇♦r❦s ❛❧s♦ r❡♣♦rt ❡❧❡♠❡♥t❛r② t♦♦❧s t❤❛t ♠❛② ❜❡ ✉s❡❢✉❧
t♦ ❝♦♠♣❧❡t❡ t❤❡ r♦❜✉st st❛❜✐❧✐t②✿ t❤❡ ❛❧❣♦r✐t❤♠ t♦ s♦❧✈❡ ❛ s❡t ✐♥✈❡rs✐♦♥ ♣r♦❜❧❡♠ ✐♥ ✐♥t❡r✈❛❧
❢✉♥❝t✐♦♥s ❬✷✶✻❪✱ t❤❡ H∞ ♥♦r♠ ❬✷✶✼❪ ❛♥❞ t❤❡ ❡♥✈❡❧♦♣ ♦❢ t❤❡ ◆②q✉✐st ♣❧♦ts ❬✷✶✽❪ ❛❧❧ ❢♦r ✐♥t❡r✈❛❧
s②st❡♠s✳ ❘❡❣❛r❞✐♥❣ t❤❡ s②♥t❤❡s✐s ♦❢ ❝♦♥tr♦❧❧❡rs ✇✐t❤ ✐♥t❡r✈❛❧ t❡❝❤♥✐q✉❡s✱ P■❉ ❝♦♥tr♦❧❧❡rs str✉❝✲
t✉r❡s ❬✷✶✾❪✱ st❛t❡✲❢❡❡❞❜❛❝❦ ❝♦♥tr♦❧❧❡rs ❬✷✷✵❪ ❛♥❞ ❝♦♥tr♦❧ s❝❤❡♠❡s ✇✐t❤ ♣r❡✜❧t❡r ❬✷✷✶❪ ❤❛✈❡ ❜❡❡♥
♠❛✐♥❧② ❞❡✈❡❧♦♣❡❞✳ ■♥ ❬✷✷✷❪✱ ❛ ♣r❡❞✐❝t✐✈❡ ❝♦♥tr♦❧ ❧❛✇ ❤❛s ❜❡❡♥ s②♥t❤❡s✐③❡❞ ❢r♦♠ ❛♥ ✐♥t❡r✈❛❧
s②st❡♠ ❛♥❞ ❡✣❝✐❡♥t❧② ❛♣♣❧✐❡❞ t♦ ❛ ❝♦♥s✉♠❛❜❧❡ ❞♦✉❜❧❡✲❡❧❡❝tr♦❞❡s ❣❛s ♠❡t❛❧ ❛r❝ ✇❡❧❞✐♥❣ ♣r♦❝❡ss✳
❖✉r ❛✐♠ ✐s t♦ ✉t✐❧✐③❡ ✐♥t❡r✈❛❧s t♦ ♠♦❞❡❧ ✜rst t❤❡ ✉♥❝❡rt❛✐♥t✐❡s ✐♥ ♣✐❡③♦❡❧❡❝tr✐❝ ❛❝t✉❛t♦rs✱
❛♥❞ ❛❢t❡r✇❛r❞s t♦ ❞❡✈❡❧♦♣ ❧♦✇ ♦r❞❡r r♦❜✉st ❝♦♥tr♦❧❧❡rs ❝❛♣❛❜❧❡ t♦ ❡♥s✉r❡ r♦❜✉st ♣❡r❢♦r♠❛♥❝❡s✳
❆ ♣❛rt✐❝✉❧❛r ❛tt❡♥t✐♦♥ ✇✐❧❧ ❜❡ ♣❛✐❞ ✐♥ t❤❡ str✉❝t✉r❡ ♦❢ t❤❡ s②st❡♠✿ ✇❡ ❡♠♣❧♦② ❛ ❣❡♥❡r❛❧✐③❡❞
str✉❝t✉r❡ ♦❢ ✐♥t❡r✈❛❧ s②st❡♠s✳ ❚❤✐s ✐s ♥♦t t❤❡ ❝❛s❡ ❢♦r t❤❡ ✇♦r❦s ✐♥ t❤❡ ❧✐tt❡r❛t✉r❡✳ ❋♦r ❡①❛♠♣❧❡✱
t❤❡ ❝♦♥tr♦❧❧❡r ❞❡s✐❣♥❡❞ ✐♥ ❬✷✶✾❪ ✐s ♦♥❧② ♣r❛❝t✐❝❛❧ ❢♦r s❡❝♦♥❞ ♦r❞❡r ✐♥t❡r✈❛❧ s②st❡♠s✳ ❚❤❡ ♠❛✐♥
t❤❡♦r❡t✐❝❛❧ r❡s✉❧ts ✐♥ ♦✉r ✇♦r❦s ❝❛♥ ❜❡ s✉♠♠❛r✐③❡❞ ❛s ❢♦❧❧♦✇s✿ ✶✮ t❤❡ ♣❡r❢♦r♠❛♥❝❡s ✐♥❝❧✉s✐♦♥
t❤❡♦r❡♠ ✇❤✐❝❤ ✐s ❛♣♣❧✐❝❛❜❧❡ ✐♥ ❞✐✛❡r❡♥t ❛♣♣❧✐❝❛t✐♦♥s ✭❝♦♥tr♦❧❧❡rs s②♥t❤❡s✐s✱ ♣❡r❢♦r♠❛♥❝❡s ❛♥❛❧✲
②s✐s✱ s②st❡♠s ❞❡s✐❣♥✮✱ ✷✮ ❛♥❞ t❤❡ ❝♦♠❜✐♥❛t✐♦♥ ♦❢ t❤❡ ❝❧❛ss✐❝❛❧ st❛♥❞❛r❞ H∞ t❡❝❤♥✐q✉❡s ✇✐t❤
✐♥t❡r✈❛❧ t♦♦❧s ❢♦r r♦❜✉st ❝♦♥tr♦❧❧❡rs s②♥t❤❡s✐s ♦r ❢♦r ♣❡r❢♦r♠❛♥❝❡s ❛♥❛❧②s✐s✳ ❚❤❡s❡ r❡s✉❧ts ❛r❡
♣r❡s❡♥t❡❞ ❜❡❧♦✇ ✇✐t❤ s♦♠❡ ♦❢ t❤❡ ❡①♣❡r✐♠❡♥t❛❧ ❛♣♣❧✐❝❛t✐♦♥s t♦ ♣✐❡③♦❡❧❡❝tr✐❝ ❛❝t✉❛t♦rs✳ ❚❤❡
r❡❛❞❡r ✐s ✐♥✈✐t❡❞ t♦ r❡❛❞ t❤❡ q✉✐❝❦ r❡♠✐♥❞ ♦♥ ✐♥t❡r✈❛❧ t❡❝❤♥✐q✉❡s ♣r♦✈✐❞❡❞ ✐♥ ❈❤❛♣t❡r ❉ ✐❢
r❡q✉✐r❡❞✳ ■♥ t❤❡ s❡q✉❡❧✱ ✇❡ ✉t✐❧✐③❡ ❛s ♠♦❞❡❧ ✭✐♥❝❧✉❞✐♥❣ ❢♦r ♣✐❡③♦❡❧❡❝tr✐❝ ❛❝t✉❛t♦r✮ t❤❡ ✐♥t❡r✲
✼✶
✈❛❧ s②st❡♠ [G](s) ✇❤❡r❡ t❤❡ ♣❛r❛♠❡t❡rs ❛r❡ ✐♥t❡r✈❛❧s✳ ❚❤❡ ♠♦❞❡❧ ✐s ❧✐♥❡❛r ❜✉t ✇❡ ❣✐✈❡ t❤❡
❛ss✉♠♣t✐♦♥ t❤❛t ❛❧❧ ✉♥❝❡rt❛✐♥t✐❡s ❞✉❡ t♦ t❤❡ ♣❛r❛♠❡t❡rs ✈❛r✐❛❜✐❧✐t②✱ t♦ t❤❡ s❡♥s✐t✐✈✐t② t♦ t❤❡
❡♥✈✐r♦♥♠❡♥t✱ t♦ ❛♥② ✐♥❡①❛❝t✐t✉❞❡ ❢r♦♠ t❤❡ ♠❡❛s✉r❡♠❡♥t ❛♥❞ ✐❞❡♥t✐✜❝❛t✐♦♥✱ ❛♥❞ t♦ t❤❡ ♥♦♥❧✐♥✲
❡❛r✐t✐❡s ❛♣♣r♦①✐♠❛t✐♦♥ ❛r❡ ❜♦✉♥❞❡❞ ❜② t❤❡s❡ ✐♥t❡r✈❛❧s✳
✸✳✸✳✶ ❚❤❡ P❡r❢♦r♠❛♥❝❡s ■♥❝❧✉s✐♦♥ ❚❤❡♦r❡♠ ✭P■❚✮
❚❤❡ ♣❡r❢♦r♠❛♥❝❡s ✐♥❝❧✉s✐♦♥ t❤❡♦r❡♠✱ t❤❛t ✇❡ ♣r♦✈✐❞❡❞ ❛♥❞ ❞❡t❛✐❧❡❞ ✐♥ ❬❈✷✽❪✱ ❞❡❛❧s ✇✐t❤ t❤❡ ♣❡r✲
❢♦r♠❛♥❝❡s ♦❢ t✇♦ st❛❜❧❡ ✐♥t❡r✈❛❧ s②st❡♠s✸✳ ❚❤❡ t❤❡♦r❡♠ ❝♦♥t❛✐♥s t✇♦ ♣r♦♣❡rt✐❡s✿ ♦♥❡ ♣r♦♣❡rt②
❢♦r t❤❡ ❢r❡q✉❡♥❝② ❞♦♠❛✐♥ ♣❡r❢♦r♠❛♥❝❡s ❛♥❞ ♦♥❡ ♣r♦♣❡rt② ❢♦r t❤❡ t✐♠❡ ❞♦♠❛✐♥ ♣❡r❢♦r♠❛♥❝❡s✳
❈♦♥s✐❞❡r t✇♦ st❛❜❧❡ ✐♥t❡r✈❛❧ s②st❡♠s ❤❛✈✐♥❣ t❤❡ s❛♠❡ ♣♦❧②♥♦♠✐❛❧s ❞❡❣r❡❡s m ❛♥❞ n✿
[G1] (s) =
m∑
l=0
[b1l]·s
l
n∑
k=0
[a1k]·sk
, [G2] (s) =
m∑
l=0
[b2l]·s
l
n∑
k=0
[a2k]·sk
✭✸✳✶✶✮
❚❤❡♦r❡♠ ✸✳✸✳✶✳ ❚❤❡ ♣❡r❢♦r♠❛♥❝❡s ✐♥❝❧✉s✐♦♥ t❤❡♦r❡♠✳
■♥ t❤❡ ❢r❡q✉❡♥❝② ❞♦♠❛✐♥✿
if


[a1k] ⊆ [a2k] , ∀k = 1 · · ·n
and
[b1l] ⊆ [b2l] , ∀l = 1 · · ·m
⇒


[ρ] ([G1] (jω)) ⊆ ρ ([G2] (jω))
and
[ϕ] ([G1] (jω)) ⊆ ϕ ([G2] (jω))
■♥ t❤❡ t✐♠❡ ❞♦♠❛✐♥✿
if


[a1k] ⊆ [a2k] , ∀k = 1 · · ·n
and
[b1l] ⊆ [b2l] , ∀l = 1 · · ·m
⇒ [g1] (t) ⊆ [g2] (t)
Pr♦♦❢✳ ❙❡❡ ❬❈✷✽❪✳
❲❡ s❤♦✉❧❞ ❛❧s♦ ♥♦t✐❝❡ t❤❡ ❢♦❧❧♦✇✐♥❣ r❡♠❛r❦✿
❘❡♠❛r❦ ✸✳✸✳✶✳
{
[a1k] ⊆ [a2k]
[b1l] ⊆ [b2l]
⇒ [G1](s) ⊆ [G2](s); ∀s ∈ R
+
❚❤❡ t❤❡♦r❡♠ s❛②s t❤❛t ✇❤❡♥ t✇♦ tr❛♥s❢❡r ❢✉♥❝t✐♦♥s ❤❛✈❡ ❝♦❡✣❝✐❡♥ts ✇❤✐❝❤ ❧✐❡ ✐♥ ✭✐♥❞❡✲
♣❡♥❞❡♥t✮ ✐♥t❡r✈❛❧s✱ ❛♥❞ ❛❧❧ ❝♦❡✣❝✐❡♥t ✐♥t❡r✈❛❧s ♦❢ ♦♥❡ tr❛♥s❢❡r ❛r❡ ✐♥❝❧✉❞❡❞ ✐♥ t❤❡ ❝♦❡✣❝✐❡♥t
✐♥t❡r✈❛❧s ♦❢ t❤❡ ♦t❤❡r✱ t❤❡♥ t❤❡ s❛♠❡ ❤♦❧❞s ❢♦r t❤❡✐r ❇♦❞❡ ❞✐❛❣r❛♠s ❛s ✇❡❧❧ ❛s ❢♦r t❤❡✐r t✐♠❡
r❡s♣♦♥s❡s✳ ■♥ ♦t❤❡r ✇♦r❞s✱ t❤❡ ♣❡r❢♦r♠❛♥❝❡s ♦❢ ♦♥❡ st❛❜❧❡ ✐♥t❡r✈❛❧ s②st❡♠ ❛r❡ ✧❜♦✉♥❞❡❞✧ ❜②
t❤♦s❡ ♦❢ ❛♥♦t❤❡r st❛❜❧❡ ✐♥t❡r✈❛❧ s②st❡♠ ✐❢ t❤❡ ❝♦❡✣❝✐❡♥ts ♦❢ t❤❡ ❢♦r♠❡r ❛r❡ ❜♦✉♥❞❡❞ ❜② t❤❡ ❝♦✲
❡✣❝✐❡♥ts ♦❢ t❤❡ ❧❛tt❡r✳ ❚❤✐s r❡s✉❧t ✇✐❧❧ ❜❡ ✈❡r② ✉s❡❢✉❧ t♦ ❞❡s✐❣♥ r♦❜✉st ❝♦♥tr♦❧❧❡rs ♦r t♦ ♣❡r❢♦r♠
❛ ♣❡r❢♦r♠❛♥❝❡s ❛♥❛❧②s✐s✳ ■♥ ❛❞❞✐t✐♦♥✱ t❤✐s r❡s✉❧t ❝❛♥ ❛❧s♦ ❜❡ ✉t✐❧✐③❡❞ ❢♦r s②st❡♠s ❞❡s✐❣♥ ✭s❡❡
❙❡❝t✐♦♥ ✷✳✻✳✷✮✳
✸❚❤❡ st❛❜✐❧✐t② ♦❢ ✐♥t❡r✈❛❧ s②st❡♠s ❛r❡ ❞✐s❝✉ss❡❞ ✐♥ ❙❡❝t✐♦♥ ❉✳✹✳✸✮
✼✷
✸✳✸✳✷ ❈♦♥tr♦❧❧❡rs ❞❡s✐❣♥ ❜② ✉s✐♥❣ t❤❡ P■❚
●✐✈❡♥ ❛♥ ✉♥❝❡rt❛✐♥ s②st❡♠ [G](s, [a], [b]) t♦ ❜❡ ❝♦♥tr♦❧❧❡❞ ❜② ❛ ❝♦♥tr♦❧❧❡r [C](s) ✭❋✐❣✳ ✸✳✽✮✳ ❚❤✐s
❝♦♥tr♦❧❧❡r ♠✉st ❡♥s✉r❡ s♦♠❡ ❣✐✈❡♥ ♣❡r❢♦r♠❛♥❝❡ ❢♦r t❤❡ ❝❧♦s❡❞✲❧♦♦♣ ✇❤❛t❡✈❡r t❤❡ ♣❛r❛♠❡t❡rs a
❛♥❞ b r❛♥❣✐♥❣ ✐♥ [a] ❛♥❞ [b] r❡s♣❡❝t✐✈❡❧② ❛r❡✳ ▲❡t [Hcl](s, [p], [q]) ❞❡♥♦t❡ t❤❡ ❝❧♦s❡❞✲❧♦♦♣ tr❛♥s❢❡r✳
❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ ❧❡t t❤❡ s②st❡♠ [G](s, [a], [b]) ❜❡ r❡✲❛rr❛♥❣❡❞ ❛s ❢♦❧❧♦✇s✿
[G](s, [a], [b]) =
1 +
m∑
j=1
[bj ]s
j
n∑
i=0
[ai]si
✭✸✳✶✷✮
s✉❝❤ ❛s [a] = [[a0], ..., [an]] ❛♥❞ [b] = [[b0], ..., [bm]]✱ m ≤ n ❛♥❞ [b0] = 1✳
+
-
❋✐❣✉r❡ ✸✳✽✿ ❆ ❝❧♦s❡❞✲❧♦♦♣ tr❛♥s❢❡r [Hcl]✳
■❢ ✇❡ ✐♠♣♦s❡ t❤❡ str✉❝t✉r❡ ♦❢ t❤❡ ❝♦♥tr♦❧❧❡r [C](s, [θ]) ❛s
[C](s, [θ]) =
l∑
j=0
[dj ]s
j
k∑
i=0
[ci]si
✭✸✳✶✸✮
✇❤❡r❡ θ = [[c], [d]] r❡♣r❡s❡♥ts t❤❡ ✐♥t❡r✈❛❧ ♣❛r❛♠❡t❡rs ✈❡❝t♦r ✭♦r ❜♦①✹ ♦❢ ♣❛r❛♠❡t❡rs✮ ♦❢ t❤❡
❝♦♥tr♦❧❧❡r ❛♥❞ ✇❤❡r❡ l ≤ k✱ t❤✉s t❤❡ ❝❧♦s❡❞✲❧♦♦♣ ♠♦❞❡❧ [Hcl](s, [a], [b], [θ]) ❝❛♥ ❜❡ ❡❛s✐❧② ❞❡r✐✈❡❞✿
[Hcl](s, [p], [q]) =
1 +
e∑
j=1
[qj ]s
j
r∑
i=0
[pi]si
✭✸✳✶✹✮
❲❤❡r❡ e = m+ l ❛♥❞ r = n+ k ❛♥❞ ✇❤❡r❡ t❤❡ ❜♦①❡s [q] ❛♥❞ [p] ❛r❡ ❢✉♥❝t✐♦♥ ♦❢ t❤❡ ❜♦①❡s
[a]✱ [b]✱ [c] ❛♥❞ [d]✳
❲❡ ♥♦t✐❝❡ t❤❛t t❤❡ ♥♦t❛t✐♦♥ ♦❢ t❤❡ ❝♦♥tr♦❧❧❡r ✐s ✐♥t❡r✈❛❧ ✭[C](s, [θ])✮ ❞✉r✐♥❣ t❤❡ s②♥t❤❡s✐s
❜❡❝❛✉s❡ t❤❡ ❝❛❧❝✉❧❛t✐♦♥ ✇✐❧❧ ②✐❡❧❞ ✐♥t❡r✈❛❧s✳ ❍♦✇❡✈❡r✱ t❤❡ ✐♠♣❧❡♠❡♥t❡❞ ❝♦♥tr♦❧❧❡r ✇✐❧❧ ❜❡ ❛
♣♦✐♥t ❞❡♥♦t❡❞ C(s) ✇❤✐❝❤ ✐s ❛♥② ♣♦✐♥t ✐♥s✐❞❡ t❤❡ s♦❧✉t✐♦♥ [C](s, [θ])✳
✹❆ ❜♦① ✐s ❛ ✈❡❝t♦r ♦❢ ✐♥t❡r✈❛❧s✳
✼✸
▲❡t [H](s, [w], [x]) ❞❡♥♦t❡ ❛♥ ✐♥t❡r✈❛❧ tr❛♥s❢❡r ❢✉♥❝t✐♦♥✱ ❝❛❧❧❡❞ ❞❡s✐r❡❞ ❝❧♦s❡❞✲❧♦♦♣ tr❛♥s❢❡r✱
t❤❛t r❡✢❡❝ts t❤❡ s♣❡❝✐✜❡❞ ❝❧♦s❡❞✲❧♦♦♣ ♣❡r❢♦r♠❛♥❝❡s✳ ❚❤✐s tr❛♥s❢❡r ❢✉♥❝t✐♦♥ s❤♦✉❧❞ ❤❛✈❡ t❤❡
s❛♠❡ str✉❝t✉r❡ t❤❛♥ t❤❡ ❝❧♦s❡❞✲❧♦♦♣ tr❛♥s❢❡r [Hcl](s, [a], [b], [θ])✱ ♦t❤❡r✇✐s❡ t❤❡ ♣❡r❢♦r♠❛♥❝❡s
✐♥❝❧✉s✐♦♥ t❤❡♦r❡♠ ✐s ♥♦t ✉t✐❧✐③❛❜❧❡✳ ■❢ ❛ ✜rst tr❛♥s❝r✐♣t✐♦♥ ♦❢ t❤❡ s♣❡❝✐✜❝❛t✐♦♥s ❣✐✈❡s ❧♦✇❡r
♦r❞❡r tr❛♥s❢❡r ❢♦r [H](s, [w], [x])✱ ✇❡ ❝❛♥ ❛❞❞ ✜❧t❡r t♦ t❤✐s ❧❛tt❡r s✉❝❤ t❤❛t ✐ts ✜♥❛❧ str✉❝t✉r❡ ✐s
s✐♠✐❧❛r t♦ t❤❛t ♦❢ [Hcl](s, [a], [b], [θ])✳ ❲❡ ❤❛✈❡✿
[H](s, [w], [x]) =
1 +
e∑
j=1
[xj ]s
j
r∑
i=0
[wi]si
✭✸✳✶✺✮
✇❤❡r❡ ❜♦①❡s [x] ❛♥❞ [w] ❤❛✈❡ ❜❡❡♥ ❝❛❧❝✉❧❛t❡❞ ❢r♦♠ t❤❡ s♣❡❝✐✜❡❞ ♣❡r❢♦r♠❛♥❝❡s✳
❚❤✉s✱ t❤❡ ♦❜❥❡❝t✐✈❡ ❝♦♥s✐sts ✐♥ ✜♥❞✐♥❣ t❤❡ ♣❛r❛♠❡t❡rs ♦❢ t❤❡ ❝♦♥tr♦❧❧❡r [C](s, [θ]) ✐♥ ❊q✳ ✭✸✳✶✸✮
s✉❝❤ t❤❛t t❤❡ ♣❡r❢♦r♠❛♥❝❡s ♦❢ t❤❡ ❝❧♦s❡❞✲❧♦♦♣ [Hcl](s, [a], [b], [θ]) s❛t✐s❢② t❤❡ ❞❡s✐r❡❞ ♣❡r❢♦r✲
♠❛♥❝❡s ❞❡s❝r✐❜❡❞ ❜② [H](s, [w], [x])✳ ❚❤❡ ♣r♦❜❧❡♠ ❝❛♥ ❜❡ st❛t❡❞ ❛s ✜♥❞✐♥❣ t❤❡ s❡t Θ ♦❢ ❝♦♥✲
tr♦❧❧❡r ♣❛r❛♠❡t❡rs ✈❡❝t♦r s♦ t❤❛t✿
Θ := {θ ∈ [θ]|[Hcl](s, [p], [q]) ⊆ [H](s)} ✭✸✳✶✻✮
❋r♦♠ t❤❡ ♣❡r❢♦r♠❛♥❝❡s ✐♥❝❧✉s✐♦♥ t❤❡♦r❡♠✱ t❤❡ ♣r♦❜❧❡♠ ❜❡❝♦♠❡s ✐♥ ✜♥❞✐♥❣ t❤❡ s❡t Θ ♦❢
❝♦♥tr♦❧❧❡r ♣❛r❛♠❡t❡rs ✈❡❝t♦r s✉❝❤ t❤❛t✿
Θ :=
{
θ ∈ [θ]
∣∣∣∣ [qj ]([θ]) ⊆ [xj ], ∀j = 1, ..., e[pi]([θ]) ⊆ [wi], ∀i = 0, ..., r
}
✭✸✳✶✼✮
❚❤✐s ♣r♦❜❧❡♠ ✐s ❛ s❡t ✐♥✈❡rs✐♦♥ ♣r♦❜❧❡♠ ❛♥❞ ❝❛♥ ❜❡ s♦❧✈❡❞ ✇✐t❤ ❛♥ ❛♣♣r♦♣r✐❛t❡ ❛❧❣♦r✐t❤♠✳
❖♥❡ ♦❢ t❤❡ ❛❧❣♦r✐t❤♠s ❢♦r s♦❧✈✐♥❣ ❛ s❡t ✐♥✈❡rs✐♦♥ ♣r♦❜❧❡♠ ✐s t❤❡ ❙■❱■❆ ❛❧❣♦r✐t❤♠ ✭❙❡t ■♥✈❡r✲
s✐♦♥ ❱✐❛ ■♥t❡r✈❛❧ ❆♥❛❧②s✐s✮ ❬✶✼✶❀ ✶✼✷❪ ✇❤✐❝❤ ✐s r❛♣✐❞ ❛♥❞ ❡❛s② ✐♥ ✐♠♣❧❡♠❡♥t❛t✐♦♥✳ ❙❡❝t✐♦♥ ❉✳✸
❣✐✈❡s ❛ r❡♠✐♥❞ ♦❢ t❤✐s ❛❧❣♦r✐t❤♠✳ ❆❢t❡r ❝♦♠♣✉t❛t✐♦♥✱ t❤❡ ❛❧❣♦r✐t❤♠ ♣r♦❞✉❝❡s ❛ s♦❧✉t✐♦♥ s❡t Θ✳
❆s ❛♥ ❡①❛♠♣❧❡✱ ❋✐❣✳ ✸✳✾✲❛ ❞❡♣✐❝ts t❤❡ r❡s✉❧ts ❢r♦♠ t❤❡ ❙■❱■❆ ❛❧❣♦r✐t❤♠ ✇❤❡♥ ❝❛❧❝✉❧❛t✐♥❣ t❤❡
✐♥t❡❣r❛❧ ❣❛✐♥ Ki ❛♥❞ t❤❡ ♣r♦♣♦rt✐♦♥❛❧ ❣❛✐♥ Kp ♦❢ ❛ P■ ❝♦♥tr♦❧❧❡r ❢♦r ❛ ♣✐❡③♦❡❧❡❝tr✐❝ ❛❝t✉❛t♦r✳
❚❤❡ r❡❣✐♦♥ ❞❡♥♦t❡❞ Sc ❝♦rr❡s♣♦♥❞s t♦ t❤❡ ♣❛r❛♠❡t❡rs ♦❢ ❛ ♣♦✐♥t ❝♦♥tr♦❧❧❡r C(s) = Kp + Kis
✇✐t❤ ✇❤✐❝❤ t❤❡ s♣❡❝✐✜❡❞ ♣❡r❢♦r♠❛♥❝❡s ✇✐❧❧ ❜❡ ❣✉❛r❛♥t❡❡❞✳ ❆♥② ❣❛✐♥s Kp ❛♥❞ Ki ✐♥s✐❞❡ t❤✐s
r❡❣✐♦♥ ❛r❡ ❣✉❛r❛♥t❡❡❞ t♦ ❡♥s✉r❡ t❤❡ ♣❡r❢♦r♠❛♥❝❡s✳ ■♥ ❝♦♥tr❛r②✱ t❤❡ r❡❣✐♦♥ Snc ❝♦rr❡s♣♦♥❞s t♦
♣❛r❛♠❡t❡rs ✇✐t❤ ✇❤✐❝❤ ✐t ✐s ❣✉❛r❛♥t❡❡❞ t❤❛t t❤❡ s♣❡❝✐✜❝❛t✐♦♥s ✇✐❧❧ ♥♦t ❜❡ ❡♥s✉r❡❞✳ ■♥ t❤✐s
❡①❛♠♣❧❡✱ t✇♦ ♣✐❡③♦❡❧❡❝tr✐❝ ❛❝t✉❛t♦rs ❤❛✈✐♥❣ ✭♣♦✐♥ts✮ ♠♦❞❡❧s ✇✐t❤✐♥ t❤❡ ✐♥t❡r✈❛❧ ♠♦❞❡❧ [G](s)
❤❛✈❡ ❜❡❡♥ ✉s❡❞ ❢♦r ❡①♣❡r✐♠❡♥t❛❧ t❡st✳ ❚✇♦ ❝♦♥tr♦❧❧❡rs C1(s) ❛♥❞ C2(s) r❛♥❞♦♠❧② t❛❦❡♥ ❢r♦♠
t❤❡ r❡❣✐♦♥ Sc ❤❛✈❡ ❜❡❡♥ s✉❝❝❡ss✐✈❡❧② ❛♣♣❧✐❡❞ t♦ ❡❛❝❤ ♦❢ t❤❡ t✇♦ ❛❝t✉❛t♦rs✳ ❋✐❣✳ ✸✳✾✲❜ ❛♥❞ ❝
s❤♦✇ t❤❡ ❢r❡q✉❡♥❝② r❡s♣♦♥s❡s ❛♥❞ t❤❡ st❡♣ r❡s♣♦♥s❡s r❡s♣❡❝t✐✈❡❧② ❬❏✶✺❪✳ ■♥ t❤❡ s❛♠❡ ✜❣✉r❡✱
t❤❡ s♣❡❝✐✜❝❛t✐♦♥s ♣❧♦tt❡❞ ❛s ❡♥✈❡❧♦♣❡s ❤❛✈❡ ❛❧s♦ ❜❡❡♥ ♣✉t✳ ❚❤❡s❡ ✜❣✉r❡s s❤♦✇ t❤❛t t❤❡ ♣❡r❢♦r✲
♠❛♥❝❡s ♦❢ t❤❡ ❝❧♦s❡❞✲❧♦♦♣✱ ❢♦r ❛♥② ♦❢ t❤❡ ♣✐❡③♦❡❧❡❝tr✐❝ ❛❝t✉❛t♦rs✱ ❛♥❞ ✇✐t❤ ❛♥② ♦❢ t❤❡ t✇♦ ♣♦✐♥t
❝♦♥tr♦❧❧❡rs ❛r❡ ✇❡❧❧ ❡♥s✉r❡❞✱ ✇❤✐❝❤ ❡①♣❡r✐♠❡♥t❛❧❧② ❝♦♥✜r♠ t❤❡ r♦❜✉st♥❡ss ✐♥ t❤❡ t❡❝❤♥✐q✉❡ ♣r♦✲
♣♦s❡❞✳ ■❢✱ ❛❢t❡r ❝❛❧❝✉❧❛t✐♦♥✱ ♥♦ s♦❧✉t✐♦♥ ✐s ❢♦✉♥❞ ❤♦✇❡✈❡r✱ ✐t ✐s s✉❣❣❡st❡❞ t♦ r❡❝❛❧❝✉❧❛t❡ Θ ✇✐t❤
❛ ❞✐✛❡r❡♥t ✐♥✐t✐❛❧ ❜♦①✳ ■❢ ❛❢t❡r ❞✐✛❡r❡♥t ❛tt❡♠♣ts t❤❡r❡ ✐s st✐❧❧ ♥♦ s♦❧✉t✐♦♥✱ t❤❡ s♣❡❝✐✜❝❛t✐♦♥s
✼✹
♠❛② ❜❡ t♦♦ s❡✈❡r❡ ❢♦r t❤❡ ✉t✐❧✐③❡❞ ✉♥❝❡rt❛✐♥t✐❡s s✐③❡s✳ ■♥ s✉❝❤ ❛ ❝❛s❡✱ ✐t ✐s s✉❣❣❡st❡❞ t♦ r❡❧❛①
t❤❡ s♣❡❝✐✜❝❛t✐♦♥s ❛♥❞✴♦r r❡❞✉❝❡ t❤❡ s✐③❡s ♦❢ t❤❡ ♣❛r❛♠❡tr✐❝ ✉♥❝❡rt❛✐♥t✐❡s✳
❚❤❡ ❛❜♦✈❡ t❤❡♦r❡t✐❝❛❧ ♣❛rt ❛s ✇❡❧❧ ❛s ✐ts ❛♣♣❧✐❝❛t✐♦♥ t♦ ♣✐❡③♦❡❧❡❝tr✐❝ ❛❝t✉❛t♦rs ✇❡r❡ ❞❡t❛✐❧❡❞
✐♥ ❬❏✶✺❪✳ ◆♦t✐❝❡ t❤❛t ♦♥❡ ♦❢ t❤❡ ♠❛✐♥ ❛❞✈❛♥t❛❣❡s ❤❡r❡ ✐s t❤❡ ♣♦ss✐❜✐❧✐t② t♦ ✐♠♣♦s❡ t❤❡ ❝♦♥tr♦❧❧❡r
str✉❝t✉r❡ ✭s❡❡ ❊q✳ ✭✸✳✶✸✮✮✳ ❈♦♥s❡q✉❡♥t❧②✱ ✐t ✐s ♣♦ss✐❜❧❡ t♦ ✐♠♣♦s❡ ❛ ❝♦♥tr♦❧❧❡r ♦r❞❡r ❧♦✇❡r t❤❛♥
t❤❡ s②st❡♠ ♦r❞❡r✳ ■❢ t❤❡ ❛❧❣♦r✐t❤♠ ✜♥❞s ❛ s♦❧✉t✐♦♥✱ ✇❡ ✇✐❧❧ ❣❡t ❛ ❧♦✇ ♦r❞❡r ❝♦♥tr♦❧❧❡r ✇❤✐❝❤ ✐s
❝♦♥✈❡♥✐❡♥t ❢♦r ❡♠❜❛rq✉❡❞ s②st❡♠s✳ ■♥ ❬❈✷✼❪✱ ✇❡ ❤❛✈❡ ❝❛❧❝✉❧❛t❡❞ ❛ r♦❜✉st P■❉ ❝♦♥tr♦❧❧❡r ✇✐t❤
t❤✐s t❡❝❤♥✐q✉❡ ❛♥❞ ✐♥ ❬❏✶✽❪✱ ✇❡ ❤❛✈❡ ❝❛❧❝✉❧❛t❡❞ ❛ r♦❜✉st ❘❙❚ ❝♦♥tr♦❧❧❡r✱ ✐♥ ❜♦t❤ t❤❡ ❝♦♥tr♦❧❧❡rs
♦r❞❡r ❜❡✐♥❣ ❧♦✇❡r t❤❛♥ t❤❛t ♦❢ t❤❡ ♠♦❞❡❧✳
(a) (b) (c)
Snc
❋✐❣✉r❡ ✸✳✾✿ ✭❛✮✿ s♦❧✉t✐♦♥ s❡t Θ ❢♦r ❛ P■ ❝♦♥tr♦❧❧❡r✳ ✭❜✮✿ ❝❧♦s❡❞✲❧♦♦♣ ❢r❡q✉❡♥❝② r❡s♣♦♥s❡ ♦❢ t✇♦
♣✐❡③♦❡❧❡❝tr✐❝ ❛❝t✉❛t♦rs ✇✐t❤ t✇♦ ❝♦♥tr♦❧❧❡rs C1(s) C2(s)✳ ✭❝✮✿ st❡♣ r❡s♣♦♥s❡s✳
✸✳✸✳✸ H∞ ✐♥t❡r✈❛❧ ❝♦♥tr♦❧❧❡rs s②♥t❤❡s✐s
❲❡ ♣r♦♣♦s❡ ❤❡r❡ t♦ ❝♦♠❜✐♥❡ ✐♥t❡r✈❛❧ t❡❝❤♥✐q✉❡s ✇✐t❤ t❤❡ st❛♥❞❛r❞ H∞ ❝♦♥tr♦❧❧❡rs s②♥t❤❡s✐s✳
❖✉r ♦❜❥❡❝t✐✈❡ ✐s t♦ ❜❡♥❡✜t ❢r♦♠ t❤❡ ♥❛t✉r❛❧ ✇❛② t♦ ♠♦❞❡❧ ✉♥❝❡rt❛✐♥t✐❡s ❛♥❞ t❤❡ ❧♦✇ ♦r❞❡rs
✐♥❤❡r✐t❡❞ ❢r♦♠ ✐♥t❡r✈❛❧s✳ ❇♦t❤ t❤❡ t❤❡♦r❡t✐❝❛❧ r❡s✉❧ts ❛♥❞ t❤❡ ❡①♣❡r✐♠❡♥t❛❧ s✐❞❡s ❛r❡ ❞❡t❛✐❧❡❞
✐♥ ❬❈✸✼❪❬❏✶✻❪✳
❚❤❡ s②st❡♠ ✐s ❛♥ ✐♥t❡r✈❛❧ ♠♦❞❡❧ [G](s, [❛], [❜]) ✇❤❡r❡ t❤❡ ♣❛r❛♠❡tr✐❝ ✉♥❝❡rt❛✐♥t✐❡s ✭✐♥t❡r✈❛❧s✮
❛❝❝♦✉♥t ❢♦r t❤❡ ♥♦♥❧✐♥❡❛r✐t✐❡s ❛♣♣r♦①✐♠❛t✐♦♥✱ t❤❡ ✈❛r✐❛❜✐❧✐t② ♦❢ t❤❡ ♣r♦❝❡ss ❜❡❤❛✈✐♦r ❛♥❞ t❤❡
❤✐❣❤ s❡♥s✐t✐✈✐t② t♦ t❤❡ ❡♥✈✐r♦♥♠❡♥t✳ ▲❡t t❤❡ str✉❝t✉r❡ ♦❢ t❤❡ ❝♦♥tr♦❧❧❡r ❜❡ ✐♠♣♦s❡❞✱ ❢♦r ✐♥st❛♥❝❡
❛ P■ ♦r ❛ P■❉ ❝♦♥tr♦❧❧❡r✳ ❆❣❛✐♥✱ ✇❡ ❞❡♥♦t❡ [C](s, [θ]) t❤❡ ❝♦♥tr♦❧❧❡r ❞✉r✐♥❣ t❤❡ s②♥t❤❡s✐s
✐♥ ✇❤✐❝❤ [θ] ✐s t❤❡ ✐♥t❡r✈❛❧ ♣❛r❛♠❡t❡rs ✈❡❝t♦r t♦ ❜❡ ❝❛❧❝✉❧❛t❡❞✳ ❋✐♥❛❧❧②✱ ✇❡ ✇✐❧❧ ❧❡❛✈❡ t❤❡
✇❡✐❣❤t✐♥❣s ❢♦r t❤❡ s♣❡❝✐✜❝❛t✐♦♥s ♥♦♥✲✐♥t❡r✈❛❧✱ ✐✳❡✳ ♣♦✐♥t tr❛♥s❢❡r ❢✉♥❝t✐♦♥s s✐♠✐❧❛r t♦ t❤♦s❡ ✉s❡❞
✐♥ ❋✐❣✳ ✸✳✸✳ ❙✐♥❝❡ t❤❡ s②st❡♠ ❛♥❞ t❤❡ ❝♦♥tr♦❧❧❡r t♦ ❜❡ s②♥t❤❡s✐③❡❞ ❛r❡ ✐♥t❡r✈❛❧s✱ t❤❡ ❛✉❣♠❡♥t❡❞
♣❧❛♥t ✐s ✐♥t❡r✈❛❧✿ [P](s)✳ ❚❤✉s t❤❡ st❛♥❞❛r❞ H∞ ♣r♦❜❧❡♠✱ s✐♠✐❧❛r❧② t♦ Pr♦❜❧❡♠✳ ✸✳✷✳✶✱ ❝❛♥ ❜❡
❢♦r♠✉❧❛t❡❞ ❛s ❢♦❧❧♦✇s✳
✼✺
Pr♦❜❧❡♠ ✸✳✸✳✶✳ ❋✐♥❞ t❤❡ ❝♦♥tr♦❧❧❡r [C](s) ❛♥❞ t❤❡ ♦♣t✐♠❛❧ ✈❛❧✉❡ ♦❢ γ > 0 s✉❝❤ t❤❛t✿
‖[Fl] ([P](s), [C](s, [θ]))‖∞ ≤ γ
✇❤❡r❡ [Fl] ([P](s), [C](s, [θ])) ✐s t❤❡ ❧♦✇❡r ❢r❛❝t✐♦♥❛❧ tr❛♥s❢♦r♠❛t✐♦♥ ❜❡t✇❡❡♥ [P](s) ❛♥❞
[C](s, [θ]) ❛♥❞ ✐s ❛♥ ✐♥t❡r✈❛❧ tr❛♥s❢❡r ❢✉♥❝t✐♦♥✳
▲❡t ✉s t❛❦❡ t❤❡ ❡①❛♠♣❧❡ ❢♦r ✇❤✐❝❤ tr❛❝❦✐♥❣ ♣❡r❢♦r♠❛♥❝❡s✱ ❛ ❝♦♠♠❛♥❞ ♠♦❞❡r❛t✐♦♥ ❛♥❞
❛ ❞✐st✉r❜❛♥❝❡ r❡❥❡❝t✐♦♥ ❝♦♥st✐t✉t❡ t❤❡ s♣❡❝✐✜❝❛t✐♦♥s t❤❛t ❛r❡ tr❛♥s❝r✐♣t✐❜❧❡ ✐♥t♦ ✇❡✐❣❤t✐♥❣s
Wε(s)✱ Wu(s) ❛♥❞ Wb(s) r❡s♣❡❝t✐✈❡❧②✳ ❋♦❧❧♦✇✐♥❣ t❤❡ s❛♠❡ ♣r✐♥❝✐♣❧❡ t❤❛♥ ♦❢ ❋✐❣✳ ✸✳✸✱ ✇❡ ♦❜t❛✐♥
t❤❡ s②♥t❤❡s✐s s❝❤❡♠❡ ✐♥ ❋✐❣✳ ✸✳✶✵✳ ❘❡♠❛r❦ t❤❛t ✇❡ ❡①♣r❡ss❧② r❡♠♦✈❡❞ ❢r♦♠ t❤❡ s❝❤❡♠❡ t❤❡
✇❡✐❣❤t✐♥❣ r❡❧❛t❡❞ t♦ t❤❡ ✉♥❝❡rt❛✐♥t✐❡s ❜❡❝❛✉s❡ t❤❡② ❛r❡ ❛❧r❡❛❞② t❛❦❡♥ ✐♥t♦ ❛❝❝♦✉♥t ❜② t❤❡
✐♥t❡r✈❛❧s ✐♥ t❤❡ s②st❡♠ [G](s)✳ ❍♦✇❡✈❡r✱ ✐t ✐s st✐❧❧ ♣♦ss✐❜❧❡ t♦ ✉t✐❧✐③❡ ❜♦t❤ ✐♥t❡r✈❛❧s ✭✈✐❛ t❤❡
♠♦❞❡❧ [G](s)✮ ❛♥❞ t❤❡ ✇❡✐❣❤t✐♥❣ t♦ ♠♦r❡ ✐♥❝r❡❛s❡ t❤❡ r♦❜✉st♥❡ss ♦❢ t❤❡ ❝♦♥tr♦❧❧❡r✳
+
-
+
+
(a) (b)
❋✐❣✉r❡ ✸✳✶✵✿ ✭❛✮✿ ❜❧♦❝❦✲❞✐❛❣r❛♠ ❢♦r t❤❡ s②♥t❤❡s✐s✳ ✭❜✮✿ t❤❡ st❛♥❞❛r❞ s❝❤❡♠❡✳
❋r♦♠ ❋✐❣✳ ✸✳✶✵✱ t❤❡ st❛♥❞❛r❞ H∞ ✐♥t❡r✈❛❧ ♣r♦❜❧❡♠ ✐♥ Pr♦❜❧❡♠✳ ✸✳✸✳✷ ✐s ❡q✉✐✈❛❧❡♥t t♦ t❤❡
❢♦❧❧♦✇✐♥❣ ♣r♦❜❧❡♠✳
Pr♦❜❧❡♠ ✸✳✸✳✷✳ ❋✐♥❞ t❤❡ ❝♦♥tr♦❧❧❡r [C](s) ❛♥❞ t❤❡ ♦♣t✐♠❛❧ ✈❛❧✉❡ ♦❢ γ > 0 s✉❝❤ t❤❛t✿
‖Wε[S]‖∞ ≤ γ ‖−Wε[S]Wb‖∞ ≤ γ
‖Wu[C][S]‖∞ ≤ γ ‖Wu[C][S]Wb‖∞ ≤ γ
■❢ γ ≤ 1✱ t❤❡ r♦❜✉st ♣❡r❢♦r♠❛♥❝❡s ❛r❡ ❛❝❤✐❡✈❡❞✳
❚❤❡ ♣r♦❜❧❡♠ ♦❢ ✜♥❞✐♥❣ t❤❡ ♣❛r❛♠❡t❡rs [θ] ♦❢ t❤❡ ✐♠♣♦s❡❞ str✉❝t✉r❡ ❝♦♥tr♦❧❧❡r [C](s, [θ])
❝❛♥ t❤❡r❡❢♦r❡ ❜❡ ❢♦r♠✉❧❛t❡❞ ❛s t❤❡ ❢♦❧❧♦✇✐♥❣ s❡t ✐♥✈❡rs✐♦♥ ♣r♦❜❧❡♠✳
Pr♦❜❧❡♠ ✸✳✸✳✸✳ ❋✐♥❞ t❤❡ s❡t Θ ♦❢ ♣❛r❛♠❡t❡rs ✈❡❝t♦r ✇✐t❤ ✇❤✐❝❤✱ ❢♦r ❛ ❣✐✈❡♥ ♣♦s✐t✐✈❡ ♥✉♠❜❡r
γ ≤ 1✱ ✇❡ ❤❛✈❡✿
Θ :=
{
θ ∈ [θ]
∣∣∣∣ ‖Wε[S]‖∞ ≤ γ ‖−Wε[S]Wb‖∞ ≤ γ‖Wu[C][S]‖∞ ≤ γ ‖Wu[C][S]Wb‖∞ ≤ γ
}
✼✻
✇❤❡r❡ t❤❡ ✐♥t❡r✈❛❧ s❡♥s✐t✐✈✐t② [S](s) ❛❧s♦ ❞❡♣❡♥❞s ♦♥ t❤❡ ❝♦♥tr♦❧❧❡r ♣❛r❛♠❡t❡rs [θ]✳
❇❡❢♦r❡ s♦❧✈✐♥❣ t❤❡ Pr♦❜❧❡♠✳ ✸✳✸✳✸✱ γ ✐s ✐♠♣♦s❡❞ ♠❛♥✉❛❧❧②✱ ❝♦♥tr❛r② t♦ t❤❡ ❝❧❛ss✐❝❛❧ st❛♥❞❛r❞
H∞ t❡❝❤♥✐q✉❡ ✇❤❡r❡ ✐ts ♦♣t✐♠❛❧ ✈❛❧✉❡ ✐s ❢♦✉♥❞ ❜② ❞✐❝❤♦t♦♠②✳ ■ts ✈❛❧✉❡ s❤♦✉❧❞ ❜❡ ❝❤♦s❡♥ t♦ ❜❡
❧❡ss ♦r ❡q✉❛❧ t♦ 1 ✐♥ ♦r❞❡r t♦ ❤❛✈❡ ❛ ❝♦♥tr♦❧❧❡r t❤❛t ✇✐❧❧ r♦❜✉st❧② ❡♥s✉r❡ t❤❡ ♣❡r❢♦r♠❛♥❝❡s✳ ❆❣❛✐♥✱
t❤✐s ♣r♦❜❧❡♠ ❝❛♥ ❜❡ s♦❧✈❡❞ ❜② ✉s✐♥❣ ❛♥ ❛❧❣♦r✐t❤♠ ❢♦r s❡t ✐♥✈❡rs✐♦♥ ♣r♦❜❧❡♠ ❧✐❦❡s ❙■❱■❆ ✭s❡❡
❙❡❝t✐♦♥ ❉✳✸✮✳ ❍♦✇❡✈❡r✱ t❤❡ r❡s♦❧✉t✐♦♥ r❡q✉✐r❡s t❤❡ ❝♦♠♣✉t❛t✐♦♥ ♦❢ t❤❡ H∞✲♥♦r♠ ♦❢ ✐♥t❡r✈❛❧
tr❛♥s❢❡r ❢✉♥❝t✐♦♥s✳ ❋♦r t❤❛t✱ ✇❡ ✇✐❧❧ ❝♦♠❜✐♥❡ t❤❡ ❙■❱■❆ ❛❧❣♦r✐t❤♠ ✇✐t❤ t❤❡ t❡❝❤♥✐q✉❡s ♦❢
❝♦♠♣✉t❛t✐♦♥ ♦❢ t❤❡ H∞✲♥♦r♠ ♦❢ ✐♥t❡r✈❛❧ s②st❡♠s ♣r♦♣♦s❡❞ ✐♥ ❬✷✷✸✕✷✷✺❪ ❛♥❞ r❡♠✐♥❞❡❞ ✐♥
❙❡❝t✐♦♥ ❉✳✹✳✹✳ ❙✐♠✐❧❛r❧② t♦ t❤❡ ❞❡s✐❣♥ ✐♥ ❙❡❝t✐♦♥ ✸✳✸✳✷✱ ✐❢ t❤❡ ✐♥t❡r✈❛❧ t❡❝❤♥✐q✉❡s ♣r♦✈✐❞❡s ❛
s♦❧✉t✐♦♥ s❡t Θ✱ ❛♥② ♣♦✐♥t ❝♦♥tr♦❧❧❡r C(s) ✇✐t❤ ♣❛r❛♠❡t❡rs θ ✐♥s✐❞❡ t❤✐s s❡t ✇✐❧❧ ❡♥s✉r❡ t❤❡
s♣❡❝✐✜❝❛t✐♦♥s✳ ❍♦✇❡✈❡r✱ ✐❢ t❤❡r❡ ✐s ♥♦ s♦❧✉t✐♦♥✱ ✐t ✐s s✉❣❣❡st❡❞ t♦ ♠♦❞✐❢② t❤❡ ✐♥✐t✐❛❧ ✈❛❧✉❡ ♦❢
Θ✳ ■❢✱ ❛❢t❡r ❞✐✛❡r❡♥t ❛tt❡♠♣ts✱ ♥♦ s♦❧✉t✐♦♥ ✐s ❢♦✉♥❞✱ ♦♥❡ ❝❛♥ ❧✐❣❤t❧② ✐♥❝r❡❛s❡ γ ♦r r❡❧❛① t❤❡
s♣❡❝✐✜❝❛t✐♦♥s ✇❤✐❝❤ ♠✐❣❤t ❜❡ t♦♦ s❡✈❡r❡✳ ❆♥♦t❤❡r ❛tt❡♠♣t ❝♦♥s✐sts ✐♥ r❡❞✉❝✐♥❣ t❤❡ s✐③❡s ♦❢ t❤❡
✉♥❝❡rt❛✐♥t✐❡s ✇❤✐❝❤ ♠✐❣❤t ❜❡ t♦♦ ❧❛r❣❡✳ ❍♦✇❡✈❡r✱ ✐♥❝r❡❛s✐♥❣ γ✱ r❡❧❛①✐♥❣ t❤❡ s♣❡❝✐✜❝❛t✐♦♥s ♦r
r❡❞✉❝✐♥❣ t❤❡ ✉♥❝❡rt❛✐♥t✐❡s s✐③❡s ♠❡❛♥s t❤❛t t❤❡ ✐♥✐t✐❛❧ ❡①♣❡❝t❛t✐♦♥s ✭✐✳❡✳ ✐♥✐t✐❛❧ s♣❡❝✐✜❝❛t✐♦♥s
❛♥❞ ✐♥✐t✐❛❧ ✉♥❝❡rt❛✐♥t✐❡s✮ ♠❛② ♥♦t ❜❡ ❛♥②♠♦r❡ ♦❜t❛✐♥❡❞✳
✸✳✸✳✹ ❘♦❜✉st ♣❡r❢♦r♠❛♥❝❡s ❛♥❛❧②s✐s ✇✐t❤ ✐♥t❡r✈❛❧ t❡❝❤♥✐q✉❡s
❲❡ ♣r♦♣♦s❡ ♥♦✇ t♦ ❝♦♠❜✐♥❡ ✐♥t❡r✈❛❧ t❡❝❤♥✐q✉❡s ✇✐t❤ ❝❧❛ss✐❝❛❧ ❝♦♥tr♦❧ t❤❡♦r② t♦ ♣❡r❢♦r♠ ❛
♣♦st❡r✐♦r✐ ❛♥❞ r♦❜✉st ♣❡r❢♦r♠❛♥❝❡s ❛♥❛❧②s✐s✳ ▼♦r❡ t❤❛♥ t❤❡ r♦❜✉st st❛❜✐❧✐t② ❛♥❛❧②s✐s ✇❤✐❝❤ ✐s
❝❧❛ss✐❝❛❧✱ r♦❜✉st ♣❡r❢♦r♠❛♥❝❡s ❛♥❛❧②s✐s ✐s ♦❢ ❣r❡❛t ✐♥t❡r❡st ❢♦r ❛ ❣✐✈❡♥ ❝❧♦s❡❞✲❧♦♦♣ ✇❤✐❝❤ ❝♦♥t❛✐♥s
❛ ❦♥♦✇♥ ❝♦♥tr♦❧❧❡r ❛♥❞ t♦ ✇❤✐❝❤ ✇❡ ♥❡❡❞ t♦ ❝❤❡❝❦ ✐❢ s♣❡❝✐✜❡❞ ♣❡r❢♦r♠❛♥❝❡s ❛r❡ s❛t✐s✜❡❞ ✇❤❡♥
t❤❡ s②st❡♠ ✐s ✉♥❝❡rt❛✐♥✳ ❚❤❡ ♣r♦♣♦s❡❞ t❡❝❤♥✐q✉❡s ❢♦r t❤❛t ❛r❡ ❞❡t❛✐❧❡❞ ✐♥ ❬❏✶✺❪❬❇❈✹❪❬❈✸✵❪✳
❚❤❡r❡ ❛r❡ t✇♦ t❡❝❤♥✐q✉❡s ♣r♦♣♦s❡❞✿ ✶✮ ❛ ♣♦st❡r✐♦r✐ ♣❡r❢♦r♠❛♥❝❡s ❛♥❛❧②s✐s ❜② ✉s✐♥❣ t❤❡ ♣❡r✲
❢♦r♠❛♥❝❡s ✐♥❝❧✉s✐♦♥ t❤❡♦r❡♠ ✭P■❚✮✱ ✷✮ ❛♥❞ ❛ ♣♦st❡r✐♦r✐ ♣❡r❢♦r♠❛♥❝❡s ❛♥❛❧②s✐s ❜② ✉s✐♥❣ t❤❡
st❛♥❞❛r❞ H∞ t❡❝❤♥✐q✉❡ ❛♥❞ ✐♥t❡r✈❛❧ t♦♦❧s ❝♦♠❜✐♥❡❞✳ ❋♦r ❜♦t❤✱ t❤❡ ✐♥✐t✐❛❧ ♣r♦❜❧❡♠ ✐s ❛s ❢♦❧❧♦✇s✳
▲❡t C(s) ❜❡ ❛ ❣✐✈❡♥ ✭♣♦✐♥t✮ ❝♦♥tr♦❧❧❡r ✇❤✐❝❤ ❝♦♥tr♦❧s ❛♥ ✐♥t❡r✈❛❧ s②st❡♠ [G](s)✳ ❇♦t❤ t❤❡
❝♦♥tr♦❧❧❡r ❛♥❞ t❤❡ s②st❡♠ ❛r❡ ❦♥♦✇♥✳
Pr♦❜❧❡♠ ✸✳✸✳✹✳ ❉♦❡s t❤❡ ❝❧♦s❡❞✲❧♦♦♣ ✇✐t❤ s❡♥s✐t✐✈✐t② [S](s) = 11+C[G] s❛t✐s❢② t❤❡ ❣✐✈❡♥ ❛♥❞
❞❡s✐r❡❞ s♣❡❝✐✜❝❛t✐♦♥s ✭tr❛❝❦✐♥❣ ♣❡r❢♦r♠❛♥❝❡s✱ ❝♦♠♠❛♥❞ ♠♦❞❡r❛t✐♦♥✱✳✳✳✮❄
✸✳✸✳✹✳✶ ❘♦❜✉st ♣❡r❢♦r♠❛♥❝❡s ❛♥❛❧②s✐s ✇✐t❤ t❤❡ P■❚ t❤❡♦r❡♠
❚♦ s♦❧✈❡ t❤❡ Pr♦❜❧❡♠✳ ✸✳✸✳✹✱ t❤❡ ❝❧♦s❡❞✲❧♦♦♣ ✐♥t❡r✈❛❧ tr❛♥s❢❡r [T ](s) s❤♦✉❧❞ ✜rst ❜❡ ♥✉♠❡r✐❝❛❧❧②
❝❛❧❝✉❧❛t❡❞ ❢r♦♠ t❤❡ ❦♥♦✇♥ ❝♦♥tr♦❧❧❡r C(s) ❛♥❞ t❤❡ ❦♥♦✇♥ ✐♥t❡r✈❛❧ s②st❡♠ [G](s)✳ ■t ✐s ❣✐✈❡♥
❛s ❢♦❧❧♦✇s✿
[T ](s) = 1− [S](s) =
e∑
j=0
[qj ]s
j
r∑
i=0
[pi]si
✭✸✳✶✽✮
✼✼
❚❤❡♥✱ t❤❡ s♣❡❝✐✜❝❛t✐♦♥s ❛r❡ tr❛♥s❝r✐❜❡❞ ✐♥t♦ ✐♥t❡r✈❛❧ tr❛♥s❢❡r ❢✉♥❝t✐♦♥ [H](s)✱ ❝❛❧❧❡❞ ❞❡s✐r❡❞
❝❧♦s❡❞✲❧♦♦♣✳ ■♥ ♠❛♥② ❝❛s❡s✱ tr❛❝❦✐♥❣ ♣❡r❢♦r♠❛♥❝❡s s♣❡❝✐✜❝❛t✐♦♥s ❛r❡ st❛t❡❞ ✇✐t❤ ♠❛①✐♠❛❧ ♦r
♠✐♥✐♠❛❧ ♠❡❛s✉r❡s ✭♠❛①✐♠❛❧ s❡tt❧✐♥❣ t✐♠❡✱ ♠❛①✐♠❛❧ st❛t✐❝❛❧ ❡rr♦r✱ ♠❛①✐♠❛❧ ♦✈❡rs❤♦♦t✱ ♠✐♥✐♠❛❧
❜❛♥❞✇✐❞t❤✱✳✳✳✮✳ ■t ✐s ♣♦ss✐❜❧❡ t♦ ♣✉t t❤❡♠ ✜rst ❛s ✐♥❡q✉❛❧✐t✐❡s ❛♥❞ t❤❡♥ ❛s ✐♥t❡r✈❛❧s✳ ❋✐♥❛❧❧②✱ t❤❡②
❝❛♥ ❜❡ tr❛♥s❝r✐❜❡❞ ✐♥t♦ tr❛♥s❢❡r ❢✉♥❝t✐♦♥ [H](s)✳ ❚♦ ❛♣♣❧② t❤❡ ♣❡r❢♦r♠❛♥❝❡s ✐♥❝❧✉s✐♦♥ t❤❡♦r❡♠✱
t❤❡ ❞❡s✐r❡❞ tr❛♥s❢❡r [H](s) s❤♦✉❧❞ ❤❛✈❡ t❤❡ s❛♠❡ str✉❝t✉r❡ t❤❛♥ t❤❡ ❝❧♦s❡❞✲❧♦♦♣ [T ](s)✳ ■❢ t❤❡
♣♦❧②♥♦♠✐❛❧s ♦❢ [H](s) ❤❛✈❡ ❧♦✇❡r ♦r❞❡rs t❤❛♥ t❤♦s❡ ♦❢ [T ](s)✱ ❛ ✜❧t❡r ✐s ❛❞❞❡❞ ✐♥ t❤❡ ❢♦r♠❡r✳
■♥ t❤❡ ❝♦♥tr❛r② ❝❛s❡✱ t❤❡ ✜❧t❡r s❤♦✉❧❞ ❜❡ ❛❞❞❡❞ ✐♥ [T ](s)✳ ▲❡t t❤❡ ✜♥❛❧ str✉❝t✉r❡ ♦❢ [H](s) ❜❡✿
[H](s) =
e∑
j=0
[xj ]s
j
r∑
i=0
[wi]si
✭✸✳✶✾✮
Pr♦♣♦s✐t✐♦♥ ✸✳✸✳✶✳ ✐❢
{
[qj ] ⊆ [xj ] for j = 0 · · · e
[pi] ⊆ [wi] for i = 0 · · · r
✱ t❤✉s t❤❡ ❞❡s✐r❡❞ tr❛❝❦✐♥❣ ♣❡r❢♦r✲
♠❛♥❝❡s ❛r❡ s❛t✐s✜❡❞ ❜② t❤❡ ❝❧♦s❡❞✲❧♦♦♣✳
❚❤✐s r❡s✉❧t ✐s ✈❡r② ♣♦✇❡r❢✉❧ ❛♥❞ ✈❡r② q✉✐❝❦ t♦ ✉s❡ ❛♥❞ ✐s ❢♦r tr❛❝❦✐♥❣ ♣❡r❢♦r♠❛♥❝❡ ❛ ♣♦st❡✲
r✐♦r✐ ✈❡r✐✜❝❛t✐♦♥✳ ❋♦r t❤❡ ❝❛s❡s ♦❢ ❝♦♠♠❛♥❞ ♠♦❞❡r❛t✐♦♥ ♦r ❞✐st✉r❜❛♥❝❡ r❡❥❡❝t✐♦♥ ✈❡r✐✜❝❛t✐♦♥✱
s✐♠✐❧❛r ♣r♦❝❡❞✉r❡ ✐s ❡♠♣❧♦②❡❞ ❜② ✉s✐♥❣ t❤❡ r✐❣❤t tr❛♥s❢❡r ❢✉♥❝t✐♦♥s✳ ❚❤❡ ❜❛❞ s✐❞❡ ♦❢ t❤✐s ❛♣✲
♣r♦❛❝❤ ✐s t❤❡ ❢❛❝t t❤❛t t❤❡ ❝♦♥❞✐t✐♦♥ ✐s ❝♦♥s❡r✈❛t✐✈❡✿ ❛ s♠❛❧❧ s✉❜❝❧❛ss ♦♥❧② ♦❢ ❛❧❧ ❝♦♥tr♦❧❧❡rs
t❤❛t ❡♥s✉r❡ t❤❡ ♣❡r❢♦r♠❛♥❝❡s ❝❛♥ ❜❡ ✈❡r✐✜❡❞✳ ❚❤❡ ♥❡①t ♣r♦♣♦s❡❞ t❡❝❤♥✐q✉❡ ♣❡r♠✐ts t♦ ❡✛❡❝t✉✲
❛t❡ ❛ r♦❜✉st ♣❡r❢♦r♠❛♥❝❡s ❛♥❛❧②s✐s ✇✐t❤ r❡❞✉❝❡❞ ❝♦♥s❡r✈❛t✐s♠✳ ❚❤❡ ♣r✐♥❝✐♣❧❡ ✐s ❜❛s❡❞ ♦♥ t❤❡
❝♦♠❜✐♥❛t✐♦♥ ♦❢ t❤❡ st❛♥❞❛r❞ H∞ t❡❝❤♥✐q✉❡ ✇✐t❤ ✐♥t❡r✈❛❧ t❡❝❤♥✐q✉❡s✳
✸✳✸✳✹✳✷ ❘♦❜✉st ♣❡r❢♦r♠❛♥❝❡s ❛♥❛❧②s✐s ✇✐t❤ st❛♥❞❛r❞ H∞ ❛♥❞ ✐♥t❡r✈❛❧ t❡❝❤♥✐q✉❡s
❲❡ ❤❛✈❡ ❝♦♠❜✐♥❡❞ t❤❡ st❛♥❞❛r❞ H∞ t❡❝❤♥✐q✉❡ ✇✐t❤ ✐♥t❡r✈❛❧ t♦♦❧s t♦ s②♥t❤❡s✐s ❧♦✇ ♦r❞❡r ❛♥❞
r♦❜✉st ❝♦♥tr♦❧❧❡rs ✐♥ ❙❡❝t✐♦♥ ✸✳✸✳✸✳ ❍❡r❡✱ ✇❡ ♣r♦♣♦s❡ t♦ ✉t✐❧✐③❡ t❤✐s ❝♦♠❜✐♥❛t✐♦♥ ✐♥ ❛ r♦❜✉st
♣❡r❢♦r♠❛♥❝❡s ❛♥❛❧②s✐s ♣✉r♣♦s❡✳
+
-+
+
❋✐❣✉r❡ ✸✳✶✶✿ ❆ st❛♥❞❛r❞ s❝❤❡♠❡✳
❈♦♥s✐❞❡r ❛ ❦♥♦✇♥ ✐♥t❡r✈❛❧ s②st❡♠ [G](s)✳
▲❡t C(s) ❜❡ ❛ ❦♥♦✇♥ ♣♦✐♥t ❝♦♥tr♦❧❧❡r t❤❛t
❝♦♥tr♦❧s [G](s)✳ ▲❡t ✉s ❝♦♥s✐❞❡r ❛s s♣❡❝✐✜✲
❝❛t✐♦♥s t❤❡ tr❛❝❦✐♥❣ ♣❡r❢♦r♠❛♥❝❡s✱ t❤❡ ❝♦♠✲
♠❛♥❞ ♠♦❞❡r❛t✐♦♥ ❛♥❞ ❛♥ ♦✉t♣✉t ❞✐st✉r❜❛♥❝❡
r❡❥❡❝t✐♦♥✳ ❚❤❡s❡ s♣❡❝✐✜❝❛t✐♦♥s ❝❛♥ ❜❡ tr❛♥✲
s❝r✐❜❡❞ ✐♥t♦ ✇❡✐❣❤t✐♥❣sWε(s)✱ Wu(s) ❛♥❞ Wb
r❡s♣❡❝t✐✈❡❧②✳ ❆ ✇❡✐❣❤t❡❞ ❝❧♦s❡❞✲❧♦♦♣ s❝❤❡♠❡
❛s ✐♥ ❋✐❣✳ ✸✳✶✶ ✐s t❤❡r❡❢♦r❡ ②✐❡❧❞❡❞✳ ■♥ t❤❡ ✜❣✲
✉r❡✱ [P](s) ✐s t❤❡ ✐♥t❡r✈❛❧ ❛✉❣♠❡♥t❡❞ s②st❡♠✳
❲❡ ❤❛✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦♣♦s✐t✐♦♥✳
✼✽
Pr♦♣♦s✐t✐♦♥ ✸✳✸✳✷✳ ✐❢ ‖Fl ([P ](s), C(s))‖∞ ≤ 1✱ t❤✉s t❤❡ ❞❡s✐r❡❞ s♣❡❝✐✜❝❛t✐♦♥s ❛r❡ s❛t✐s✜❡❞ ❜②
t❤❡ ❝❧♦s❡❞✲❧♦♦♣✳
❈♦♥s✐❞❡r✐♥❣ t❤❡ st❛♥❞❛r❞ ❢♦r♠ ♦❢ ❋✐❣✳ ✸✳✶✶✱ t❤❡ Pr♦♣♦s✐t✐♦♥✳ ✸✳✸✳✷ ✐♠♣❧✐❡s✿
Pr♦♣♦s✐t✐♦♥ ✸✳✸✳✸✳ ✐❢
(
‖Wε[S]‖∞ ≤ 1 ‖−Wε[S]Wb‖∞ ≤ 1
‖WuC[S]‖∞ ≤ 1 ‖WuC[S]Wb‖∞ ≤ 1
)
✱ t❤✉s t❤❡ ❞❡s✐r❡❞ s♣❡❝✐✜❝❛✲
t✐♦♥s ❛r❡ s❛t✐s✜❡❞ ❜② t❤❡ ❝❧♦s❡❞✲❧♦♦♣✳
✇❤❡r❡ [S](s) = 11+C[G] ✳ ❖♥❝❡ ❛❣❛✐♥✱ t❤❡ ❝❛❧❝✉❧❛t✐♦♥ ♦❢ t❤❡ H∞✲♥♦r♠ ♦❢ ✐♥t❡r✈❛❧ s②st❡♠s
♣r♦✈✐❞❡❞ ❜② ❬✷✷✸✕✷✷✺❪ ❛♥❞ r❡♠✐♥❞❡❞ ✐♥ ❙❡❝t✐♦♥ ❉✳✹✳✹ ✐s r❡q✉✐r❡❞✳
✸✳✸✳✺ ●❡♥❡r❛❧ r❡♠❛r❦s
❚✇♦ t❡❝❤♥✐q✉❡s ♦❢ r♦❜✉st ❝♦♥tr♦❧❧❡rs s②♥t❤❡s✐s ❜❛s❡❞ ♦♥ ✐♥t❡r✈❛❧s ❤❛✈❡ ❜❡❡♥ ♣r❡s❡♥t❡❞✿ ✶✮ ♦♥❡
t❡❝❤♥✐q✉❡ ❜❛s❡❞ ♦♥ t❤❡ ♣❡r❢♦r♠❛♥❝❡s ✐♥❝❧✉s✐♦♥ t❤❡♦r❡♠✱ ✷✮ ❛♥❞ ♦♥❡ t❡❝❤♥✐q✉❡ ❜❛s❡❞ ♦♥ t❤❡
❝♦♠❜✐♥❛t✐♦♥ ♦❢ t❤❡ st❛♥❞❛r❞ H∞ ❛♣♣r♦❛❝❤ ✇✐t❤ ✐♥t❡r✈❛❧ t♦♦❧s✳ ❖t❤❡r r❡s✉❧ts ❤❛✈❡ ❛❧s♦ ❜❡❡♥
♣r♦❞✉❝❡❞✳ ❋♦r ✐♥st❛♥❝❡✱ ✐♥ ❬❈✷✺❪❬❈✸✵❪✱ ✇❡ ❝❛❧❝✉❧❛t❡ r♦❜✉st ❝♦♥tr♦❧❧❡rs t❤r♦✉❣❤ ❞✐r❡❝t s②♥t❤❡s✐s✱
✐✳❡✳ ❢r♦♠ ❛ ❞❡s✐r❡❞ ❝❧♦s❡❞✲❧♦♦♣ [Hcl](s)✱ ✇❡ ❞✐r❡❝t❧② ❞❡r✐✈❡ t❤❡ ❝♦♥tr♦❧❧❡r✿ [C](s) = 1
[G]
(
1
[Hcl]
−1
)
✳ ❍♦✇❡✈❡r✱ ❞✉❡ t♦ t❤❡ ❝♦♠♣❡♥s❛t✐♦♥ s✐❞❡ ♦❢ t❤✐s t❡❝❤♥✐q✉❡ ✭❞✐✈✐s✐♦♥ [G](s)[Hcl](s)✮✱ s♦♠❡ s♦❧✉t✐♦♥s ❞♦
♥♦t ♥❡❝❡ss❛r✐❧② s❛t✐s❢② t❤❡ ✐♥✐t✐❛❧ s♣❡❝✐✜❝❛t✐♦♥s✳ ❚❤❡ ❝❤♦✐❝❡ ♦❢ t❤❡ ♣♦✐♥t ❝♦♥tr♦❧❧❡r C(s) ✇✐t❤✐♥
t❤❡ s♦❧✉t✐♦♥ s❡t s❤♦✉❧❞ ❜❡ ✈❡r✐✜❡❞ ❜② ❛♥ ❛ ♣♦st❡r✐♦r✐ ♣❡r❢♦r♠❛♥❝❡s ❛♥❛❧②s✐s✳
❚❤❡ t❡❝❤♥✐q✉❡s ♣r♦♣♦s❡❞ ❛❜♦✈❡ ❤❛✈❡ ❜❡❡♥ ❡♠♣❧♦②❡❞ t♦ ❝♦♥tr♦❧ t❤❡ ❢♦r❝❡ ❛♥❞ t❤❡ ❞✐s♣❧❛❝❡✲
♠❡♥t ✐♥ ❛ ✇❤♦❧❡ ♠✐❝r♦❣r✐♣♣❡r ❬❏✷✷❪✳
■♥t❡r✈❛❧s ❛r❡ ✐♥t❡r❡st✐♥❣ t♦ ♠♦❞❡❧ ♣❛r❛♠❡tr✐❝ ✉♥❝❡rt❛✐♥t✐❡s t❤❛♥❦s t♦ t❤❡ ♥❛t✉r❛❧ ❛♥❞ ❡❛s②
✇❛② t♦ r❡♣r❡s❡♥t t❤❡♠ ♦♥❧② ✇✐t❤ ❜♦✉♥❞s✳ ❈♦♠❜✐♥❡❞ ✇✐t❤ ❝♦♥tr♦❧ t❤❡♦r②✱ ✐♥t❡r✈❛❧ t❡❝❤♥✐q✉❡s
♣❡r♠✐t t♦ ❝♦♠♣✉t❡ ❧♦✇ ♦r❞❡r ❛♥❞ r♦❜✉st ❝♦♥tr♦❧❧❡rs✳ ❚❤❡r❡ ✐s ❛ ✇✐❞❡ ❛♥❞ ✐♥t❡r❡st✐♥❣ ♣♦ss✐❜✐❧✐t②
t♦ ❡①♣❧♦✐t t❤❡♠ ✐♥ ❝♦♥tr♦❧❧❡rs s②♥t❤❡s✐s ❛♥❞ ✐♥ str✉❝t✉r❛❧ ❛♥❛❧②s✐s ✇❤❡♥ ✇❡ ❛r❡ ❢❛❝❡ t♦ s②st❡♠s
✇✐t❤ ✉♥❝❡rt❛✐♥t✐❡s✳ ❚❤❡ t❡❝❤♥✐q✉❡s ♣r♦♣♦s❡❞ ❛♥❞ ♣r❡s❡♥t❡❞ ✐♥ t❤✐s t❤❡s✐s ❞❡❛❧t ✇✐t❤ ❙■❙❖✺ ❛♥❞
❧✐♥❡❛r s②st❡♠s ❜✉t ❢❡❛t✉r❡ ✇♦r❦s ✐♥❝❧✉❞❡ t❤❡ ❝❛s❡ ♦❢ ▼■▼❖✻ ♦r ❛❧s♦ ♥♦♥❧✐♥❡❛r s②st❡♠s✳
✸✳✸✳✻ ❆❝❦♥♦✇❧❡❞❣♠❡♥ts
▼❛♥② ♦❢ t❤❡ ✇♦r❦s r❡❣❛r❞✐♥❣ t❤❡ ✐♥t❡r✈❛❧ t❡❝❤♥✐q✉❡s ✭❞❡s✐❣♥ ❛♥❞ ❝♦♥tr♦❧✮ ✇❡r❡ ✇✐t❤✐♥ t❤❡ P❤❉
s✉❜❥❡❝t ♦❢ ❙♦✜❛♥❡ ❑❤❛❞r❛♦✉✐✳
✸✳✹ ❋❡❡❞❢♦r✇❛r❞✲❢❡❡❞❜❛❝❦ ❝♦♥tr♦❧ s❝❤❡♠❡s
■♥ s♦♠❡ s✐t✉❛t✐♦♥s✱ t❤❡ ❢❡❡❞❜❛❝❦ ❝♦♥tr♦❧ s❝❤❡♠❡ ✐s ❛✉❣♠❡♥t❡❞ ❜② ♦♥❡ ♦r s❡✈❡r❛❧ ❢❡❡❞❢♦r✇❛r❞
❝♦♥tr♦❧❧❡rs✳ ❚❤✐s ♣❡r♠✐ts t♦ r❡❛❝❤ ❝❡rt❛✐♥s ♦❜❥❡❝t✐✈❡s t❤❛t ❢❡❡❞❜❛❝❦ ♦♥❧② ♦r ❢❡❡❞❢♦r✇❛r❞ ♦♥❧②
✺❙■❙❖✿ ❙✐♥❣❧❡ ■♥♣✉t ❙✐♥❣❧❡ ❖✉t♣✉t ✭♦r ♠♦♥♦✈❛r✐❛❜❧❡✮ s②st❡♠s✳
✻▼■▼❖ s②st❡♠s✿ ▼✉❧t✐ ■♥♣✉t ▼✉❧t✐ ✭♦r ♠✉❧t✐✈❛r✐❛❜❧❡✮ ❖✉t♣✉t s②st❡♠s✳
✼✾
✭s❡❡ ❈❤❛♣t❡r ✹✮ ❝♦✉❧❞ ♥♦t s❛t✐s❢②✳ ❖♥❡ s❝❤❡♠❡ ♦❢ ❝♦♠❜✐♥❡❞ ❢❡❡❞❢♦r✇❛r❞✲❢❡❡❞❜❛❝❦ ❝♦♥tr♦❧ ♦❢
♣✐❡③♦❡❧❡❝tr✐❝ ❛❝t✉❛t♦rs ✐s ❞❡♣✐❝t❡❞ ✐♥ ❋✐❣✳ ✸✳✶✷✲❛✳ ■t ❝♦♥s✐sts ♦❢ ❛ ❢❡❡❞❜❛❝❦ ❝♦♥tr♦❧❧❡r C✱ ❛
♣❧❛♥t✲✐♥❥❡❝t✐♦♥ ❢❡❡❞❢♦r✇❛r❞ ❝♦♥tr♦❧❧❡r Fp ✭♦r r❡❢❡r❡♥❝❡ ❛♥t✐❝✐♣❛t✐♦♥✮ ❛♥❞ ❛ ❝❧♦s❡❞✲❧♦♦♣✲✐♥❥❡❝t✐♦♥
❢❡❡❞❢♦r✇❛r❞ ❝♦♥tr♦❧❧❡r Fcl ✭♦r ♣r❡✜❧t❡r✮✳ ❲❤❡♥ Fp = 0 ✐s s❡t t♦ ③❡r♦✱ t❤❡ ❛r❝❤✐t❡❝t✉r❡ ✐s ❛
❢❡❡❞❢♦r✇❛r❞ ❝❧♦s❡❞✲❧♦♦♣ ✐♥❥❡❝t✐♦♥ ✭❋❋❈▲■✮ ✇❤✐❝❤ ♣❡r♠✐ts t♦ ✐♠♣r♦✈❡ t❤❡ tr❛♥s✐❡♥t r❡s♣♦♥s❡ ❛s
✇❡❧❧ ❛s t❤❡ tr❛❝❦✐♥❣ ❜❛♥❞✇✐❞t❤ ❬✷✸✵✕✷✸✸❪✳ ■♥ ❝♦♥tr❛st✱ ✇❤❡♥ Fcl ✐s ❛ ✉♥✐t② ❣❛✐♥ ❛♥❞ Fp ✐s ✉s❡❞
❛s t❤❡ ❢❡❡❞❢♦r✇❛r❞ ❝♦♥tr♦❧❧❡r✱ t❤❡ ❛r❝❤✐t❡❝t✉r❡ ✐s ❛ ❢❡❡❞❢♦r✇❛r❞ ♣❧❛♥t✲✐♥❥❡❝t✐♦♥ ✭❋❋P■✮✳ ■♥ t❤✐s
❝❛s❡✱ Fp ✐s ♦❢t❡♥ ❞❡s✐❣♥❡❞ ♦♥ t❤❡ ❜❛s✐s ♦❢ t❤❡ ♣❧❛♥t ✐♥✈❡rs❡ ♠♦❞❡❧ ❬✷✸✹✕✷✸✻❪✳ ❚❤✐s ♣❡r♠✐ts t♦
✐♠♣r♦✈❡ t❤❡ tr❛♥s✐❡♥t r❡s♣♦♥s❡ ♦r t♦ ❝❛♥❝❡❧ t❤❡ st❛t✐❝ ❡rr♦r✳ ■♥ ❬✷✸✼❪✱ ❜♦t❤ ❋❋❈▲■ ❛♥❞ ❋❋P■
✇❡r❡ ✉t✐❧✐③❡❞ ✐♥ t❤❡ s❛♠❡ ❛r❝❤✐t❡❝t✉r❡ ✇❤✐❝❤ ♠❛❦❡ t❤❡ ❢❡❡❞❢♦r✇❛r❞✲❢❡❡❞❜❛❝❦ ❝♦♥tr♦❧ t❡❝❤♥✐q✉❡s
❛❝❝♦✉♥t ❢♦r ♥♦♥♠✐♥✐♠✉♠ ♣❤❛s❡ s②st❡♠s✳ ■♥ ❛ ✇❛②✱ ❋❋❈▲■ ❛♥❞ ❋❋P■ ❛r❝❤✐t❡❝t✉❡s ❝❛♥ ❜❡ s❡❡♥
❛s ❢♦❧❧♦✇s✿ t❤❡ ♣❧❛♥t ✐s ✜rst ❧✐♥❡❛r✐③❡❞ t❤❛♥❦s t♦ t❤❡ ❢❡❡❞❜❛❝❦ ❝♦♥tr♦❧❧❡r C(s) ✭❛ ❤✐❣❤ ❣❛✐♥ ♦r
❛♥ ✐♥t❡❣r❛❧ ❝♦♥tr♦❧ ✐s s✉✣❝✐❡♥t ✐♥ ♠♦st ♦❢ t❤❡ ❝❛s❡s✮✱ t❤❡♥ t❤❡ ❜❛♥❞✇✐❞t❤ ✐s ❡♥❧❛r❣❡❞ ✭♣r❡❝✐s✐♦♥
✐♠♣r♦✈❡♠❡♥t ❛t ❤✐❣❤ ❢r❡q✉❡♥❝②✮ t❤❛♥❦s t♦ t❤❡ ❢❡❡❞❢♦r✇❛r❞ ❝♦♥tr♦❧❧❡rs Fcl ♦r Fp ❬✷✸✶❀ ✷✸✽❪✳
◆♦t✐❝❡ t❤❛t t❤❡ ❋❋❈▲■ ✐s s❡♥s✐t✐✈❡ t♦ ♠♦❞❡❧ ✉♥❝❡rt❛✐♥t✐❡s✳
❉✐✛❡r❡♥t❧② ❢r♦♠ ❋❋❈▲■ ❛♥❞ ❋❋P■✱ ❛♥♦t❤❡r ❛r❝❤✐t❡❝t✉r❡ ♦❢ ❝♦♠❜✐♥❡❞ ❢❡❡❞❢♦r✇❛r❞✲❢❡❡❞❜❛❝❦
✐s ❞❡♣✐❝t❡❞ ✐♥ ❋✐❣✳ ✸✳✶✷✲❜ ❬✷✸✾✕✷✹✷❪❬❈✶✸❪❬❈✷✸❪❬❈✺✵❪✳ ■♥ t❤✐s✱ ❛ ✭❝❛s❝❛❞❡✮ ❢❡❡❞❢♦r✇❛r❞ ❝♦♥tr♦❧❧❡r
Γc ✐s ✜rst ❛♣♣❧✐❡❞ t♦ t❤❡ ♣❧❛♥t ❜❡❢♦r❡ ❡♠♣❧♦②✐♥❣ t❤❡ ❢❡❡❞❜❛❝❦✳ ❚❤❡ ❛✐♠ ♦❢ t❤❡ ❢❡❡❞❢♦r✇❛r❞ ✐s
✈❛r✐♦✉s✳ ■t ❝❛♥ ❜❡ ❛ ❝♦♠♣❡♥s❛t♦r ❢♦r t❤❡ ♥♦♥❧✐♥❡❛r✐t✐❡s ✭❤②st❡r❡s✐s ♦r ❝r❡❡♣✮ ✇❤✐❝❤ ✇✐❧❧ ②✐❡❧❞ ❛
❧✐♥❡❛r✐③❡❞ s②st❡♠✱ ♦r ✐t ❝❛♥ ❜❡ ❛ ✈✐❜r❛t✐♦♥s ❞❛♠♣❡r ✭✈✐❜r❛t✐♦♥s ❝♦♠♣❡♥s❛t♦r✮✳ ■♥ ❜♦t❤ ❝❛s❡s✱
t❤❡ ❝❛❧❝✉❧❛t✐♦♥ ♦❢ t❤❡ ❢❡❡❞❜❛❝❦ C ✐s r❡♥❞❡r❡❞ ❡❛s✐❡r ✇✐t❤ t❤❡ ❝♦♠♣❡♥s❛t❡❞ ♣❧❛♥t✳
❘❡❣❛r❞✐♥❣ t❤❡ ❝♦♥tr♦❧ ♦❢ ♠✉❧t✐✲❉❖❋ ♣✐❡③♦❡❧❡❝tr✐❝ ❛❝t✉❛t♦rs✱ ♠♦❞❡❧✐♥❣ t❤❡ ❝r♦ss✲❝♦✉♣❧✐♥❣s
✐s ❝♦♠♣❧❡①✱ ❛♥❞ t❤✉s ✐t ✐s ❝♦♠♠♦♥ t♦ ❡♠♣❧♦② s❡✈❡r❛❧ ♠♦♥♦✈❛r✐❛❜❧❡ ❝♦♠♣❡♥s❛t♦rs Γc ❢♦r ❡❛❝❤
❛①✐s ❬❏✶✸❪❬❈✶✽❪❬❈✸✶❪✳ ■♥ s✉❝❤ ❛ ✇❛②✱ t❤❡ ♥♦♥❧✐♥❡❛r✐t✐❡s ♦r t❤❡ ❜❛❞❧② ❞❛♠♣❡❞ ✈✐❜r❛t✐♦♥s ✐♥
t❤❡ ❞✐r❡❝t tr❛♥s❢❡r ❛r❡ ❝♦♠♣❡♥s❛t❡❞✳ ❚❤❡ ♥♦♥✲❝♦♠♣❡♥s❛t❡❞ ❝r♦ss✲❝♦✉♣❧✐♥❣s ❛r❡ ❝♦♥s✐❞❡r❡❞ ❛s
❞✐st✉r❜❛♥❝❡s ♦r ♠♦❞❡❧ ✉♥❝❡rt❛✐♥t✐❡s t❤❛t s❤♦✉❧❞ ❜❡ t❛❦❡♥ ✐♥t♦ ❛❝❝♦✉♥t ✇❤❡♥ s②♥t❤❡s✐③✐♥❣ t❤❡
❝❧♦s❡❞✲❧♦♦♣ ❝♦♥tr♦❧❧❡r C✳
piezoelectric
system
piezoelectric
system
(a)
(b)
+
-
+
-
+
❋✐❣✉r❡ ✸✳✶✷✿ ❋❡❡❞❢♦r✇❛r❞✲❢❡❡❞❜❛❝❦ ❝♦♥tr♦❧ ❛r❝❤✐t❡❝t✉r❡s ✐♥ ♣✐❡③♦❡❧❡❝tr✐❝ ❛❝t✉❛t♦rs ❝♦♥tr♦❧✳
✽✵
✸✳✺ ❈♦♥tr♦❧ ♦❢ ❤②❜r✐❞ t❤❡r♠♦♣✐❡③♦❡❧❡❝tr✐❝ ♠✐❝r♦❣r✐♣♣❡rs
❋✐❣✉r❡ ✸✳✶✸✿ ❆ ❤②❜r✐❞ t❤❡r♠♦♣✐❡③♦❡❧❡❝tr✐❝ ♠✐✲
❝r♦❣r✐♣♣❡r✳
❇❛s❡❞ ♦♥ t❤❡ ❤②❜r✐❞ t❤❡r♠♦♣✐❡③♦❡❧❡❝tr✐❝ ❛❝✲
t✉❛t♦r ♣r❡s❡♥t❡❞ ✐♥ ❙❡❝t✐♦♥✳ ✷✳✸✱ ❛ ♥♦✈❡❧ ♠✐✲
❝r♦❣r✐♣♣❡r ❤❛s ❜❡❡♥ ❞❡✈❡❧♦♣❡❞✳ ❚❤❡ ❞❡✈❡❧✲
♦♣❡❞ ❤②❜r✐❞ t❤❡r♠♦♣✐❡③♦❡❧❡❝tr✐❝ ♠✐❝r♦❣r✐♣✲
♣❡r✱ ♣✐❝t✉r❡❞ ✐♥ ❋✐❣✳ ✸✳✶✸✱ ❤❛s t✇♦ ❤②❜r✐❞ ❛❝✲
t✉❛t♦rs ❛♥❞ ❝❛♥ ♣✐❝❦ ♦r ❤❛♥❞❧❡ s♠❛❧❧ ♦❜❥❡❝ts
✇✐t❤ ❛ ❤✐❣❤ r❡s♦❧✉t✐♦♥ t❤❛♥❦s t♦ t❤❡ ♣✐❡③♦✲
❡❧❡❝tr✐❝ ♣❡r❢♦r♠❛♥❝❡s ❛♥❞ ✇✐t❤ ❛ ❧❛r❣❡ r❛♥❣❡
♦❢ ♣♦s✐t✐♦♥✐♥❣ t❤❛♥❦s t♦ t❤❡ t❤❡r♠❛❧ ❛❝t✉❛✲
t✐♦♥ ♣❡r❢♦r♠❛♥❝❡s✳ ❚❤❡ ❛✐♠ ♦❢ t❤✐s s❡❝t✐♦♥
✐s t♦ r❡♣♦rt t❤❡ ❝♦♥tr♦❧ str❛t❡❣② ♣r♦♣♦s❡❞ ❢♦r
t❤❡ ♠✐❝r♦❣r✐♣♣❡r✳ ❚❤❡ ♥♦✈❡❧t② ✐♥ t❤✐s ❝♦♥tr♦❧
✐s ❡✈✐❞❡♥t ❞✉❡ t♦ t❤❡ ♦r✐❣✐♥❛❧✐t② ♦❢ t❤❡ s②st❡♠
✐ts❡❧❢✳ ❙✐♠✐❧❛r❧② t♦ t❤❡ ❝♦♥tr♦❧ ♦❢ ♠✉❧t✐♠♦r♣❤
♠✐❝r♦❣r✐♣♣❡rs ♣r❡s❡♥t❡❞ ✐♥ ❙❡❝t✐♦♥✳ ✸✳✷✳✸ ❛♥❞
✐♥ ❙❡❝t✐♦♥✳ ✸✳✸✳✺✱ ♦♥❡ ❛❝t✉❛t♦r ♦❢ t❤❡ ❤②❜r✐❞
♠✐❝r♦❣r✐♣♣❡r ✐s ❝♦♥tr♦❧❧❡❞ ❢♦r t❤❡ ♣r❡❝✐s❡ ♣♦s✐t✐♦♥✐♥❣ ✭❞✐s♣❧❛❝❡♠❡♥t ❝♦♥tr♦❧✮ ❛♥❞ t❤❡ ♦t❤❡r ❛❝✲
t✉❛t♦r ❝♦♥tr♦❧❧❡❞ ❢♦r t❤❡ ♠❛♥✐♣✉❧❛t✐♦♥ ❢♦r❝❡✳ ❆s t❤❡ t✇♦ ❝♦♥tr♦❧s ❛r❡ ✐♥❞❡♣❡♥❞❡♥t✱ t❤❡② ❝❛♥
❜❡ s②♥t❤❡s✐③❡❞ s❡♣❛r❛t❡❧②✳
unimorph
piezoactuator
TEC-
device
+
-
(a)
(b)
❋✐❣✉r❡ ✸✳✶✹✿ ❆ ❤②❜r✐❞ ❝♦♥tr♦❧ ❧❛✇ ❢♦r ❛ ❤②❜r✐❞
t❤❡r♠♦♣✐❡③♦❡❧❡❝tr✐❝ ❛❝t✉❛t♦r✳
❋✐rst✱ ❧❡t ✉s r❡❣❛r❞ t❤❡ ❛❝t✉❛t♦r ❢♦r t❤❡
❞✐s♣❧❛❝❡♠❡♥t ❛♥❞ ✐ts ❝♦♥tr♦❧ ❬❈✶✾❪✳ ❚❤❡ s②s✲
t❡♠ ❤❛s ♦♥❡ ♦✉t♣✉t ✇❤✐❝❤ ✐s t❤❡ ❞✐s♣❧❛❝❡♠❡♥t
δ ✭❞❡✢❡❝t✐♦♥ ♦❢ t❤❡ ❝❛♥t✐❧❡✈❡r✮✱ ❛♥❞ t✇♦ ✐♥✲
♣✉ts✿ t❤❡ ❡❧❡❝tr✐❝❛❧ ❝✉rr❡♥t i t❤❛t s✉♣♣❧✐❡s
t❤❡ ❚❤❡r♠♦✲❊❧❡❝tr✐❝✲❈♦♦❧❡r ✭❚❊❈✲❞❡✈✐❝❡✮ ❢♦r
❤❡❛t✐♥❣ ♦r ❝♦♦❧✐♥❣✱ ❛♥❞ t❤❡ ✈♦❧t❛❣❡ u t♦ ❛❝✲
t✉❛t❡ t❤❡ ♣✐❡③♦❡❧❡❝tr✐❝ ❡✛❡❝t✳ ■❢ t❤❡ ❛❝t✉❛t♦r
✇❛s ♦♥❧② t❤❡r♠❛❧✱ ✇❡ ✇♦✉❧❞ ✉t✐❧✐③❡ ❛ ✉♥✐q✉❡
❝❛s❝❛❞❡ ❝♦♥tr♦❧❧❡r Ci(s) t❤❛t ✇♦✉❧❞ ❢✉r♥✐s❤
t❤❡ ✐♥♣✉t ❝♦♥tr♦❧ i✳ ■♥ ❝♦♥tr❛st✱ ✐❢ t❤❡ ❛❝t✉✲
❛t♦r ✇❛s ♦♥❧② ♣✐❡③♦❡❧❡❝tr✐❝✱ ✇❡ ✇♦✉❧❞ ✉t✐❧✐③❡
❛ ✉♥✐q✉❡ ❝❛s❝❛❞❡ ❝♦♥tr♦❧❧❡r Cu(s) t❤❛t ✇♦✉❧❞
❢✉r♥✐s❤ t❤❡ ✐♥♣✉t ❝♦♥tr♦❧ u✳ ❋♦r ❛ ❤②❜r✐❞ ❛❝✲
t✉❛t♦r✱ ✇❡ ♣r♦♣♦s❡ t♦ ❜r✐♥❣ t❤❡♠ t♦❣❡t❤❡r ✐♥
♦♥❡ s❝❤❡♠❡ ❛s ♣✐❝t✉r❡❞ ✐♥ ❋✐❣✳ ✸✳✶✹✲❛✳ ■♥ ❢❛❝t✱
t❤❡ ♣r♦♣♦s✐t✐♦♥ ❝♦♥s✐sts ✐♥ ❛❝t✐✈❛t✐♥❣ ♦♥❧② t❤❡
❝♦♥tr♦❧❧❡r Ci(s) ✇❤❡♥ t❤❡ ❡rr♦r ε = δr − δ
✐s ❧❛r❣❡✱ t♦ ❜❡♥❡✜t ❢r♦♠ t❤❡ ❧❛r❣❡ r❛♥❣❡ ♦❢
t❤❡ t❤❡r♠❛❧ ❛❝t✉❛t✐♦♥✳ ❆♥❞ ✇❤❡♥ t❤❡ ❡rr♦r
ε ❜❡❝♦♠❡s ❧♦✇❡r t❤❛♥ ❛ t❤r❡s❤♦❧❞ ❞❡♥♦t❡❞
δumax✱ t❤❡ ❝♦♥tr♦❧❧❡r Cu(s) ✐s ❛✉t♦♠❛t✐❝❛❧❧②
✽✶
❛❝t✐✈❛t❡❞✳ ■♥ t❤✐s ❧❛tt❡r s✐t✉❛t✐♦♥✱ t❤❡ ♣✐❡③♦✲
❡❧❡❝tr✐❝ ❛❝t✉❛t✐♦♥ ✐s ❡♠♣❧♦②❡❞ ❢♦r t❤❡ ✜♥❡ ♣♦✲
s✐t✐♦♥✐♥❣ t❤❛♥❦s t♦ ✐ts ❤✐❣❤ r❡s♦❧✉t✐♦♥✳ ❚❤❡ t❤r❡s❤♦❧❞ δumax ✐s ❝❤♦s❡♥ ❛s t❤❡ ♠❛①✐♠❛❧ r❛♥❣❡
♦❢ ❞✐s♣❧❛❝❡♠❡♥t ♦❜t❛✐♥❡❞ ✇✐t❤ t❤❡ ♣✐❡③♦❡❧❡❝tr✐❝ ❛❝t✉❛t✐♦♥✳ ❚♦ ♠❛♥❛❣❡ t❤❡ ❛✉t♦♠❛t✐❝ s✇✐t❝❤✱
t❤❡ ❞✐s❝r❡t❡ ❡✈❡♥t ❝♦♥tr♦❧❧❡r Σ ✐s ❞❡✜♥❡❞ ✐♥ ❊q✳ ✭✸✳✷✵✮✳ ❚❤❡ t✇♦ ❝♦♥tr♦❧❧❡rs Ci(s) ❛♥❞ Cu(s)
❛r❡ ❞❡s✐❣♥❡❞ ✇✐t❤ st❛♥❞❛r❞ t❡❝❤♥✐q✉❡s ❛❝❝♦r❞✐♥❣ t♦ t❤❡ s♣❡❝✐✜❝❛t✐♦♥s ♣♦s❡❞ ❛♥❞ ❜❛s❡❞ ♦♥ t❤❡
♠♦❞❡❧ ✐♥ ❊q✳ ✭✷✳✽✮ ♦r ❜❛s❡❞ ♦♥ ❛ ♠♦r❡ s✐♠♣❧✐✜❡❞ ♠♦❞❡❧✳ ❋♦r ✐♥st❛♥❝❡✱ ✇❡ ❝❛♥ ❜❡♥❡✜t ❢r♦♠
t❤❡ t❡❝❤♥✐q✉❡s ❞❡t❛✐❧❡❞ ✐♥ t❤❡ ♣r❡✈✐♦✉s s❡❝t✐♦♥s ✭H∞✱ ■♥t❡r✈❛❧ t❡❝❤♥✐q✉❡s✮✳ ❋✐❣✳ ✸✳✶✹✲❜ ❞❡✲
♣✐❝ts ❛♥ ❡①❛♠♣❧❡ ♦❢ st❡♣ r❡s♣♦♥s❡ ♦❢ t❤❡ ❝❧♦s❡❞✲❧♦♦♣ ❝♦♥tr♦❧❧❡❞ ❤②❜r✐❞ ❛❝t✉❛t♦r ♦❜t❛✐♥❡❞ ✇✐t❤
❛ ♣r♦♣♦rt✐♦♥❛❧✲✐♥t❡❣r❛❧ ✭P■✮ ❝♦♥tr♦❧❧❡r ❢♦r t❤❡ ❝♦❛rs❡ ♣♦s✐t✐♦♥✐♥❣ ✭✐✳❡✳ Ci(s) = PI✮✱ ❛♥❞ ❛
♣r♦♣♦rt✐♦♥❛❧✲✐♥t❡❣r❛❧✲❞❡r✐✈❛t✐✈❡ ✭P■❉✮ ❝♦♥tr♦❧❧❡r ❢♦r t❤❡ ✜♥❡ ♣♦s✐t✐♦♥✐♥❣ ✭✐✳❡✳ Cu(s) = PID✮✳
■♥ t❤✐s✱ t❤❡ r❡❢❡r❡♥❝❡ ✐♥♣✉t ✐s ❛ st❡♣ ♦❢ 100µm✳ ❇❡❝❛✉s❡ ♦❢ t❤❡ ❧✐♠✐t❡❞ ✈♦❧t❛❣❡ ❛♣♣❧✐❝❛❜❧❡ t♦
t❤❡ ♣✐❡③♦❡❧❡❝tr✐❝ ❧❛②❡r✱ t❤❡ ❞✐s♣❧❛❝❡♠❡♥t ❢✉r♥✐s❤❛❜❧❡ ❜② t❤❡ ♣✐❡③♦❡❧❡❝tr✐❝ ❛❝t✉❛t✐♦♥ ✐s ✈❡r② ❧♦✇
✭≈ 10µm✮✳ ❚❤✉s✱ ✇❡ ❝❤♦♦s❡ δumax = 7µm ✐♥ t❤✐s ❡①❛♠♣❧❡✳ ❚❤❡ ❡①♣❡r✐♠❡♥t❛❧ r❡s✉❧ts s❤♦✇ t❤❡
t❤❡r♠❛❧ ❛❝t✉❛t✐♦♥ ✇♦r❦✐♥❣ ✜rst ✉♥t✐❧ 93µm✱ ❛♥❞ t❤❡♥ t❤❡ ♣✐❡③♦❡❧❡❝tr✐❝ ❛❝t✉❛t✐♦♥ ♣❡r❢♦r♠✐♥❣
t❤❡ ✜♥❡ ❛♥❞ ❛❝❝✉r❛t❡ ♣♦s✐t✐♦♥✐♥❣✳
∑
:=


if |ε| > δumax do
εu = 0
else
εu = ε
end
✭✸✳✷✵✮
▲❡t ✉s ♥♦✇ s❡❡ t❤❡ ❢♦r❝❡ ❝♦♥tr♦❧ ❢♦r t❤❡ ♦t❤❡r ❤②❜r✐❞ ❛❝t✉❛t♦r✳ ❚❤❡ ♦✉t♣✉t ♦❢ t❤❡ ❛❝t✉❛t♦r
✐s t❤❡ ♠❛♥✐♣✉❧❛t✐♦♥ ❢♦r❝❡ ✇❤✐❝❤ ✐s t❤❡ ❢♦r❝❡ ❛♣♣❧✐❡❞ ❜② t❤✐s t♦ t❤❡ ♦❜❥❡❝t✳ ❙✐♠✐❧❛r❧② t♦ t❤❡ ❝❛s❡
♦❢ ♠✉❧t✐♠♦r♣❤ ♣✐❡③♦❡❧❡❝tr✐❝ ❛❝t✉❛t♦rs ❞❡s❝r✐❜❡❞ ✐♥ ❙❡❝t✐♦♥✳ ✸✳✷✳✷✱ t❤❡ ♦❜❥❡❝t✬s ❝❤❛r❛❝t❡r✐st✐❝s
str♦♥❣❧② ❛✛❡❝t t❤❡ ❜❡❤❛✈✐♦r ♦❢ t❤❡ ❤②❜r✐❞ ❛❝t✉❛t♦r ❛♥❞ t❤❡② ♥❡❡❞ t♦ ❜❡ ❛❝❝♦✉♥t❡❞ ❢♦r ✐♥ t❤❡
♠♦❞❡❧✳ ❚❤❡ ❛❞❞✐t✐♦♥❛❧ ❝❤❛❧❧❡♥❣❡ ✇✐t❤ t❤❡ ❤②❜r✐❞ ❛❝t✉❛t♦r ✐s t❤❛t ✇❡ ❤❛✈❡ t✇♦ ✐♥♣✉t ❝♦♥tr♦❧ u
❛♥❞ i✱ ❛♥❞ t❤❡② ❝❛♥♥♦t ❜❡ ✉s❡❞ ❤❛♣❤❛③❛r❞❧② ❜❡❝❛✉s❡ ♦❢ t❤❡ ❧✐♠✐t❡❞ r❡s♦❧✉t✐♦♥ ♦❢ t❤❡ t❤❡r♠❛❧
❛❝t✉❛t✐♦♥ ❛♥❞ ♦❢ t❤❡ ❧✐♠✐t❡❞ r❛♥❣❡ ♦❢ t❤❡ ♣✐❡③♦❡❧❡❝tr✐❝ ♦♥❡✳ ❚❤❡ ❢♦r❝❡ ♠♦❞❡❧ ♦❢ t❤❡ ❤②❜r✐❞
❛❝t✉❛t♦r ✐s ❞✐r❡❝t❧② ❞❡✜♥❡❞ ❜② t❤❡ ❣❡♥❡r❛❧✐③❡❞ ❢♦r❝❡ ♠♦❞❡❧ ✐♥ ❊q✳ ✭✸✳✷✳✷✮✳ ❚❤✐s ❢♦r❝❡ ♠♦❞❡❧
✐♥❝❧✉❞❡s t❤❡ t❤❡r♠❛❧ ❝♦♥tr✐❜✉t✐♦♥ ❛♥❞ t❤❡ ♣✐❡③♦❡❧❡❝tr✐❝ ❝♦♥tr✐❜✉t✐♦♥✳ ■t ❤❛s t❤❡ s❛♠❡ str✉❝t✉r❡
✭t✇♦ ✐♥♣✉ts ❛♥❞ t✇♦ ♦✉t♣✉ts✮ ❛♥❞ t❤❡ s❛♠❡ ♣r✐♥❝✐♣❧❡ t❤❛♥ ✐♥ ❞✐s♣❧❛❝❡♠❡♥t✳ ❚❤❡r❡❢♦r❡✱ t❤❡
s❛♠❡ ❝♦♥tr♦❧❧❡rs str✉❝t✉r❡s ❛♥❞ s②♥t❤❡s✐s t❤❛♥ ❢♦r ❞✐s♣❧❛❝❡♠❡♥t ❝❛♥ ❜❡ ❡❛s✐❧② ❡♠♣❧♦②❡❞ ❢♦r t❤❡
❢♦r❝❡✳
✽✷
+
-
+
-
(a)
from displacement
sensor
from force
sensor
(b)
(c)
For[mN]
❋✐❣✉r❡ ✸✳✶✺✿ P♦s✐t✐♦♥✴❢♦r❝❡ ❝♦♥tr♦❧ ♦❢ t❤❡ ❤②❜r✐❞ t❤❡r♠♦♣✐❡③♦❡❧❡❝tr✐❝ ♠✐❝r♦❣r✐♣♣❡r✳ ✭❛✮✿ ✐♠✲
♣❧❡♠❡♥t❛t✐♦♥ s❝❤❡♠❡✳ ✭❜✮ ❛♥❞ ✭❝✮✿ ❡①♣❡r✐♠❡♥t❛❧ r❡s✉❧ts✳
❲❡ ❤❛✈❡ ♥♦✇ t❤❡ ❞✐s♣❧❛❝❡♠❡♥t ❝♦♥tr♦❧❧❡rs ❢♦r ♦♥❡ ❛❝t✉❛t♦r ❛♥❞ t❤❡ ❢♦r❝❡ ❝♦♥tr♦❧❧❡rs t❤❡
♦t❤❡r ❛❝t✉❛t♦r✳ ❚❤❡② ❝❛♥ ❜❡ ❞✐r❡❝t❧② ❡♠♣❧♦②❡❞ t♦ ❢✉❧❧② ❝♦♥tr♦❧ t❤❡ ❤②❜r✐❞ ♠✐❝r♦❣r✐♣♣❡r ❛s ❞❡✲
♣✐❝t❡❞ ✐♥ ❋✐❣✳ ✸✳✶✺✲❛✱ ❬❏✶✹❪✳ ❚❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ❡①♣❡r✐♠❡♥t❛❧ r❡s✉❧ts ❛r❡ ♣r❡s❡♥t❡❞ ✐♥ ❋✐❣✳ ✸✳✶✺✲❜
❛♥❞ ❞❡♠♦♥str❛t❡ t❤❡ ♣❡r❢♦r♠❛♥❝❡s ❞✉r✐♥❣ ❛ ♣✐❝❦✲❛♥❞✲♣❧❛❝❡ t❛s❦ ♦❢ ❛ s♠❛❧❧ ♦❜❥❡❝t ✇✐t❤ ♣♦s✐✲
t✐♦♥✴❢♦r❝❡ ❝♦♥tr♦❧✳ ■♥ t❤✐s ❡①❛♠♣❧❡✱ t❤❡ ❤❛♥❞❧✐♥❣ ❢♦r❝❡ ✇❛s s❡t ❡q✉❛❧ t♦ 15mN ✳
❆❝❦♥♦✇❧❡❞❣♠❡♥ts ✲ ❚❤❡ ✇♦r❦s ❤❡r❡ ✇❡r❡ ✇✐t❤✐♥ t❤❡ ♣♦st❞♦❝t♦r❛❧ ❢❡❧❧♦✇s❤✐♣ ♦❢ ❉r✳ ■♦❛♥
❆❧❡①❛♥❞r✉ ■✈❛♥✳
✸✳✻ ❈♦♥❝❧✉s✐♦♥s ❛♥❞ ♣❡rs♣❡❝t✐✈❡s
❆♠♦♥❣ t❤❡ ❡✣❝✐❡♥t ✇❛②s t♦ ❡♥❤❛♥❝❡ t❤❡ ♣❡r❢♦r♠❛♥❝❡s ♦❢ ♣✐❡③♦❡❧❡❝tr✐❝ ❛❝t✉❛t♦rs ❛r❡ r♦❜✉st
❝♦♥tr♦❧ t❡❝❤♥✐q✉❡s✳ ❆ ❧❛r❣❡ ♣❛rt ♦❢ t❤✐s ❝❤❛♣t❡r ❞❡s❝r✐❜❡s r♦❜✉st ❝♦♥tr♦❧ t❡❝❤♥✐q✉❡s ❞❡✈♦t❡❞ t♦
s✉❝❤ ❛❝t✉❛t♦rs ✐♥ ♦r❞❡r t♦ r❡❛❝❤ ❝❡rt❛✐♥ ♣❡r❢♦r♠❛♥❝❡s r❡q✉✐r❡❞ ✐♥ ♣r❡❝✐s❡ ❛♥❞ ❤✐❣❤ ❞②♥❛♠✐❝s
♣♦s✐t✐♦♥✐♥❣✳ ■♥ ❛ ✜rst ❛♣♣r♦❛❝❤✱ ❝❧❛ss✐❝❛❧ r♦❜✉st t❡❝❤♥✐q✉❡s ✭H∞ ❛♥❞ ✐ts ❞❡r✐✈❛t✐✈❡s✮ ❤❛✈❡
❜❡❡♥ ♣r♦♣♦s❡❞✳ ❚❤❡ ❧✐tt❡r❛t✉r❡ ❛❧s♦ ♣r♦♣♦s❡s s✐♠✐❧❛r s②♥t❤❡s✐s ❜✉t t❤❡ ❞✐✛❡r❡♥❝❡ ♦❢ t❤❡ ♣r❡s❡♥t
✽✸
✇♦r❦s r❡s✐❞❡s ♦♥ ❤♦✇ t♦ ♠♦❞❡❧ t❤❡ ❛❝t✉❛t♦rs ✐♥ ♦r❞❡r t♦ ❝♦♥✈❡♥✐❡♥t❧② ❛❝❝♦✉♥t ❢♦r t❤❡ ❤②st❡r❡s✐s
❛♥❞ ❝r❡❡♣ ♥♦♥❧✐♥❡❛r✐t✐❡s ❛s ✇❡❧❧ ❛s t❤❡ ❞②♥❛♠✐❝s ❛♥❞ t❤❡ ❡①t❡r♥❛❧ ❞✐st✉r❜❛♥❝❡s ✭❡①t❡r♥❛❧ ❢♦r❝❡✱
t❤❡r♠❛❧ ✈❛r✐❛t✐♦♥✮✳
❆ ♠♦r❡ ❡①♦t✐❝ s②♥t❤❡s✐s ♦❢ r♦❜✉st ❝♦♥tr♦❧❧❡rs ♣r♦♣♦s❡❞ ✐♥ t❤✐s ❝❤❛♣t❡r ❝♦♥s✐sts ✐♥ ❝♦♠❜✐♥✐♥❣
✐♥t❡r✈❛❧s ❛♥❞ r❡❧❛t❡❞ t❡❝❤♥✐q✉❡s ✇✐t❤ ❝♦♥tr♦❧ t❤❡♦r②✳ ❲❡ s❤♦✇ t❤❛t ❞♦✐♥❣ s♦ ♣r❡s❡♥ts ♠✉❧t✐♣❧❡
❛❞✈❛♥t❛❣❡s✿ ❡❛s❡ ❛♥❞ ♥❛t✉r❛❧ ✇❛② ♦❢ ♠♦❞❡❧✐♥❣ t❤❡ ✉♥❝❡rt❛✐♥t✐❡s✱ ♣❡r❢♦r♠❛♥❝❡s r♦❜✉st♥❡ss ❛♥❞
❣✉❛r❛♥t❡❡ ♦❢ t❤❡ s♦❧✉t✐♦♥✱ ❛♥❞ ❞❡r✐✈❛t✐♦♥ ♦❢ ❧♦✇ ♦r❞❡r ❝♦♥tr♦❧❧❡rs✳ ❈♦♠❜✐♥✐♥❣ ✐♥t❡r✈❛❧ t❡❝❤✲
♥✐q✉❡s ✇✐t❤ ❝♦♥tr♦❧ t❤❡♦r② ❛r❡ ♥♦t ♦♥❧② ❧✐♠✐t❡❞ t♦ ♠♦❞❡❧✐♥❣ ❛♥❞ ❝♦♥tr♦❧❧❡rs s②♥t❤❡s✐s✳ ❖t❤❡r
✐♠♣♦rt❛♥t ✜❡❧❞s ✐♥ ❝♦♥tr♦❧ ❛♥❞ ✐♥ ❞❡s✐❣♥ ❝❛♥ ❛❧s♦ ❜❡ ❝♦✈❡r❡❞✿ str✉❝t✉r❛❧ ❛♥❛❧②s✐s ❛♥❞ ❛ ♣♦s✲
t❡r✐♦r✐ ♣❡r❢♦r♠❛♥❝❡s ❛♥❛❧②s✐s✱ ✐♥✈❡rs❡ ❞❡s✐❣♥ ♦❢ s②st❡♠s ✭s❡❡ ❙❡❝t✐♦♥✳ ✷✳✻✮✳ ▼♦r❡ ❣❡♥❡r❛❧❧②✱
✐♥t❡r✈❛❧ t❡❝❤♥✐q✉❡s ❝❛♥ ❜r✐♥❣ ❛❞❞✐t✐♦♥❛❧ ❞❡❣r❡❡s ♦❢ ❢r❡❡❞♦♠ t♦ ❝♦♥tr♦❧ t❤❡♦r② ❛♥❞ r❡❧❛t❡❞ ✜❡❧❞s
❛♥❞ t❤❡r❡ ❛r❡ ❛ ❧♦t t♦ ❡①♣❧♦r❡ ✐♥ t❤✐s ❝♦♠❜✐♥❛t✐♦♥✳ ❋❡❛t✉r❡s ✐♥❝❧✉❞❡ t❤❡ ❡①t❡♥s✐♦♥ t♦ ♥♦♥❧✐♥❡❛r
❝♦♥tr♦❧ ❛♥❞ t♦ ♠✉❧t✐✈❛r✐❛❜❧❡ ❝♦♥tr♦❧✳
❚❤❡ ❧❛st ♣❛rt ♦❢ t❤❡ ❝❤❛♣t❡r ♣r❡s❡♥ts ❡①♦t✐❝ ❝♦♥tr♦❧ ❞❡✈♦t❡❞ t♦ ❤②❜r✐❞ t❤❡r♠♦♣✐❡③♦❡❧❡❝tr✐❝
❛❝t✉❛t♦rs ❛♥❞ ❤②❜r✐❞ ♠✐❝r♦❣r✐♣♣❡rs✳ ▼❛♥② ♦❢ s②st❡♠s ❢♦✉♥❞ ✐♥ ♣r❡❝✐s❡ ♣♦s✐t✐♦♥✐♥❣ ❛r❡ ♦❢t❡♥
♥♦♥✲❝❧❛ss✐❝❛❧✼ ✐♥ t❤❡✐r ❢✉♥❝t✐♦♥✐♥❣s✱ ♣r✐♥❝✐♣❧❡s ❛♥❞ ❜❡❤❛✈✐♦rs ❛♥❞ ❛r❡ ❧❡ss ✇✐❞❡s♣r❡❛❞ t❤❛♥
❝❧❛ss✐❝❛❧ s✐③❡❞ s②st❡♠s✳ ❊①❛♠♣❧❡s ✐♥❝❧✉❞❡ t❤❡ ❤②❜r✐❞ t❤❡r♠♦♣✐❡③♦❡❧❡❝tr✐❝ ❛❝t✉❛t♦rs ♦❢ t❤✐s
❝❤❛♣t❡r✱ st✐❝❦✲s❧✐♣ ❛❝t✉❛t❡❞ s②st❡♠s✱ ✐♥❝❤✲✇♦r♠ ❛❝t✉❛t❡❞ s②st❡♠s✱ ❜✉❜❜❧❡ ❜❛s❡❞ ❛❝t✉❛t♦rs✱
♥♦♥✲❝♦♥t❛❝t ♠❛❣♥❡t♦♣✐❡③♦❡❧❡❝tr✐❝ ❛❝t✉❛t♦rs✱ ❛♥❞ ❛❧❧ s♠❛rt ♠❛t❡r✐❛❧ ❜❛s❡❞ ♠✐♥✐❛t✉r✐③❡❞ s②st❡♠s
✳✳✳ ●❡♥❡r❛❧❧②✱ ❛ ♥❡✇ ♥♦♥✲❝❧❛ss✐❝❛❧ s②st❡♠ ❞❡♠❛♥❞s ❛ ❞❡✈♦t❡❞ ❝♦♥tr♦❧ t❡❝❤♥✐q✉❡✳
✼◆♦♥✲❝❧❛ss✐❝❛❧ ❤❡r❡ ♠❡❛♥s ❞✐✛❡r❡♥t ❢r♦♠ t❤♦s❡ ♦❢ ❝❧❛ss✐❝❛❧❧② s✐③❡❞ s②st❡♠s✳
✽✹
❈❤❛♣t❡r ✹
❋❡❡❞❢♦r✇❛r❞ ❝♦♥tr♦❧
❚
❤❡ ❝♦♥tr♦❧ ♦❢ ♣✐❡③♦❡❧❡❝tr✐❝ ♣♦s✐t✐♦♥✐♥❣ s②st❡♠s ✇✐t❤ ❢❡❡❞❜❛❝❦ t❡❝❤♥✐q✉❡s ❤❛s ❜❡❡♥ ❞❡t❛✐❧❡❞ ✐♥
❈❤❛♣t❡r✳ ✸✳ ❚♦ ♠❛❦❡ ♣♦ss✐❜❧❡ t❤❡s❡ ❢❡❡❞❜❛❝❦ s❝❤❡♠❡s✱ s❡♥s♦rs ❛r❡ ♥❡❡❞❡❞✳ ❍♦✇❡✈❡r✱ ✐♥t❡❣r❛t✐♥❣
s❡♥s♦rs ✐♥ ♠❛♥② ♠✐❝r♦✲ ❛♥❞ ♥❛♥♦♣♦s✐t✐♦♥✐♥❣ s②st❡♠s ✐s st✐❧❧ ❛ ❣r❡❛t ❝❤❛❧❧❡♥❣❡✳ ❖♥ t❤❡ ♦♥❡ ❤❛♥❞✱
s❡♥s♦rs t❤❛t ❤❛✈❡ t❤❡ r❡q✉✐r❡❞ ♣❡r❢♦r♠❛♥❝❡s ✭❛❝❝✉r❛❝②✱ ❜❛♥❞✇✐❞t❤✱ r❛♥❣❡ ♦❢ ♠❡❛s✉r❡♠❡♥t✳✳✳✮
❛r❡ ❜✉❧❦② ❛♥❞ ♥♦♥✲✐♥t❡❣r❛❜❧❡ ✐♥ ♠♦st ♦❢ t❤❡♠ ❛♥❞ ❛r❡ ✈❡r② ❡①♣❡♥s✐✈❡✳ ❊①❛♠♣❧❡s ✐♥❝❧✉❞❡ ♦♣t✐❝❛❧
s❡♥s♦rs ❜❛s❡❞ ♦♥ t❤❡ tr✐❛♥❣✉❧❛t✐♦♥ ♣r✐♥❝✐♣❧❡ ❛♥❞ ✐♥t❡r❢❡r♦♠❡t❡rs✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ ✐♥t❡❣r❛❜❧❡
s❡♥s♦rs ❧✐❦❡ str❛✐♥ ❣❛❣❡s ❤❛✈❡ ♣❡r❢♦r♠❛♥❝❡s t❤❛t ❛r❡ ♥♦t ❝♦♥✈❡♥✐❡♥t ❢♦r t❤❡ st✉❞✐❡❞ s②st❡♠s
✭♥♦✐s②✱ ❧✐♠✐t❡❞ r❛♥❣❡✱ ✳✳✳✮✳ ❆♥ ❡♠❡r❣✐♥❣ t♦♣✐❝s t❤❛t ✐s ✈❡r② ✐♥t❡r❡st✐♥❣ ✐s t❤❡ ♦♣❡♥✲❧♦♦♣ ♦r
❢❡❡❞❢♦r✇❛r❞ ❝♦♥tr♦❧ t❡❝❤♥✐q✉❡s✳ ❚❤❡s❡ t❡❝❤♥✐q✉❡s ❞♦ ♥♦t ♥❡❡❞ s❡♥s♦rs ❛♥❞ t❤❡② ❛r❡ t❤❡r❡❢♦r❡
✇❡❧❧ ❛♣♣r❡❝✐❛t❡❞ ❢♦r ♠✐♥✐❛t✉r✐③❡❞ s②st❡♠s✱ ✐♥❝❧✉❞✐♥❣ t❤♦s❡ ❞❡✈♦t❡❞ t♦ ♣r❡❝✐s❡ ❛♥❞ ❤✐❣❤ ❞②♥❛♠✐❝s
♣♦s✐t✐♦♥✐♥❣✱ ❜❡❝❛✉s❡ ♦❢ t❤❡ ❤✐❣❤ ✐♥t❡❣r❛t✐♦♥ ❛♥❞ ❤✐❣❤ ♣❛❝❦❛❣✐♥❣ ❧❡✈❡❧ ♦✛❡r❡❞ ❛♥❞ ❜❡❝❛✉s❡ ♦❢ t❤❡
❧♦✇ ❝♦sts✳ ❚❤✐s ❝❤❛♣t❡r ❞❡❛❧s ✇✐t❤ t❤❡ ❢❡❡❞❢♦r✇❛r❞ ❝♦♥tr♦❧ ♦❢ ♣✐❡③♦❡❧❡❝tr✐❝ s②st❡♠s ❢♦r ♣r❡❝✐s❡
❛♥❞ ❤✐❣❤ ❞②♥❛♠✐❝s ♣♦s✐t✐♦♥✐♥❣✳ ❚❤❡ ♥♦♥❧✐♥❡❛r✐t✐❡s ✭❤②st❡r❡s✐s ❛♥❞ ❝r❡❡♣✮ ❛♥❞ t❤❡ ❜❛❞❧② ❞❛♠♣❡❞
✈✐❜r❛t✐♦♥s t❤❛t t②♣✐❢② t❤❡s❡ s②st❡♠s ❛r❡ t❤❡ ♠❛✐♥ ❝❤❛❧❧❡♥❣❡s t♦ ❜❡ ❝♦♥s✐❞❡r❡❞✳
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✹✳✶ ■♥tr♦❞✉❝t✐♦♥
❚
❤❡ ♣r✐♥❝✐♣❧❡ s❝❤❡♠❡ ♦❢ ❛ ❢❡❡❞❢♦r✇❛r❞ ❝♦♥tr♦❧ ✐s ❞❡♣✐❝t❡❞ ✐♥ ❋✐❣✳ ✹✳✶✳ ❚❤❡ s②st❡♠ ❤❛s ❛
❞r✐✈✐♥❣ ✐♥♣✉t u ❛♥❞ ❛♥ ♦✉t♣✉t δ ❛♥❞ ✐s ❝♦♥tr♦❧❧❡❞ ❜② t❤❡ ❝♦♥tr♦❧❧❡r ✇✐t❤♦✉t s❡♥s♦r✳ ❚❤❡
❝♦♥tr♦❧❧❡r ✐s ❛❧s♦ ❝❛❧❧❡❞ ❝♦♠♣❡♥s❛t♦r✳ ❚❤❡ ♦❜❥❡❝t✐✈❡ ✐s t♦ ❧❡❛❞ δ t♦ ❜❡ ❡q✉❛❧ t♦ t❤❡ r❡❢❡r❡♥❝❡ δr
✇✐t❤ ♦r ✇✐t❤♦✉t ♣❛rt✐❝✉❧❛r s♣❡❝✐✜❝❛t✐♦♥ ✐♥ t❤❡ tr❛♥s✐❡♥t ♣❛rt✳
systemcompensator
❋✐❣✉r❡ ✹✳✶✿ ❋❡❡❞❢♦r✇❛r❞ ❝♦♥tr♦❧ ♦❢ ❛ s②st❡♠✳
❋❡❡❞❢♦r✇❛r❞ ❝♦♥tr♦❧ ✐s ✇❡❧❧ ❦♥♦✇♥ ✐♥ r♦❜♦t✐❝s t❤❛♥❦s t♦ t❤❡ ✐♥✈❡rs❡ ❦✐♥❡♠❛t✐❝ ❝♦♥tr♦❧ t❡❝❤✲
♥✐q✉❡s ❬✷✹✹❀ ✷✹✺❪✳ ❚❤❡ ♦❜❥❡❝t✐✈❡ ❝♦♥s✐sts ✐♥ ❛♣♣❧②✐♥❣ ❛s ❝♦♥tr♦❧❧❡r t❤❡ ✐♥✈❡rs❡ ❦✐♥❡♠❛t✐❝ ♠♦❞❡❧
s✉❝❤ t❤❛t t❤❡ ♣♦s❡ ♦❢ t❤❡ r♦❜♦t ❜❡ ❡q✉❛❧ t♦ ❛ ❞❡s✐r❡❞ ♣♦s❡✳ ❇❛s❡❞ ♦♥ t❤❡ ❞✐♠❡♥s✐♦♥s ❛♥❞
♦♥ t❤❡ str✉❝t✉r❡ ♦❢ t❤❡ r♦❜♦t✱ t❤❡ ❦✐♥❡♠❛t✐❝ ♠♦❞❡❧ ✐s s❡❡♥ ❛s ❛ ✧st❛t✐❝ ♠♦❞❡❧✧ ❛♥❞ t❤❡ ♠❛✐♥
❝❤❛❧❧❡♥❣❡s r❡s✐❞❡ ✐♥ ✐ts ✐♥✈❡rt✐❜✐❧✐t②✱ ✭s♦♠❡t✐♠❡s✮ ✉♥✐❝✐t② ♦❢ s♦❧✉t✐♦♥ ❛♥❞ t❤❡ ❝♦♠♣❧❡①✐t② ♦❢ t❤❡
❝❛❧❝✉❧❛t✐♦♥ ❛♥❞ ✐♠♣❧❡♠❡♥t❛t✐♦♥✳ ❇♦t❤ ❝❧♦s❡❞✲❢♦r♠ ❛♥❞ ❛♣♣r♦①✐♠❛t❡ ✐♥✈❡rs❡s ❡①✐st✳ ■♥ ♠✐♥✐❛✲
t✉r✐③❡❞ s②st❡♠s ❛♥❞ ✐♥ ♠✐❝r♦s②st❡♠s✱ ❢❡❡❞❢♦r✇❛r❞ ❝♦♥tr♦❧ ✐s ♠♦r❡ t❤❛♥ ❛♣♣r❡❝✐❛t❡❞✳ ❋✐rst✱ ❞✉❡
t♦ t❤❡ ❧❛❝❦ ♦❢ ❝♦♥✈❡♥✐❡♥t s❡♥s♦rs ❢♦r ♠♦st ♦❢ t❤❡ s②st❡♠s✱ ♥♦✈❡❧ ❛r❝❤✐t❡❝t✉r❡s ♦❢ ❝♦♥tr♦❧ t❤❛t
r❡q✉✐r❡ ❛ ♠✐♥✐♠✉♠ ♥✉♠❜❡r ♦❢ s❡♥s♦rs ❛r❡ ✈❡r② ✇❡❧❝♦♠❡✳ ❙❡❝♦♥❞✱ ❢❡❡❞❢♦r✇❛r❞ ❝♦♥tr♦❧ t❡❝❤✲
♥✐q✉❡s ♣❡r♠✐t ❛ ❤✐❣❤ ❧❡✈❡❧ ♦❢ ♣❛❝❦❛❣✐♥❣ ❛♥❞ ✐♥t❡❣r❛t✐♦♥ t❤❛t ❛r❡ ❝♦♥s✐st❡♥t ✇✐t❤ t❤❡ tr❡♥❞s ♦❢
♠✐♥✐❛t✉r✐③❡❞ s②st❡♠s✳ ❋✐♥❛❧❧②✱ s✐♥❝❡ ♥♦ s❡♥s♦rs ❛r❡ ✉s❡❞✱ t❤❡② ❛r❡ ❝❤❡❛♣❡r ❛♥❞ ❛r❡ ✐♥t❡r❡st✐♥❣
❢♦r t❤❡ ❞❡✈❡❧♦♣♠❡♥t ♦❢ ❜❛t❝❤ ❛♥❞ ♣❡r❢♦r♠❛♥t s②st❡♠s✳ ❘❡❣❛r❞✐♥❣ t❤❡ ❢❡❡❞❢♦r✇❛r❞ ❝♦♥tr♦❧ ♦❢
♣✐❡③♦❡❧❡❝tr✐❝ s②st❡♠s✱ t❤❡ ❝❤❛❧❧❡♥❣❡ ❧✐❡s ✐♥ t❤❡ str♦♥❣ ❛♥❞ ♥♦♥❝❧❛ss✐❝❛❧ ♥♦♥❧✐♥❡❛r✐t✐❡s ✇❤✐❝❤ ❛r❡
t❤❡ ❤②st❡r❡s✐s ❛♥❞ t❤❡ ❝r❡❡♣✳ ❆❞❞✐t✐♦♥❛❧❧② t♦ t❤✐s✱ t❤❡ ❤✐❣❤✲◗ ❢❛❝t♦r ♦❢ ♠❛♥② ♣✐❡③♦❡❧❡❝tr✐❝
str✉❝t✉r❡s ❞❡❝r❡❛s❡s t❤❡ ♣❡r❢♦r♠❛♥❝❡s ♦❢ t❤❡ ♣♦s✐t✐♦♥✐♥❣ t❛s❦s ✭s❡tt❧✐♥❣ t✐♠❡ ❛✉❣♠❡♥t❡❞✱ ❧❛r❣❡
♦✈❡rs❤♦♦ts✱✳✳✳✮ ❛♥❞ s❤♦✉❧❞ ❛❧s♦ ❜❡ ❝♦♥tr♦❧❧❡❞✳ ❚❤❡ s②♥t❤❡s✐s ♦❢ t❤❡ ❝♦♠♣❡♥s❛t♦r ✐s t❤❡r❡❢♦r❡
❢❛❝❡❞ t♦ t❤❡s❡ ❜❡❤❛✈✐♦rs ✇❤✐❝❤ ❛r❡ ♥❡✇ r❡❧❛t✐✈❡ t♦ t❤❡ ❝❧❛ss✐❝❛❧ ❝❤❛❧❧❡♥❣❡s ✐♥ r♦❜♦t✐❝s ❢❡❡❞❢♦r✲
✇❛r❞ ❝♦♥tr♦❧✳ ❚❤✐s ❝❤❛♣t❡r ❞❡❛❧s ✇✐t❤ t❤❡ ❢❡❡❞❢♦r✇❛r❞ ❝♦♥tr♦❧ ♦❢ ♣✐❡③♦❡❧❡❝tr✐❝ s②st❡♠s ✇✐t❤
❝♦♥s✐❞❡r❛t✐♦♥ ♦❢ t❤❡ ❝r❡❡♣✱ t❤❡ ❤②st❡r❡s✐s ❛♥❞ t❤❡ ❞②♥❛♠✐❝s✳
❚❤❡ ❝❤❛♣t❡r ✐s ♦r❣❛♥✐③❡❞ ❛s ❢♦❧❧♦✇s✳ ❋✐rst✱ ✇❡ ♣r❡s❡♥t t❤❡ ✐♥❞✐✈✐❞✉❛❧ ❢❡❡❞❢♦r✇❛r❞ ❝♦♥✲
tr♦❧ ♦❢ t❤❡ t❤r❡❡ ♣❤❡♥♦♠❡♥❛ ✭❝r❡❡♣✱ ❤②st❡r❡s✐s ❛♥❞ ❞②♥❛♠✐❝s✮ ✐♥ ❙❡❝t✐♦♥✳ ✹✳✷✱ ❙❡❝t✐♦♥✳ ✹✳✸
❛♥❞ ❙❡❝t✐♦♥✳ ✹✳✹ r❡s♣❡❝t✐✈❡❧②✳ ❚❤❡♥✱ ✇❡ ❣✐✈❡ ❙❡❝t✐♦♥✳ ✹✳✺ t❤❡✐r s✐♠✉❧t❛♥❡♦✉s ❝♦♥tr♦❧✳ ❋✐♥❛❧❧②✱
❝♦♥❝❧✉s✐♦♥s ❛♥❞ ♣❡rs♣❡❝t✐✈❡s ❛r❡ ❣✐✈❡♥ ✐♥ t❤❡ ❧❛st s❡❝t✐♦♥✳
✽✻
✹✳✷ ❈r❡❡♣ ♠♦❞❡❧✐♥❣ ❛♥❞ ❝♦♥tr♦❧
✹✳✷✳✶ ❖✈❡r✈✐❡✇
❚❤❡ ❝r❡❡♣ ✐s ❛ ♥♦♥❧✐♥❡❛r ♣❤❡♥♦♠❡♥♦♥ ♠❛✐♥❧② ❢♦✉♥❞ ✐♥ ♣✐❡③♦❡❧❡❝tr✐❝ ❝❡r❛♠✐❝s ❛t ✈❡r② ❧♦✇ ❢r❡✲
q✉❡♥❝②✳ ■t ❝❛♥ ❜❡ ♦❜s❡r✈❡❞ ❛s t❤❡ s❧♦✇ ❞r✐❢t ♦❝❝✉r✐♥❣ ✇❤❡♥ ❛ st❡♣ ✐♥♣✉t ❡❧❡❝tr✐❝❛❧ ✜❡❧❞ ✐s
❛♣♣❧✐❡❞ t♦ t❤❡s❡ ♠❛t❡r✐❛❧s✱ s❡❡ ❋✐❣✳ ✶✳✽✳ ■♥ t❤❡ ❧✐tt❡r❛t✉r❡✱ t❤❡ ♠♦❞❡❧✐♥❣ ❛♥❞ t❤❡ ❝♦♥tr♦❧ ✭❢❡❡❞✲
❜❛❝❦ ♦r ❢❡❡❞❢♦r✇❛r❞✮ ♦❢ ♣✐❡③♦❡❧❡❝tr✐❝ s②st❡♠s ✇✐t❤ ♣❛rt✐❝✉❧❛r ❛tt❡♥t✐♦♥ t♦ t❤❡ ❝r❡❡♣ ✐s ♠✉❝❤
❧❡ss ❢r❡q✉❡♥t t❤❛♥ ❢♦r ❤②st❡r❡s✐s✳ ❍♦✇❡✈❡r✱ t❤❡ ❧♦ss ♦❢ ❛❝❝✉r❛❝② ❜r♦✉❣❤t ❜② t❤✐s ♣❤❡♥♦♠❡♥♦♥
r❡♥❞❡rs ♥❡❝❡ss❛r② t♦ ❝♦♥s✐❞❡r ❛♥❞ t♦ ❝♦♥tr♦❧ t❤❡ ❝r❡❡♣ ✐♥ ♣r❡❝✐s❡ ♣♦s✐t✐♦♥✐♥❣✳
❚✇♦ ❢❡❡❞❢♦r✇❛r❞ ❝♦♥tr♦❧ ❝❧❛ss❡s ❡①✐st ❢♦r t❤❡ ❝r❡❡♣✿ t❤❡ ❝❤❛r❣❡ ❝♦♥tr♦❧ ❛♥❞ t❤❡ ✈♦❧t❛❣❡
❝♦♥tr♦❧✳ ■♥ t❤❡ ❝❤❛r❣❡ ❝♦♥tr♦❧✱ t❤❡ ❞r✐✈✐♥❣ ✐♥♣✉t ✐s t❤❡ ❝❤❛r❣❡ ✐♥st❡❛❞ ♦❢ t❤❡ ✈♦❧t❛❣❡ ❬✷✹✻✕✷✺✵❪✳
■♥ ❢❛❝t✱ t❤❡ ❜❡❤❛✈✐♦r ✐♥ t❤❡ ❝❤❛r❣❡✲str❛✐♥ ♠❛♣ ♦❢ ❛ ♣✐❡③♦❡❧❡❝tr✐❝ s②st❡♠ ✐s s❤♦✇♥ t♦ ❡①❤✐❜✐t
✈❡r② ❧♦✇✱ ✐❢ ♥♦t ③❡r♦✱ ♥♦♥❧✐♥❡❛r✐t✐❡s ✭❤②st❡r❡s✐s ❛♥❞ ❝r❡❡♣✮✳ ❚❤❡ ❝♦♥tr♦❧ ♣r✐♥❝✐♣❧❡ ❝♦♥s✐sts ✐♥
❝❛s❝❛❞✐♥❣ ✇✐t❤ t❤❡ ♣✐❡③♦❡❧❡❝tr✐❝ s②st❡♠ ❛ ✇❡❧❧ ❞❡s✐❣♥❡❞ ❡❧❡❝tr✐❝❛❧ ❝✐r❝✉✐t t❤❛t ✐s ❝❛♣❛❜❧❡ ♦❢
❢✉r♥✐s❤✐♥❣ t❤❡ ❝❤❛r❣❡ ❞r✐✈✐♥❣ s✐❣♥❛❧✳ ❍♦✇❡✈❡r✱ t❤✐s ❡❧❡❝tr✐❝❛❧ ❝✐r❝✉✐t ♠❛② ✐♥tr♦❞✉❝❡ ❛❞❞✐t✐♦♥❛❧
❞❡❧❛② ♦r ♠❛② r❡❞✉❝❡ t❤❡ ♦✈❡r❛❧❧ ❜❛♥❞✇✐❞t❤✳ ■♥ ✈♦❧t❛❣❡ ❝♦♥tr♦❧✱ t❤❡ ❞r✐✈✐♥❣ ✐♥♣✉t ✐s t❤❡ ✈♦❧t✲
❛❣❡✳ ❚❤✐s ✐s ♠♦r❡ ❝♦♥✈❡♥✐❡♥t ❢♦r ❞②♥❛♠✐❝❛❧ ❝♦♥tr♦❧ ♣✉r♣♦s❡ ❛♥❞ ✐s ❡❛s② t♦ s❡t✉♣✳ ❍♦✇❡✈❡r✱ t❤❡
♥♦♥❧✐♥❡❛r✐t✐❡s ✭❝r❡❡♣ ❛♥❞ ❤②st❡r❡s✐s✮ ❛r❡ str♦♥❣ ✐♥ t❤✐s ❛♥❞ s❤♦✉❧❞ ❝♦rr❡❝t❧② ❜❡ ♠♦❞❡❧❡❞ ❛♥❞
❝♦♠♣❡♥s❛t❡❞ ❢♦r✳
❉✐✛❡r❡♥t ❝r❡❡♣ ♠♦❞❡❧s ❤❛✈❡ ❜❡❡♥ ✉s❡❞ ✐♥ ✈♦❧t❛❣❡ ❝♦♥tr♦❧✳ ■♥ ❬✷✺✶✕✷✺✺❪✱ ❛ ❧♦❣❛r✐t❤♠✐❝
❢✉♥❝t✐♦♥ ✐♥ t❤❡ t✐♠❡ ❞♦♠❛✐♥ ✐s ✉s❡❞✳ ❚♦ ❝♦♠♣❡♥s❛t❡ ❢♦r t❤❡ ❝r❡❡♣✱ ❛♥ ♦♣♣♦s✐t❡ ❧♦❣❛r✐t❤♠✐❝
♠♦❞❡❧ ✐s ❡st❛❜❧✐s❤❡❞ ❢♦r t❤❡ ❛♣♣❧✐❡❞ ✈♦❧t❛❣❡ s♦ t❤❛t t❤❡ ✜♥❛❧ ♣✐❡③♦❡❧❡❝tr✐❝ str❛✐♥ ✇✐❧❧ r❡♠❛✐♥
❝♦♥st❛♥t✳ ❆♥♦t❤❡r t❡❝❤♥✐q✉❡ ❝♦♥s✐sts ✐♥ ✉s✐♥❣ ▲❚■✶ ♠♦❞❡❧s ❬✷✺✺✕✷✺✽❪✳ ■t ❝♦♠❡s ❜❛❝❦ t♦ ❛♥
❡①♣♦♥❡♥t✐❛❧ ❜❛s❡❞ ❢✉♥❝t✐♦♥ ✐♥ t❤❡ t✐♠❡✲❞♦♠❛✐♥✳ ❇♦t❤ t❤❡ ❧♦❣❛r✐t❤♠✐❝ ❢✉♥❝t✐♦♥ ❛♥❞ t❤❡ ▲❚■
♠♦❞❡❧s ❛r❡ ♣❤❡♥♦♠❡♥♦❧♦❣✐❝❛❧ ❛♣♣r♦❛❝❤❡s✳ ❆♥♦t❤❡r ♣❤❡♥♦♠❡♥♦❧♦❣✐❝❛❧ ❛♣♣r♦❛❝❤ ❝♦♥s✐sts ✐♥ ❝♦✉✲
♣❧✐♥❣ t❤❡ ❝r❡❡♣ ✇✐t❤ t❤❡ ❤②st❡r❡s✐s ♠♦❞❡❧s✱ ❢♦r ✐♥st❛♥❝❡ ❜② ✉s✐♥❣ ❛ ❢r❛❝t✐♦♥❛❧✲♦r❞❡r ▼❛①✇❡❧❧
r❡s✐st✐✈❡ ❝❛♣❛❝✐t♦r ♠♦❞❡❧ ❬✷✺✾❪✱ Pr❛♥❞t❧✲■s❤❧✐♥s❦✐✐ ♠♦❞❡❧s ❬✷✻✵✕✷✻✷❪ ♦r Pr❡✐s❛❝❤ ♠♦❞❡❧s ❬✷✻✸❪✳
❙✐♥❝❡ t❤❡ t✇♦ ♣❤❡♥♦♠❡♥❛ ❛r❡ r❛ss❡♠❜❧❡❞ ✐♥ ♦♥❡ ♦♣❡r❛t♦r✱ t❤❡✐r ❝♦♠♣❡♥s❛t✐♦♥ ❛r❡ ♣❡r❢♦r♠❡❞
❜② ♦♥❡ ✐♥✈❡rs❡ ♦♣❡r❛t♦r✳ ❚❤✐s ❝♦✉♣❧❡❞ ❝♦♠♣❡♥s❛t✐♦♥ ✐s ♦♥❧② ❡✣❝✐❡♥t ✐❢ t❤❡ ✐❞❡♥t✐✜❝❛t✐♦♥ ♦❢ t❤❡
♦♣❡r❛t♦r✬s ♣❛r❛♠❡t❡rs ❛r❡ ❝❛rr✐❡❞ ♦✉t ❛t ❞✐✛❡r❡♥t ❢r❡q✉❡♥❝✐❡s ✭✈❡r② ❧♦✇ ❢r❡q✉❡♥❝✐❡s ❛♥❞ ❧♦✇
❢r❡q✉❡♥❝✐❡s✮✳ ❖t❤❡r ❝r❡❡♣ ♠♦❞❡❧s ❢r♦♠ t❤❡ ✈✐❡✇ ♦❢ ♠❛t❡r✐❛❧s ❤❛✈❡ ❛❧s♦ ❜❡❡♥ ♣r♦♣♦s❡❞ ❜✉t t❤❡②
❛r❡ ♥♦t ❝♦♥✈❡♥✐❡♥t ❢♦r ✭❢❡❡❞❢♦r✇❛r❞✮ ❝♦♥tr♦❧ ♣♦✐♥t ♦❢ ✈✐❡✇ ❬✷✻✹✕✷✻✻❪✳
▲❚■ ♠♦❞❡❧s ♦❢ ❝r❡❡♣✱ ❛❧t❤♦✉❣❤ ❧✐♥❡❛r✱ ❛r❡ ✇❡❧❧ ❛♣♣r❡❝✐❛t❡❞ ❜❡❝❛✉s❡ ♦❢ t❤❡ ✇✐❞❡ ❛✈❛✐❧❛❜✐❧✐t② ♦❢
t♦♦❧s ❢♦r ❧✐♥❡❛r s②st❡♠s✱ ✇❤❡t❤❡r ✐♥ ✐❞❡♥t✐✜❝❛t✐♦♥✱ ✐♥ str✉❝t✉r❛❧ ❛♥❛❧②s✐s✱ ✐♥ q✉❛♥t✐t❛t✐✈❡ ❛♥❛❧②s✐s
♦r ✐♥ s②♥t❤❡s✐s✳ ❋✉rt❤❡r♠♦r❡✱ ✐t ❤❛s ❜❡❡♥ s❤♦✇♥ t❤❛t ▲❚■ ♠♦❞❡❧s ✇❡r❡ ✜♥❛❧❧② ♠♦r❡ ❛♣♣r♦♣r✐❛t❡
❢♦r ♣r❡❞✐❝t✐♥❣ ❝r❡❡♣ ❬✷✺✺❪✳ ❚❤❡ ❡①✐st✐♥❣ ✇❛② t♦ ❝♦♠♣❡♥s❛t❡ ❢♦r ❛ ❝r❡❡♣ ♠♦❞❡❧❡❞ ❜② ❛ ▲❚■ ♠♦❞❡❧
✐s t❤❡ ❞✐r❡❝t ✭♦r st❛♥❞❛r❞✮ ✐♥✈❡rs✐♦♥ ♦❢ t❤❡ tr❛♥s❢❡r ❢✉♥❝t✐♦♥ ❬✷✺✺❀ ✷✺✽❪✳ ❚❤✐s r❡q✉✐r❡s t❤❛t t❤❡
♠♦❞❡❧ ✐s ♠✐♥✐♠✉♠ ♣❤❛s❡ ✷✳ ❆❧❧ ❝r❡❡♣ ♠♦❞❡❧s ❞♦ ♥♦t s❛t✐s❢② t❤✐s ❝♦♥❞✐t✐♦♥ ❛♥❞ t❤❡r❡❢♦r❡ t❤❡
✶▲❚■✿ ▲✐♥❡❛r ❚✐♠❡ ■♥✈❛r✐❛♥t s②st❡♠✳
✷▼✐♥✐♠✉♠ ♣❤❛s❡ s②st❡♠ ✐s ✇❤❡♥ t❤❡ s②st❡♠ ❛♥❞ ✐ts ✐♥✈❡rs❡ ❛r❡ st❛❜❧❡✱ ❛♥❞ ❝❛✉s❛❧✳
✽✼
♠❡t❤♦❞ ✐s ♥♦t ❛♣♣❧✐❝❛❜❧❡ ❛♥②♠♦r❡✳ ❚♦ ♦✈❡r❝♦♠❡ t❤✐s ❧✐♠✐t❛t✐♦♥✱ ✇❡ ♣r♦♣♦s❡❞ ❛ ♥❡✇ ❛♣♣r♦❛❝❤
t❤❛t ❞♦❡s ♥♦t r❡q✉✐r❡ ❛ ❞✐r❡❝t ✐♥✈❡rs✐♦♥✳ ❇❛s❡❞ ♦♥ t❤❡ ✐♥✈❡rs❡ ♠✉❧t✐♣❧✐❝❛t✐✈❡ str✉❝t✉r❡✱ t❤❡ ❝r❡❡♣
❝♦♠♣❡♥s❛t♦r ✐s ②✐❡❧❞❡❞ ❜② r❡✲str✉❝t✉r✐♥❣ t❤❡ ✐❞❡♥t✐✜❡❞ ♠♦❞❡❧✳ ❚❤✐s ♥♦✈❡❧ ♠❡t❤♦❞ ❤❛s ❜❡❡♥
❞❡✈❡❧♦♣❡❞ ❢♦r ♠♦♥♦✲❛①✐s ♣✐❡③♦❡❧❡❝tr✐❝ s②st❡♠s ❬❇❈✼❪❬❏❏❪ ❛♥❞ ✇❛s ❧❛tt❡r ❡①t❡♥❞❡❞ ❢♦r ♠✉❧t✐✲❛①❡s
♣✐❡③♦❡❧❡❝tr✐❝ s②st❡♠s ❬❈✸✺❪✳ ■t ✐s ✇♦rt❤ t♦ ♠❡♥t✐♦♥ t❤❛t t❤❡ st✉❞② ♦❢ ♠✉❧t✐✈❛r✐❛❜❧❡ ❝♦♠♣❡♥s❛t✐♦♥
♦❢ ❝r❡❡♣ ✭✇✐t❤ ❝♦♥s✐❞❡r❛t✐♦♥ ♦❢ t❤❡ ❝r♦ss✲❝♦✉♣❧✐♥❣s✮ ✐s ♥♦✈❡❧ ❛♥❞ ✇❛s ✜rst ♣r♦♣♦s❡❞ ✐♥ t❤✐s ❧❛tt❡r
♣❛♣❡r✳
✹✳✷✳✷ ❈r❡❡♣ ♠♦❞❡❧✐♥❣
❘❡❝♦♥s✐❞❡r t❤❡ ❣❡♥❡r❛❧ ♠♦❞❡❧ t❤❛t ✇❡ ♣r♦♣♦s❡❞ ✐♥ ❈❤❛♣t❡r ✷ ❛♥❞ t❤❛t ✐s ❞❡s❝r✐❜❡❞ ❜② ❊q✳ ✭✷✳✽✮✿
δ(s) = Γ (u(s))D(s) + Ccreep (u(s), s) + spD(s)F (s) + ΓT (T (s))DT (s) ✭✹✳✶✮
✇❤❡r❡ u✱ F ❛♥❞ T ❛r❡ t❤❡ ❞r✐✈✐♥❣ ✈♦❧t❛❣❡ ✭✐♥♣✉t ❝♦♥tr♦❧✮✱ t❤❡ ❡①t❡r♥❛❧ ❢♦r❝❡ ❛♣♣❧✐❡❞ t♦ t❤❡
❛❝t✉❛t♦r ❛♥❞ t❤❡ t❤❡r♠❛❧ ✈❛r✐❛t✐♦♥ r❡s♣❡❝t✐✈❡❧②✳ ❚❤❡ ♦♣❡r❛t♦r Γ (u(s)) ❡♥❝♦♠♣❛ss❡s t❤❡ ❤②s✲
t❡r❡s✐s ♥♦♥❧✐♥❡❛r✐t② ❛♥❞ Ccreep (u(s), s) ✐s t❤❡ ❝r❡❡♣ ♦♣❡r❛t♦r✳ ❚❤❡ t❤❡r♠♦♠❡❝❤❛♥✐❝❛❧ ❜❡❤❛✈✐♦r
♦❢ t❤❡ str✉❝t✉r❡ ✐s ❣✐✈❡♥ ❜② ΓT (T (s)) ✇❤✐❧st ✐ts ❝♦♠♣❧✐❛♥❝❡ ❜② sp✳ ❋✐♥❛❧❧②✱ D(s) ❛♥❞ DT (s)
r❡♣r❡s❡♥t t❤❡ ♠❡❝❤❛♥✐❝❛❧ ❞②♥❛♠✐❝s ❛♥❞ t❤❡ t❤❡r♠♦♠❡❝❤❛♥✐❝❛❧ ❞②♥❛♠✐❝s ♦❢ t❤❡ str✉❝t✉r❡ r❡✲
s♣❡❝t✐✈❡❧②✳ ❚❤❡s❡ t✇♦ ❞②♥❛♠✐❝s ❛r❡ ♥♦r♠❛❧✐③❡❞✿ D(s = 0) = 1 ❛♥❞ DT (s = 0) = 1✳
❉❡❛❧✐♥❣ ♦♥❧② ✇✐t❤ t❤❡ ❝r❡❡♣✱ ✇❡ ❛ss✉♠❡ t❤❛t F ❛♥❞ T ❛r❡ ♥✉❧❧ ❛♥❞ t❤❛t t❤❡ s②st❡♠ ✐s ❧✐♥❡❛r
✭♥♦ ❤②st❡r❡s✐s ❝♦♥s✐❞❡r❡❞✮✳ ❊q✳ ✭✷✳✽✮ ❜❡❝♦♠❡s✿
δ(s) = dpu(s)D(s) + Ccreep (u(s), s) ✭✹✳✷✮
✇❤❡r❡ dp ✐s t❤❡ st❛t✐❝❛❧ ❣❛✐♥ ♦❢ t❤❡ ❛❝t✉❛t♦r✳ ■t ✐s t❤❡ ❧✐♥❡❛r ✈❡rs✐♦♥ ♦❢ Γ✱ ✐✳❡✳ Γ (u(s)) =
dpu(s)✳ ❙✐♥❝❡ ✇❡ ❞❡❛❧ ✇✐t❤ ❛ ▲❚■ ♠♦❞❡❧ ♦❢ t❤❡ ❝r❡❡♣✱ ✇❡ ❤❛✈❡✿
δ(s) = dpu(s)D(s) + Ccr(s)u(s) ✭✹✳✸✮
✇✐t❤
Cr(s) =
mc∑
j=0
bcjs
j
nc∑
i=0
acisi
✭✹✳✹✮
✐♥ ✇❤✐❝❤ bcj ❛♥❞ aci ❛r❡ t❤❡ ♣❛r❛♠❡t❡rs ♦❢ t❤❡ ❝r❡❡♣ ♠♦❞❡❧ t♦ ❜❡ ✐❞❡♥t✐✜❡❞✱ mc > 0 ❛♥❞
nc > 0✳ ❋♦r t❤❡ ❝❛✉s❛❧✐t②✱ t❤❡ ❢♦❧❧♦✇✐♥❣ ❝♦♥❞✐t✐♦♥ s❤♦✉❧❞ ❜❡ ❡♥s✉r❡❞✿ nc ≥ mc✳
❚❤❡ ✐❞❡♥t✐✜❝❛t✐♦♥ ♦❢ t❤❡ ♣❛r❛♠❡t❡rs ♦❢ t❤❡ ♣✐❡③♦❡❧❡❝tr✐❝ s✐❞❡ dpD(s) ❛s ✇❡❧❧ ❛s t❤❡ ♣❛✲
r❛♠❡t❡rs ♦❢ t❤❡ ❝r❡❡♣ ♠♦❞❡❧ Cr(s) ✐s ❛s ❢♦❧❧♦✇s✳ ❆ st❡♣ ✐♥♣✉t ✈♦❧t❛❣❡ u = A ✐s ❛♣♣❧✐❡❞ t♦ t❤❡
♣✐❡③♦❡❧❡❝tr✐❝ ❛❝t✉❛t♦r ❛♥❞ t❤❡ r❡s✉❧t✐♥❣ ❞✐s♣❧❛❝❡♠❡♥t δ ✐s ❝❛♣t✉r❡❞ ❢♦r ❛ ❧♦♥❣ ♣❡r✐♦❞ ♦❢ ❞✉r❛t✐♦♥✳
✽✽
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❋✐❣✉r❡ ✹✳✷✿ ❙t❡♣ r❡s♣♦♥s❡ ♦❢ ❛ ♣✐❡③♦❡❧❡❝tr✐❝ ❛❝✲
t✉❛t♦r ❢♦r ❝r❡❡♣ ♣❛r❛♠❡t❡rs ✐❞❡♥t✐✜❝❛t✐♦♥ ❛♥❞
❢♦r ❞②♥❛♠✐❝s ♣❛r❛♠❡t❡rs ✐❞❡♥t✐✜❝❛t✐♦♥✳
❋♦r ✉♥✐♠♦r♣❤ ❛♥❞ ❜✐♠♦r♣❤ ♣✐❡③♦❡❧❡❝tr✐❝ ❛❝✲
t✉❛t♦rs ✇✐t❤ s✐③❡s ♦❢ 15mm×2mm×0.3mm✱
t❤❡ ❝r❡❡♣ ✐s st✐❧❧ ♦❜s❡r✈❡❞ ❡✈❡♥ ❜❡②♦♥❞ 10min✳
❚❤❡ ♣✐❡③♦❡❧❡❝tr✐❝ s✐❞❡ dpD(s) ✐s ✐❞❡♥t✐✜❡❞
❢r♦♠ t❤❡ ✈❡r② q✉✐❝❦ ♣❛rt ❛t t❤❡ ❜❡❣✐♥♥✐♥❣
♦❢ t❤❡ r❡s♣♦♥s❡✳ ▲❚■ s②st❡♠s ✐❞❡♥t✐✜❝❛t✐♦♥
t❡❝❤♥✐q✉❡s ✭❆❘▼❆❳✱ ❆❘❳✱ ❇❏✱ ❖❊✳✳✳✮ ❝❛♥
❜❡ ❡♠♣❧♦②❡❞ ❢♦r t❤❛t✳ ❚❤✐s ♣❛rt ❝❛❧❧❡❞ ✧tr❛♥✲
s✐❡♥t ♣❛rt✧ ✐s ♦s❝✐❧❧❛t✐♥❣ ✐♥ ❣❡♥❡r❛❧✳ ❘❡❣❛r❞✲
✐♥❣ t❤❡ ❝r❡❡♣✱ t❤❡ ❞r✐❢t s❤♦✉❧❞ ❜❡ ✜rst s❡♣✲
❛r❛t❡❞ ❢r♦♠ t❤❡ st❡♣ r❡s♣♦♥s❡✳ ❚❤❡♥✱ ♦♥❝❡
❛❣❛✐♥✱ ✇❡ ❝❛♥ ✉s❡ ▲❚■ s②st❡♠s ✐❞❡♥t✐✜❝❛t✐♦♥
t❡❝❤♥✐q✉❡s t♦ ✐❞❡♥t✐❢② t❤❡ tr❛♥s❢❡r Cr(s)✬s ♣❛✲
r❛♠❡t❡rs✳ ❋✐❣✳ ✹✳✷✲❛ ♣✐❝t✉r❡s ❛♥ ❡①❛♠♣❧❡ ♦❢
❡①♣❡r✐♠❡♥t❛❧ st❡♣ r❡s♣♦♥s❡ ♦❢ ❛ ♣✐❡③♦❡❧❡❝tr✐❝
❛❝t✉❛t♦r ✇✐t❤ ❛ ✈♦❧t❛❣❡ u = 40V ❛♥❞ t❤❛t
✇✐❧❧ ❜❡ ✉s❡❞ ❢♦r t❤❡ ✐❞❡♥t✐✜❝❛t✐♦♥✳ ■♥ t❤❡
s❛♠❡ ✜❣✉r❡ ✭③♦♦♠✮✱ ✇❡ ♣r❡s❡♥t t❤❡ ③♦♦♠ ♦❢
t❤❡ ✧tr❛♥s✐❡♥t ♣❛rt✧ ✐♥ ✇❤✐❝❤ t❤❡ s✐♠✉❧❛t✐♦♥
♦❢ t❤❡ ✐❞❡♥t✐✜❡❞ ♠♦❞❡❧ dpD(s) ✐s ❛❧s♦ ♣❧♦t✲
t❡❞✳ ❋✐❣✳ ✹✳✷✲❜ ♣✐❝t✉r❡s t❤❡ ❡①♣❡r✐♠❡♥t❛❧ s❡♣✲
❛r❛t❡❞ ❝r❡❡♣ ❝♦♠♣❛r❡❞ ✇✐t❤ t❤❡ s✐♠✉❧❛t✐♦♥ ♦❢
t❤❡ ✐❞❡♥t✐✜❡❞ ♠♦❞❡❧ Cr(s)✳ ❚❤❡ ❛♠♣❧✐t✉❞❡ ♦❢
t❤❡ ❝r❡❡♣ ✐♥ t❤✐s ❝❛s❡ ✐s ♦❢ 8µm20µm = 40%✳ ❚❤✐s
❝r❡❡♣ ❛♠♣❧✐t✉❞❡ ❝♦rr❡s♣♦♥❞s t♦ ❛♥ ❛♥❛❧②s✐s
t✐♠❡ ♦❢ 600s ❛♥❞ ✐♥❝r❡❛s❡s ❢♦r ❛ ❣r❡❛t❡r t✐♠❡✳
❚❤❡r❡❢♦r❡✱ t❤❡ ❧❡♥❣t❤ ♦❢ t❤❡ ❞✉r❛t✐♦♥ t♦ ❝❛♣✲
t✉r❡ t❤❡ ❝r❡❡♣ ✐s ❝❤♦s❡♥ ❛❝❝♦r❞✐♥❣ t♦ t❤❡ ❡①♣❡❝t❡❞ ❛♣♣❧✐❝❛t✐♦♥✳ ❋♦r ✐♥st❛♥❝❡✱ ✐♥ ❛ ♠✐❝r♦❛ss❡♠❜❧②
t❛s❦ ✇❤❡r❡ ❛ ❝♦♥st❛♥t ❞✐s♣❧❛❝❡♠❡♥t ♦r ❝♦♥st❛♥t ❢♦r❝❡ ❞✉r✐♥❣ s❡✈❡r❛❧ t❡♥s ♦❢ ♠✐♥✉t❡s ✐s ♣❧❛②❡❞
✐♥t♦ r♦❧❡✱ t❤❡ ❝r❡❡♣ s❤♦✉❧❞ ❜❡ ❝❤❛r❛❝t❡r✐③❡❞ ❛♥❞ ✐❞❡♥t✐✜❡❞ ❛t ❧❡❛st ❞✉r✐♥❣ s✐♠✐❧❛r ♣❡r✐♦❞ ♦❢
t✐♠❡✳
✹✳✷✳✸ ❋❡❡❞❢♦r✇❛r❞ ❝♦♥tr♦❧ ❜② ✉s✐♥❣ t❤❡ ✐♥✈❡rs❡ ♠✉❧t✐♣❧✐❝❛t✐✈❡ str✉❝t✉r❡
❍❛✈✐♥❣ ✐❞❡♥t✐✜❡❞ t❤❡ ♣❛r❛♠❡t❡rs ♦❢ t❤❡ ♠♦❞❡❧ ✐♥ ❊q✳ ✭✹✳✸✮✱ ✇❡ ❝❛♥ ♥♦✇ ❢♦❝✉s ♦♥ t❤❡ ❢❡❡❞❢♦r✇❛r❞
❝♦♥tr♦❧ ♦❢ t❤❡ ❝r❡❡♣✳ ❇❡❝❛✉s❡ t❤❡ ❝r❡❡♣ s❡tt❧✐♥❣ t✐♠❡ ✐s ✈❡r② ❤✐❣❤ ❢❛❝❡ t♦ t❤❡ s❡tt❧✐♥❣ t✐♠❡ ♦❢
t❤❡ tr❛♥s✐❡♥t ♣❛rt ❞❡✜♥❡❞ ❜② D(s)✱ ✇❡ ❝❛♥ s✐♠♣❧✐❢② t❤✐s ❧❛tt❡r ❛s D(s) = 1 ✭∀s ∈ R+✮✱ ✐✳❡✳
t❤❡ tr❛♥s✐❡♥t ♣❛rt ✐s q✉❛s✐✲st❛t✐❝✳ ❲❡ ❞❡r✐✈❡ t❤❡ ♠♦❞❡❧ ✉t✐❧✐③❡❞ ❢♦r t❤❡ ❝r❡❡♣ ❝♦♠♣❡♥s❛t✐♦♥
❬❇❈✼❪❬❏❏❪✿
δ(s) = dpu(s) + Ccr(s)u(s) ✭✹✳✺✮
❋r♦♠ t❤✐s ♠♦❞❡❧✱ ✇❡ ❝❛♥ ②✐❡❧❞ t❤❡ ❞r✐✈✐♥❣ ✈♦❧t❛❣❡ u t❤❛t ♠❡❡ts δ = δr ✭δr ❜❡✐♥❣ t❤❡
r❡❢❡r❡♥❝❡✮✿
✽✾
u(s) =
1
dp
(δr − Cr(s)u(s)) ✭✹✳✻✮
system
compensator
+
-
(b)
(a)
❋✐❣✉r❡ ✹✳✸✿ ✭❛✮✿ ✐♠♣❧❡♠❡♥t❛t✐♦♥ ♦❢ t❤❡ ❝r❡❡♣
❝♦♠♣❡♥s❛t♦r✳ ✭❜✮✿ ❡①♣❡r✐♠❡♥t❛❧ r❡s✉❧ts✳
❚❤❡ ✐♠♣❧❡♠❡♥t❛t✐♦♥ s❝❤❡♠❡ ♦❢ t❤✐s ❝♦♠✲
♣❡♥s❛t♦r ✐s ❞❡♣✐❝t❡❞ ✐♥ ❋✐❣✳ ✹✳✸✲❛✳ ❆s ✇❡ ❝❛♥
♦❜s❡r✈❡✱ t❤❡ ❝♦♠♣❡♥s❛t♦r ❤❛s ❛♥ ✐♥✈❡rs❡ ♠✉❧✲
t✐♣❧✐❝❛t✐✈❡ str✉❝t✉r❡✳ ❚❤❡ ♠❛✐♥ ❛❞✈❛♥t❛❣❡ ✐s
t❤❛t ✇❡ ❞♦ ♥♦t ♥❡❡❞ t♦ ✐♥✈❡rt t❤❡ ❝r❡❡♣ ♠♦❞❡❧
❛s ✉s✉❛❧❧② ❞♦♥❡ ✐♥ t❤❡ ❧✐tt❡r❛t✉r❡✳ ❚❤❡r❡❢♦r❡✱
t❤❡r❡ ✐s ♥♦ ♥❡❡❞ t♦ s❛t✐s❢② s♦♠❡ ❝♦♥❞✐t✐♦♥s ♦♥
t❤❡ ♠♦❞❡❧ Cr(s)✳ ■♥❞❡❡❞✱ ✐❢ ✇❡ ❞❡♥♦t❡ Ncr(s)
❛♥❞ Dcr(s) t❤❡ ♥✉♠❡r❛t♦r ❛♥❞ t❤❡ ❞❡♥♦♠✐♥❛✲
t♦r r❡s♣❡❝t✐✈❡❧② ♦❢ t❤❡ ❝r❡❡♣ ✭Cr(s) =
Ncr(s)
Dcr(s)
✮✱
t❤❡ ❝♦♠♣❡♥s❛t♦r tr❛♥s❢❡r ❢✉♥❝t✐♦♥ ✐s✿
u(s)
δr(s)
=
Dcr(s)
dpDcr(s) +Ncr(s)
✭✹✳✼✮
✇❤✐❝❤ ✐s ❛❧✇❛②s ❝❛✉s❛❧ ❛s ❧♦♥❣ ❛s t❤❡
♠♦❞❡❧ Cr(s) ✐ts❡❧❢ ✐s ❝❛✉s❛❧✳ ❆s ❛ ❧❛st r❡✲
♠❛r❦✱ t❤❡ ❝♦♠♣❡♥s❛t♦r ✐s ❛ r❡str✉❝t✉r❛t✐♦♥
♦❢ t❤❡ ♠♦❞❡❧✳ ❚❤✉s✱ ❛s s♦♦♥ ❛s t❤❡ ♠♦❞❡❧
✐s ❦♥♦✇♥ ❛♥❞ ✐❞❡♥t✐✜❡❞✱ t❤❡ ❝♦♠♣❡♥s❛t♦r ✐s
❞✐r❡❝t❧② ❦♥♦✇♥✳ ❋✐❣✳ ✹✳✸✲❜ ♣✐❝t✉r❡s t❤❡ ❡①♣❡r✲
✐♠❡♥t❛❧ r❡s✉❧ts ♦❜t❛✐♥❡❞ ✇❤❡♥ ❛♣♣❧②✐♥❣ t❤❡ ❝♦♠♣❡♥s❛t♦r t♦ t❤❡ ❛❝t✉❛t♦r t❤❛t ❤❛s t❤❡ ✐♥✐t✐❛❧
❝r❡❡♣ ❞❡♣✐❝t❡❞ ✐♥ ❋✐❣✳ ✹✳✷✳ ■t ✐s ✇♦rt❤ t♦ ♥♦t❡ t❤❛t✱ ♥♦t ♦♥❧② t❤❡ ❝r❡❡♣ ✐s ❝♦♠♣❡♥s❛t❡❞✱ ❜✉t
t❤❡ ❛❝❝✉r❛❝② ✐s ❛❧s♦ r❡❛❝❤❡❞ s✐♥❝❡ ✇❡ ❤❛✈❡ δ = δr✳ ❚❤✐s ❛❝❝✉r❛❝② ✇❛s ♦❜t❛✐♥❡❞ t❤❛♥❦s t♦ t❤❡
✐♥✈❡rs✐♦♥ ♦❢ t❤❡ st❛t✐❝ ❣❛✐♥ 1dp ✳ ■♥ t❤❡ ♣❛rt✐❝✉❧❛r ❡①♣❡r✐♠❡♥t❛❧ r❡s✉❧ts ♦❢ ❋✐❣✳ ✹✳✷ ❛♥❞ ❋✐❣✳ ✹✳✸✲❜✱
✇❡ ❝♦♥❝❧✉❞❡ t❤❛t t❤❡ ❝r❡❡♣ ✇❛s r❡❞✉❝❡❞ ❢r♦♠ 40% ✲✇✐t❤♦✉t t❤❡ ❝♦♠♣❡♥s❛t♦r✲ t♦ ❧❡ss t❤❛♥ 2%
✇✐t❤ t❤❡ ♣r♦♣♦s❡❞ ❝♦♠♣❡♥s❛t♦r✳
✹✳✷✳✹ ▼✉❧t✐✈❛r✐❛❜❧❡ ❝r❡❡♣ ♠♦❞❡❧✐♥❣ ❛♥❞ ❝♦♥tr♦❧
❚❤❡ r❡s✉❧ts ❤❡r❡ ❛r❡ ❞❡t❛✐❧❡❞ ✐♥ ❬❈✸✺❪✳ ❚❤❡ ♣r❡✈✐♦✉s ❝r❡❡♣ ❝♦♠♣❡♥s❛t♦r ✇❛s ♦♥❧② ✈❛❧✉❛❜❧❡ ❢♦r
♣✐❡③♦❡❧❡❝tr✐❝ ❛❝t✉❛t♦r ❤❛✈✐♥❣ ♦♥❡ ❞❡❣r❡❡ ♦❢ ❢r❡❡❞♦♠✳ ■♥ ♦r❞❡r t♦ ❡①t❡♥❞ t❤✐s t♦ ♠✉❧t✐✈❛r✐❛❜❧❡
❝r❡❡♣ ❝♦♠♣❡♥s❛t♦r✱ ✇❡ ♥❡❡❞ ✜rst t♦ ✇r✐t❡ t❤❡ ♠♦❞❡❧ ♦❢ ❛ ♠✉❧t✐✲❛①❡s ♣✐❡③♦❡❧❡❝tr✐❝ ❛❝t✉❛t♦r ✇✐t❤
t❤❡ s❛♠❡ ❛ss✉♠♣t✐♦♥ t❤❛♥ ♣r❡✈✐♦✉s❧②✿ t❤❡ ❢♦r❝❡ ❛♥❞ t❤❡ t❡♠♣❡r❛t✉r❡ ✈❛r✐❛t✐♦♥ ❛r❡ ♥✉❧❧ ❛♥❞ t❤❡
❤②st❡r❡s✐s ✐s ♥♦t ❝♦♥s✐❞❡r❡❞✳ ❚❤✉s✱ t❤❡ ♠♦♥♦✈❛r✐❛❜❧❡ ♠♦❞❡❧ ♦❢ ❊q✳ ✭✹✳✸✮ ❜❡❝♦♠❡s ❛ ♠❛tr✐❝✐❛❧
❡q✉❛t✐♦♥ ✸✿
δ(s) = (dp ◦D(s))u(s) + Ccr(s)u(s) ✭✹✳✽✮
✇❤❡r❡
✸(A ◦B) ❞❡♥♦t❡s t❤❡ ❍❛❞❛♠❛r❞ ♣r♦❞✉❝t ♦❢ ♠❛tr✐❝❡s A = [Aij ]i,j ❛♥❞ B = [Bij ]i,j ✱ ✐✳❡✳(A ◦B) = [AijBij ]i,j ✳
✾✵
δ =


δ1
δ2
✳✳✳
δp

 D(s) =


D11(s) D12(s) · · · D1m(s)
D21(s) D22(s) · · ·
✳✳✳
✳✳✳
✳✳✳
Dp1(s) · · · Dpm(s)


u =


u1
u2
✳✳✳
um

 Ccr(s) =


Ccr11(s) Ccr12(s) · · · Ccr1m(s)
Ccr21(s) Ccr22(s) · · ·
✳✳✳
✳✳✳
✳✳✳
Ccrp1(s) · · · Ccrpm(s)


dp =


dp11 dp12 · · · dp1m
dp21 dp22 · · ·
✳✳✳
✳✳✳
✳✳✳
dpp1 · · · dppm


✭✹✳✾✮
❚❤❡ ♣✐❡③♦❡❧❡❝tr✐❝ s②st❡♠ ✐s ❢✉❧❧② ❛❝t✉❛t❡❞ ✐❢ p = m✱ ✉♥❞❡r❛❝t✉❛t❡❞ ✐❢ p > m ❛♥❞ ♦✈❡r✲
❛❝t✉❛t❡❞ ✐❢ p < m✳ ❆❣❛✐♥✱ s✐♠✐❧❛r❧② t♦ t❤❡ ♠♦♥♦✈❛r✐❛❜❧❡ ❝❛s❡✱ t❤❡ q✉❛s✐✲st❛t✐❝ ❛♣♣r♦①✐✲
♠❛t✐♦♥ ✐s ❛❞♠✐tt❡❞ ✭D(s) = 1✱ ∀s ∈ R+✮✱ ❛♥❞ t❤❡ ♠✉❧t✐✈❛r✐❛❜❧❡ ♠♦❞❡❧ ❝♦♠❡s ❜❛❝❦ t♦✿
δ(s) = dpu(s) + Ccr(s)u(s)✳ ❚❤❡ ✐❞❡♥t✐✜❝❛t✐♦♥ ♦❢ t❤❡ ♣❛r❛♠❡t❡rs ❢♦r t❤✐s ♠✉❧t✐✈❛r✐❛❜❧❡ ♠♦❞❡❧
✐s ❛s ❢♦❧❧♦✇s✳
→ ❋✐rst ❛ st❡♣ ✐♥♣✉t ✈♦❧t❛❣❡ u1 ✐s ❛♣♣❧✐❡❞ ❛♥❞ t❤❡ r❡♠❛✐♥✐♥❣ ✐♥♣✉ts uj ✭j = 2 · · ·m✮ ✐s ❧❡❢t
❡q✉❛❧ t♦ ③❡r♦✳ ❆❢t❡r ❝❛♣t✉r✐♥❣ t❤❡ r❡s✉❧t❡❞ ♦✉t♣✉t δ1✱ t❤❡ ❞✐r❡❝t ❣❛✐♥ dp11 ❛♥❞ t❤❡ ❞✐r❡❝t ❝r❡❡♣
Ccr11 ❛r❡ ✐❞❡♥t✐✜❡❞ ✇✐t❤ t❤❡ s❛♠❡ ♠❡t❤♦❞ ♣r❡s❡♥t❡❞ ❢♦r t❤❡ ♠♦♥♦✈❛r✐❛❜❧❡ ❝❛s❡✳
→ ■♥ t❤❡ ♠❡❛♥t✐♠❡✱ t❤❡ ♦t❤❡r ♦✉t♣✉ts δi ✭i = 2 · · · p✮ ❛r❡ ❛❧s♦ ❝❛♣t✉r❡❞✳ ❊❛❝❤ ❝r♦ss✲❝♦✉♣❧✐♥❣
❣❛✐♥ dpi1 ❛♥❞ ❡❛❝❤ ❝r♦ss✲❝♦✉♣❧✐♥❣ ❝r❡❡♣ Ccri1(s) ❛r❡ ❛❧s♦ ✐❞❡♥t✐✜❡❞ ❢r♦♠ t❤❡ ❡①♣❡r✐♠❡♥t❛❧ ♦✉t✲
♣✉t δi ❛♥❞ ✐♥♣✉t u1✳
→ ❚❤❡♥✱ t❤❡ ✐♥♣✉t u1 ✐s s❡t ❡q✉❛❧ t♦ ③❡r♦✱ ✇❤✐❧st ❛ st❡♣ uj ✭j ∈ {2, · · · ,m}✮ ✐s ❛♣♣❧✐❡❞✳ ❋♦r
❡❛❝❤ ✐♥♣✉t uj ❛♣♣❧✐❡❞✱ ❛❧❧ ♦✉t♣✉ts δi ✭i = 1 · · · p✮ ❛r❡ r❡♣♦rt❡❞ ❛♥❞ t❤❡ ❣❛✐♥ dpij ❛♥❞ t❤❡ ❝r❡❡♣
Ccrij ❛r❡ ✐❞❡♥t✐✜❡❞✳ ❲❤❡♥ i = j✱ ✇❡ ❤❛✈❡ t❤❡ ❞✐r❡❝t ❣❛✐♥ ❛♥❞ t❤❡ ❞✐r❡❝t ❝r❡❡♣✳ ❖t❤❡r✇✐s❡✱ ✇❡
❤❛✈❡ t❤❡ ❝r♦ss✲❝♦✉♣❧✐♥❣s✳
❚❤❡ ❝❛s❡ ♦❢ t❤❡ ✉♥❞❡r✲ ❛♥❞ ♦✈❡r❛❝t✉❛t❡❞ ♠❛② r❡q✉✐r❡ ❛❞❞✐t✐♦♥❛❧ ❝r✐t❡r✐❛s t♦ ❝❤♦♦s❡ t❤❡
❞✐r❡❝t tr❛♥s❢❡rs ❛♥❞ t❤❡ ❝r♦ss✲❝♦✉♣❧✐♥❣s✳ ❚❤✐s ❝❤♦✐❝❡ str♦♥❣❧② ❞❡♣❡♥❞s ♦♥ t❤❡ ✐♥✐t✐❛❧ ❞❡s✐❣♥ ♦❢
t❤❡ s②st❡♠ ❛♥❞ ♦♥ t❤❡ ❡①♣❡❝t❡❞ ❛♣♣❧✐❝❛t✐♦♥s✳
❋♦❧❧♦✇✐♥❣ t❤❡ s❛♠❡ ♣r♦❝❡❞✉r❡ t❤❛♥ ✐♥ ♠♦♥♦✈❛r✐❛❜❧❡ ❝❛s❡✱ t❤❡ ♠✉❧t✐✈❛r✐❛❜❧❡ ❝♦♠♣❡♥s❛t♦r
✐s✿
u(s) = d+p (δr − Cr(s)u(s)) ✭✹✳✶✵✮
✾✶
✇❤❡r❡ t❤❡ r❡❢❡r❡♥❝❡ ✐♥♣✉t ✐s δr =
(
δr1 δr2 · · · δrp
)T ❛♥❞ ✇❤❡r❡ d+p ∈ Rm×p ❝♦rr❡✲
s♣♦♥❞s t♦ t❤❡ ▼♦♦r❡✲P❡♥r♦s❡ ✐♥✈❡rs❡ ✭♦r ♣s❡✉❞♦✲✐♥✈❡rs❡✮✹ ♦❢ dp ∈ Rp×m ❢♦r m 6= p✳ ❲❡ ❤❛✈❡
d+p = d
−1
p ✇❤❡♥ m = p✳
❚❤❡ ❛❜♦✈❡ ♠✉❧t✐✈❛r✐❛❜❧❡ ❝♦♠♣❡♥s❛t✐♦♥ ♣❡r♠✐ts t♦ r❡❞✉❝❡ t❤❡ ❝r❡❡♣ ✐♥ t❤❡ ❞✐r❡❝t tr❛♥s❢❡rs✱
t♦ r❡♠♦✈❡ t❤❡ ❝r♦ss✲❝♦✉♣❧✐♥❣s ❛♥❞ t♦ ✐♥❝r❡❛s❡ t❤❡ ❛❝❝✉r❛❝②✳ ❚❤❛t ✐s✿ δ = δr✳
✹✳✸ ❍②st❡r❡s✐s ♠♦❞❡❧✐♥❣ ❛♥❞ ❝♦♥tr♦❧
❚❤✐s s❡❝t✐♦♥ ❞❡❛❧s ✇✐t❤ t❤❡ ❤②st❡r❡s✐s ♠♦❞❡❧✐♥❣ ❛♥❞ ❝♦♠♣❡♥s❛t✐♦♥ ♦♥❧②✳ ❋r♦♠ ❊q✳ ✭✷✳✽✮ ✭♦r
❊q✳ ✭✹✳✶✮✮✱ t❤❡ ♠♦❞❡❧ ✐s✿
δ(s) = Γd (u(s), s) ✭✹✳✶✶✮
✇❤❡r❡ Γd (u(s), s) ✐s t❤❡ ❞②♥❛♠✐❝ ♦r r❛t❡✲❞❡♣❡♥❞❡♥t ❤②st❡r❡s✐s ♦♣❡r❛t♦r✳ ❋♦r ❛ r❛t❡✲✐♥❞❡♣❡♥❞❡♥t
❤②st❡r❡s✐s✱ ✇❡ ✉t✐❧✐③❡✿
δ(s) = Γ (u(s)) ✭✹✳✶✷✮
✇❤❡r❡ Γ (˙) ✐s t❤❡ st❛t✐❝ ♦r r❛t❡✲✐♥❞❡♣❡♥❞❡♥t ❤②st❡r❡s✐s ♦♣❡r❛t♦r✳
❆❝❝♦r❞✐♥❣ t♦ t❤❡ ❝❛s❡✱ ✇❡ ♠❛② ❛❧s♦ ✉t✐❧✐③❡ t❤❡ ❢♦❧❧♦✇✐♥❣ t✐♠❡ ❞♦♠❛✐♥ ♥♦t❛t✐♦♥s ✐♥ ♣❧❛❝❡ ♦❢
❊q✳ ✭✹✳✶✶✮ ♦r ❊q✳ ✭✹✳✶✷✮✿
δ(t) = Γd (u(t), t) ✭✹✳✶✸✮
❛♥❞
δ(t) = Γ (u(t)) ✭✹✳✶✹✮
❢♦r ❛ r❛t❡✲❞❡♣❡♥❞❡♥t ❛♥❞ ❢♦r ❛ r❛t❡✲✐♥❞❡♣❡♥❞❡♥t ❤②st❡r❡s✐s ♦♣❡r❛t♦r r❡s♣❡❝t✐✈❡❧②✳
✹❚❤❡ ▼♦♦r❡✲P❡♥r♦s❡ ♦r ♣s❡✉❞♦✲✐♥✈❡rs❡ ❬✷✻✼❪ D+ ∈ Rm×p ♦❢ ❛ ♠❛tr✐① D ∈ Rp×m ✐s ❞❡✜♥❡❞ ❜②✿
D
+ = CT
(
CC
T
)
−1 (
B
T
B
)
−1
B
T
✇❤❡r❡ B ∈ Rp×k ❛♥❞ C ∈ Rk×m ❛r❡ ❛♥② ❞❡❝♦♠♣♦s✐t✐♦♥ ♠❛tr✐❝❡s ♦❢D s✉❝❤ t❤❛tD = BC✳ ❚❤❡ ✉s❡ ♦❢ t❤✐s ♣s❡✉❞♦
✐♥✈❡rs❡ ❣✉❛r❛♥t❡❡s t❤❛t t❤❡ s♦❧✉t✐♦♥ ❤❛s ❛ ♠✐♥✐♠✉♠ ✷✲♥♦r♠ ✐♥ ❝❛s❡ ♦❢ ♦✈❡r ❛❝t✉❛t❡❞ s②st❡♠s ❛♥❞ ♠✐♥✐♠✐③❡s t❤❡
✷✲♥♦r♠ ♦❢ t❤❡ ❡rr♦r ✐♥ t❤❡ ✉♥❞❡r ❛❝t✉❛t❡❞ ❝❛s❡✳ ❚❤❡ ▼♦♦r❡✲P❡♥r♦s❡ ♣s❡✉❞♦✲✐♥✈❡rs❡ ❤❛s t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦♣❡rt✐❡s✿


DD
+
D = D
D
+
DD
+ = D+(
DD
+
)T
= DD+(
D
+
D
)T
= D+D
✾✷
✹✳✸✳✶ ❖✈❡r✈✐❡✇
❍②st❡r❡s✐s ✐s ♦♥❡ ♦❢ t❤❡ ♠♦st ❞✐s❝✉ss❡❞ ❜❡❤❛✈✐♦rs ♦❢ ♣✐❡③♦❡❧❡❝tr✐❝ s②st❡♠s ❛♥❞ ❛❝t✉❛t♦rs ✐♥
t❤❡ ❧✐tt❡r❛t✉r❡✳ ■♥ ❢❛❝t✱ ✐t ✐s ♠♦r❡ st✉❞✐❡❞ t❤❛♥ t❤❡ ❝r❡❡♣✱ ♣r♦❜❛❜❧② ❜❡❝❛✉s❡ ✐ts ♠♦❞❡❧✐♥❣
❛♥❞ ❝♦♥tr♦❧ r❡q✉✐r❡ t❡❝❤♥✐q✉❡s ❞✐✛❡r❡♥t t❤❛♥ ❝❧❛ss✐❝❛❧❧② ✉s❡❞ ❧✐❦❡ ▲❚■ ❛♥❞ s✐♠♣❧❡ ✭❧✐♥❡❛r ♦r
♥♦♥❧✐♥❡❛r✮ ❢✉♥❝t✐♦♥s✱✳✳✳✳ ❚❤❡ ❧✐tt❡r❛t✉r❡ ✐s ✈❡r② ✇✐❞❡ r❡❣❛r❞✐♥❣ t❤❡ ♠♦❞❡❧✐♥❣ ♦❢ ❤②st❡r❡s✐s ✐♥
s♠❛rt ♠❛t❡r✐❛❧s ❛♥❞ ♠❛♥② ❝❧❛ss❡s ♦❢ t❡❝❤♥✐q✉❡s ❡①✐st✿ ✶✮ ❝❧❛ss ♦❢ ❤②st❡r❡s✐s ♠♦❞❡❧s ✇❤✐❝❤ ❛r❡
❜❛s❡❞ ♦♥ t❤❡ s✉♣❡r♣♦s✐t✐♦♥ ♦❢ s❡✈❡r❛❧ ❡❧❡♠❡♥t❛r② ♦♣❡r❛t♦rs ❝❛❧❧❡❞ ❤②st❡r♦♥s✱ ✷✮ ❝❧❛ss ♦❢ ❤②s✲
t❡r❡s✐s ♠♦❞❡❧s ✇❤✐❝❤ ❛r❡ ❜❛s❡❞ ♦♥ ♥♦♥❧✐♥❡❛r ❞✐✛❡r❡♥t✐❛❧ ❡q✉❛t✐♦♥s✱ ✸✮ ❧✐♥❡❛r ❛♣♣r♦①✐♠❛t✐♦♥s
✇✐t❤ ✉♥❝❡rt❛✐♥t✐❡s ♦r ✇✐t❤ ♣❤❛s❡rs✱ ✹✮✳✳✳ ❚❤❡s❡ ♠♦❞❡❧s ♣❡r♠✐t t♦ ♣r❡❞✐❝t t❤❡ ❜❡❤❛✈✐♦rs ♦❢
t❤❡ ❤②st❡r❡t✐❝ s②st❡♠s ♦r t♦ ❡❛s❡ t❤❡ s②♥t❤❡s✐s ♦❢ ❝❧♦s❡❞✲❧♦♦♣ ❝♦♥tr♦❧❧❡rs✳ ❍♦✇❡✈❡r✱ ♦♥❧② t❤❡
❢♦❧❧♦✇✐♥❣ ❛♣♣r♦❛❝❤❡s ❛❞❞r❡ss ❜♦t❤ t❤❡ ♠♦❞❡❧✐♥❣ ❛♥❞ t❤❡ ❢❡❡❞❢♦r✇❛r❞ ❝♦♥tr♦❧✿ t❤❡ ♣❛r❛❜♦❧✐❝
❢✉♥❝t✐♦♥s ❜❛s❡❞ ❛♣♣r♦❛❝❤✱ t❤❡ ❧♦♦❦✉♣ t❛❜❧❡s✱ t❤❡ ❉✉❤❡♠ ❛♣♣r♦❛❝❤✱ t❤❡ Pr❡✐s❛❝❤ ❛♣♣r♦❛❝❤ ❛♥❞
t❤❡ Pr❛♥❞t❧✲■s❤❧✐♥s❦✐✐ ❛♣♣r♦❛❝❤✳ ❚❤❡ ♣❛r❛❜♦❧✐❝ ❢✉♥❝t✐♦♥s ❬✷✻✽❀ ✷✻✾❪✱ t❤❡ ❧♦♦❦✉♣ t❛❜❧❡s ❬✷✼✵❪
❛♥❞ t❤❡ ❉✉❤❡♠ ❬✷✼✶❪ ❛♣♣r♦❛❝❤❡s ❤❛✈❡ ❜❡❡♥ ✉s❡❞ ❢♦r ♣❛rt✐❝✉❧❛r ❝❛s❡s ❛♥❞ ♣❛rt✐❝✉❧❛r ❛❝t✉❛✲
t♦rs✳ ■♥ ❝♦♥tr❛r②✱ t❤❡ Pr❡✐s❛❝❤ ❛♥❞ t❤❡ Pr❛♥❞t❧✲■s❤❧✐♥s❦✐✐ ❛♣♣r♦❛❝❤❡s ❤❛✈❡ ❜❡❡♥ ❡♠♣❧♦②❡❞ t♦
tr❛❝❦ ❛♥❞ t♦ ❝♦♠♣❡♥s❛t❡ ❢♦r t❤❡ ❤②st❡r❡s✐s ✐♥ ❛ ✇✐❞❡ r❛♥❣❡ ♦❢ ❛♣♣❧✐❝❛t✐♦♥s✳ ❚❤✐s s✉❝❝❡ss ✐s
t❤❛♥❦s t♦ ♠✉❧t✐♣❧❡ r❡❛s♦♥s✳ ❋✐rst✱ t❤❡② ❛r❡ ♠❛t❤❡♠❛t✐❝❛❧ ✭♦r ♣❤❡♥♦♠❡♥♦❧♦❣✐❝❛❧✮ ♠♦❞❡❧s ❛♥❞
t❤✉s ❝❛♥ ❜❡ ❡♠♣❧♦②❡❞ ✐♥❞❡♣❡♥❞❡♥t❧② ❢r♦♠ t❤❡ ♣❤②s✐❝s ♦❢ t❤❡ s②st❡♠s✳ ❙❡❝♦♥❞✱ ❡❛❝❤ ♦❢ t❤❡
t✇♦ ❛♣♣r♦❛❝❤❡s ♣♦ss❡ss❡s ✈❛r✐♦✉s t❡❝❤♥✐q✉❡s ❛❝❝♦r❞✐♥❣ t♦ t❤❡ ❤②st❡r❡s✐s t♦ ❜❡ ♠♦❞❡❧❡❞ ❛♥❞
t♦ ❜❡ ❝♦♠♣❡♥s❛t❡❞ ❢♦r✱ ❡♥❧❛r❣✐♥❣ t❤❡r❡❢♦r❡ t❤❡✐r ✇✐❞❡ ♦❢ ❛♣♣❧✐❝❛t✐♦♥s✳ ❚❤❡② ❤❛✈❡ t❡❝❤♥✐q✉❡s
t❤❛t ❝❛♥ tr❛❝❦ s②♠♠❡tr✐❝❛❧ ❤②st❡r❡s✐s✱ ❛s②♠♠❡tr✐❝❛❧ ❤②st❡r❡s✐s✱ r❛t❡✲❞❡♣❡♥❞❡♥t ❤②st❡r❡s✐s✱ r❛t❡✲
✐♥❞❡♣❡♥❞❡♥t ❤②st❡r❡s✐s✱✳✳✳ ❋✐♥❛❧❧②✱ ❜♦t❤ t❤❡ Pr❡✐s❛❝❤ ❛♥❞ t❤❡ Pr❛♥❞t❧✲■s❤❧✐♥s❦✐✐ ❛♣♣r♦❛❝❤❡s ❛r❡
❛♠♦♥❣ t❤❡ ❝❧❛ss ❜❛s❡❞ ♦♥ t❤❡ s✉♣❡r♣♦s✐t✐♦♥ ♦❢ ❡❧❡♠❡♥t❛r② ❤②st❡r❡s✐s✳ ❚❤✐s r❡♥❞❡rs t❤❡♠ ✈❡r②
❛❝❝✉r❛t❡ s✉❜❥❡❝t t♦ ❛ ❤✐❣❤ ♥✉♠❜❡r ♦❢ ❤②st❡r♦♥s✳ ■♥ t❤❡ Pr❡✐s❛❝❤ ❛♣♣r♦❛❝❤✱ t❤❡ ❤②st❡r♦♥ ✐s ❛
♥♦♥✐❞❡❛❧ r❡❧❛② ✭❛ ❞❡❧❛②❡❞ r❡❧❛②✮ ❛♥❞ ✐♥ t❤❡ Pr❛♥❞t❧✲■s❤❧✐♥s❦✐✐ ❛♣♣r♦❛❝❤✱ t❤✐s ✐s ❛ ♣❧❛②✲♦♣❡r❛t♦r
✭❛❧s♦ ❝❛❧❧❡❞ ❜❛❝❦❧❛s❤ ♦♣❡r❛t♦r✮✳ ❘❡❧❛t✐✈❡ t♦ t❤❡ ❢♦r♠❡r✱ t❤❡ ❧❛tt❡r ♣r❡s❡♥ts ❛ ✈❡r② ✐♥t❡r❡st✐♥❣
❡❛s❡ ♦❢ ✐♠♣❧❡♠❡♥t❛t✐♦♥ ❢♦r s✐♠✉❧❛t✐♦♥ ♦r ❢♦r r❡❛❧✲t✐♠❡ ❛♣♣❧✐❝❛t✐♦♥✳ ◆♦♥❡t❤❡❧❡ss✱ t❤❡ ❡❧❡❣❛♥t
♠❛♥✐♣✉❧❛t✐♦♥ ♦❢ t❤❡ ❤②st❡r❡s✐s ✐♥ t❤❡ Pr❡✐s❛❝❤ ❛♣♣r♦❛❝❤ ❛♥❞ ✐ts ♣r❡❝❡❞❡♥❝❡ ♠❛❦❡ ✐t ❤❛✈❡ t❤❡
s❛♠❡ r❡♣✉t❛t✐♦♥ t❤❛♥ t❤❡ Pr❛♥❞t❧✲■s❤❧✐♥s❦✐✐ ♥♦✇❛❞❛②s✳ ❚❤❡ Pr❡✐s❛❝❤ ❛♣♣r♦❛❝❤ ❞❛t❡s ❜❛❝❦ t♦
✶✾✸✺ ✇✐t❤ t❤❡ ✇♦r❦s ♦❢ ❋❡r❡♥③ Pr❡✐s❛❝❤ ❬✷✼✷❪ ✐♥ ♠❛❣♥❡t✐❝ s②st❡♠s ❛♥❞ ❧❛tt❡r ♣♦♣✉❧❛r✐③❡❞ ❜②
▼❛②❡r❣♦②③ ❬✼✵❪✱ ✇❤❡r❡❛s t❤❡ ❤②st❡r♦♥s ✉t✐❧✐③❡❞ ✐♥ t❤❡ Pr❛♥❞t❧✲■s❤❧✐♥s❦✐✐ ❛♣♣r♦❛❝❤ ❤❛✈❡ ❜❡❡♥
❢♦r♠❛❧❧② ✐♥tr♦❞✉❝❡❞ ✐♥ t❤❡ ✽✵s ❬✼✶❪✳
■♥ t❤❡ Pr❡✐s❛❝❤ ❛♣♣r♦❛❝❤✱ t❤❡ ❝❧❛ss✐❝❛❧ Pr❡✐s❛❝❤ t❡❝❤♥✐q✉❡ ♣❡r♠✐ts t♦ tr❛❝❦ r❛t❡✲✐♥❞❡♣❡♥❞❡♥t
♦r st❛t✐❝ ❤②st❡r❡s✐s✱ s②♠♠❡tr✐❝❛❧ ♦r ❛s②♠♠❡tr✐❝❛❧ ❛♥❞ s❛t✉r❛t❡❞ ♦r ♥♦♥✲s❛t✉r❛t❡❞✳ ❚♦ ❜❡ ♠♦❞✲
❡❧✐③❛❜❧❡ ❜② ❛ ❝❧❛ss✐❝❛❧ Pr❡✐s❛❝❤ ♠♦❞❡❧ ❤♦✇❡✈❡r✱ t❤❡ ❤②st❡r❡s✐s ♦❢ t❤❡ ♣❧❛♥t s❤♦✉❧❞ ❡①❤✐❜✐t t❤❡
✇✐♣✐♥❣ ♦✉t ♣r♦♣❡rt② ❛♥❞ t❤❡ ❝♦♥❣r✉❡♥❝② ♣r♦♣❡rt②✳ ❚❤✐s ❝♦♥❞✐t✐♦♥ ✐s ❞❡s❝r✐❜❡❞ ❜② t❤❡ r❡♣✲
r❡s❡♥t❛t✐♦♥ t❤❡♦r❡♠ ❬✼✵❪✳ ❚❤❡ ❡①t❡♥s✐♦♥ ♦❢ t❤❡ Pr❡✐s❛❝❤ ❛♣♣r♦❛❝❤ t♦ ♠♦❞❡❧ ❤②st❡r❡s✐s t❤❛t
❞♦ ♥♦t ♠❡❡t t❤❡ r❡♣r❡s❡♥t❛t✐♦♥ t❤❡♦r❡♠ ✐s ❝❛❧❧❡❞ t❤❡ ♥♦♥❧✐♥❡❛r Pr❡✐s❛❝❤ t❡❝❤♥✐q✉❡✳ ❆❧s♦✱ t❤❡
❡①t❡♥s✐♦♥ t♦ r❛t❡✲❞❡♣❡♥❞❡♥t ❤②st❡r❡s✐s ✐s ❝❛❧❧❡❞ t❤❡ ❞②♥❛♠✐❝ Pr❡✐s❛❝❤ t❡❝❤♥✐q✉❡✳ ❋✐♥❛❧❧②✱ t❤❡
✈❡❝t♦r Pr❡✐s❛❝❤ t❡❝❤♥✐q✉❡ ❞❡❛❧s ✇✐t❤ ❤②st❡r❡t✐❝ s②st❡♠s ❤❛✈✐♥❣ t✇♦ ✐♥♣✉ts ❛♥❞ t✇♦ ♦✉t♣✉ts✳
❚❤❡ ♥♦♥❧✐♥❡❛r✱ t❤❡ r❛t❡✲❞❡♣❡♥❞❡♥t ❛♥❞ t❤❡ ✈❡❝t♦r Pr❡✐s❛❝❤ t❡❝❤♥✐q✉❡s ❛r❡ ❝❛❧❧❡❞ ❣❡♥❡r❛❧✐③❡❞
Pr❡✐s❛❝❤ t❡❝❤♥✐q✉❡s✳ ❚❤❡ ♠♦❞❡❧✐♥❣ ♦❢ ❤②st❡r❡s✐s ✐♥ s♠❛rt ♠❛t❡r✐❛❧s ✇✐t❤ t❤❡ Pr❡✐s❛❝❤ ❛♣♣r♦❛❝❤
✾✸
✐s ✇✐❞❡✳ ❍♦✇❡✈❡r✱ t❤❡ ✇♦r❦s t❤❛t ❞❡❛❧ ✇✐t❤ t❤❡ ❢❡❡❞❢♦r✇❛r❞ ❝♦♥tr♦❧ ✐♥ Pr❡✐s❛❝❤ ❛♣♣r♦❛❝❤ ❛r❡
♠✉❝❤ ❧❡ss✳ ❚❤❡ ♠♦❞❡❧✐♥❣ ❛♥❞ ❝♦♠♣❡♥s❛t✐♦♥ ❝❛♥ ❜❡ ❢♦✉♥❞ ✐♥ ❛♣♣❧✐❝❛t✐♦♥s ❧✐❦❡✿ ♠❛❣♥❡t✐❝ ❛♥❞
♠❛❣♥❡t♦str✐❝t✐✈❡ ❬✻✽✕✼✵❀ ✷✼✸✕✷✼✽❪✱ s❤❛♣❡ ♠❡♠♦r② ❛❧❧♦②s ❛♥❞ ♠❛❣♥❡t✐❝ s❤❛♣❡ ♠❡♠♦r② ❛❧❧♦②s
❬✷✼✾✕✷✽✷❪✱ ❱❖2✲❝♦❛t❡❞✺ s②st❡♠s ❬✷✽✸❪✱ ❛♥❞ ♣✐❡③♦❡❧❡❝tr✐❝ s②st❡♠s ❬✷✹✶❀ ✷✺✼❀ ✷✽✹✕✷✽✼❪✳
❚❤❡r❡ ❛r❡ ❛❧s♦ s❡✈❡r❛❧ t❡❝❤♥✐q✉❡s ✐♥ t❤❡ Pr❛♥❞t❧✲■s❤❧✐♥s❦✐✐ ✭P■✮ ❛♣♣r♦❛❝❤✳ ❚❤❡ ❝❧❛ss✐❝❛❧
P■ t❡❝❤♥✐q✉❡ ♣❡r♠✐ts t♦ ♠♦❞❡❧ ❛♥❞ t♦ ❝♦♠♣❡♥s❛t❡ ❢♦r r❛t❡✲✐♥❞❡♣❡♥❞❡♥t ❛♥❞ s②♠♠❡tr✐❝❛❧ ❤②s✲
t❡r❡s✐s ❬✷✽✽❀ ✷✽✾❪✳ ▲❛t❡r ♦♥✱ ✐t ❤❛s ❜❡❡♥ ❡①t❡♥❞❡❞ t♦ tr❛❝❦ ❛s②♠♠❡tr✐❝❛❧ r❛t❡✲✐♥❞❡♣❡♥❞❡♥t
❤②st❡r❡s✐s ❬✷✾✵❪✳ ❚❤❡ t❡❝❤♥✐q✉❡ ✐s ❝❛❧❧❡❞ ♠♦❞✐✜❡❞ P■✳ ❚❤❡ ♣r✐♥❝✐♣❧❡ ❝♦♥s✐sts ✐♥ ❝❛s❝❛❞✐♥❣ ✇✐t❤
t❤❡ ❝❧❛ss✐❝❛❧ P■ ❛ s✉♣❡r♣♦s✐t✐♦♥ ♦❢ ❞❡❛❞③♦♥❡ ♦♣❡r❛t♦rs t❤❛t ❝r❡❛t❡s t❤❡ ❛s②♠♠❡tr②✳ ❆♥ ❛❧t❡r✲
♥❛t✐✈❡ ✇❛② t♦ ❛❝❝♦✉♥t ❢♦r t❤❡ ❛s②♠♠❡tr② ✇❛s ❞❡✈❡❧♦♣❡❞ ✐♥ ❬✷✾✶❪✳ ❈❛❧❧❡❞ t❤❡ ❣❡♥❡r❛❧✐③❡❞ P■✱
✐t ✉t✐❧✐③❡s ❛ ♠♦r❡ ❣❡♥❡r❛❧✐③❡❞ ❤②st❡r♦♥ t❤❛♥ ❛ ❜❛❝❦❧❛s❤✱ s✉❝❤ ❛s ❤②♣❡r❜♦❧✐❝ t❛♥❣❡♥t ❢✉♥❝t✐♦♥ ♦r
♣♦❧②♥♦♠✐❛❧s ❢♦r t❤❡ ❛s❝❡♥❞✐♥❣ ♦r ❢♦r t❤❡ ❞❡s❝❡♥❞✐♥❣ ❝✉r✈❡s ✐♥st❡❛❞ ♦❢ str❛✐❣❤ts✳ ❬✷✾✷❪ ♣r♦♣♦s❡❞
t❤❡ s✐♥❣✉❧❛r✐t② ❢r❡❡ P■ ♠♦❞❡❧ ❛♥❞ ❝♦♠♣❡♥s❛t♦r ✐♥ ♦r❞❡r t♦ tr❛❝❦ ✐❧❧✲❝♦♥❞✐t✐♦♥❡❞ ❤②st❡r❡s✐s✳ ■❧❧✲
❝♦♥❞✐t✐♦♥❡❞ ❤②st❡r❡s✐s ❛r❡ t②♣✐✜❡❞ ❜② ❛ ♥❡❣❛t✐✈❡ ❣r❛❞✐❡♥t ❛r♦✉♥❞ t❤❡ t✉r♥✐♥❣ ♣♦✐♥t ❛♥❞ ❝❛♥♥♦t
❜❡ tr❛❝❦❡❞ ❜② t❤❡ ♣r❡✈✐♦✉s t❡❝❤♥✐q✉❡s✳ ■♥ ❬✷✾✸❀ ✷✾✹❪✱ t❤❡ r❛t❡✲❞❡♣❡♥❞❡♥t P■ t❡❝❤♥✐q✉❡ ❤❛s
❜❡❡♥ ❞❡✈❡❧♦♣❡❞✳ ■♥ t❤✐s✱ t❤❡ t❤r❡s❤♦❧❞s ♦❢ t❤❡ ❜❛❝❦❧❛s❤❡s ❛r❡ ❞❡♣❡♥❞❡♥t ♦♥ t❤❡ ❞❡r✐✈❛t✐✈❡ ♦❢ t❤❡
✐♥♣✉t s✐❣♥❛❧✳ ❆♥♦t❤❡r r❛t❡✲❞❡♣❡♥❞❡♥t P■ ♠♦❞❡❧ ❝♦♥s✐st❡❞ ✐♥ ♣♦s✐♥❣ t❤❡ s❧♦♣❡s ✭♦r ✇❡✐❣❤ts✮ ♦❢
t❤❡ ❜❛❝❦❧❛s❤❡s t♦ ❜❡ r❛t❡✲❞❡♣❡♥❞❡♥t ❬✷✾✺❪✱ ✐♥st❡❛❞ ♦❢ t❤❡ t❤r❡s❤♦❧❞s✳ ❋✐♥❛❧❧②✱ ✐♥ ❛ r❡❝❡♥t st✉❞②
❬✷✾✻❪✱ ❛ ❝❛❧❧❡❞ ✐♥t❡❣r❛t❡❞ P■ t❡❝❤♥✐q✉❡ ✇❛s ❞❡✈❡❧♦♣❡❞✳ ❚❤✐s t❡❝❤♥✐q✉❡ ♣❡r♠✐ts t♦ ❛❝❝♦✉♥t
❢♦r r❛t❡✲❞❡♣❡♥❞❡♥t ❛♥❞ ❛s②♠♠❡tr✐❝❛❧ ❤②st❡r❡s✐s ❜② ❝♦♠❜✐♥✐♥❣ t❤❡ ❛❜♦✈❡ ♠♦❞✐✜❡❞ P■ ✇✐t❤ t❤❡
r❛t❡✲❞❡♣❡♥❞❡♥t P■✳ ❆♣❛rt ❢r♦♠ t❤❡ ✐♥t❡❣r❛t❡❞ P■ t❡❝❤♥✐q✉❡ ❞✉❡ ✐ts r❡❝❡♥t ❞❡✈❡❧♦♣♠❡♥t✱ ❛❧❧ t❤❡
♦t❤❡r P■ t❡❝❤♥✐q✉❡s ❤❛✈❡ ❜❡❡♥ ❡✣❝✐❡♥t❧② ❛♣♣❧✐❡❞ ❢♦r ♠♦❞❡❧✐♥❣ ❛♥❞ ❢♦r ❢❡❡❞❢♦r✇❛r❞ ❝♦♥tr♦❧ ♦❢
♣✐❡③♦❡❧❡❝tr✐❝ s②st❡♠s ❬✷✸✾❀ ✷✺✻❀ ✷✾✼✕✸✵✶❪❬❏✹❪❬❏✼❪❬❏✶✸❪❬❈✶✸❪❬❈✶✹❪❬❈✶✻❪❬❈✷✸❪❬❈✸✶❪❬❈✺✶❪✳
❚❤❡ ❛❜♦✈❡ ❝♦♠♣❡♥s❛t✐♦♥ t❡❝❤♥✐q✉❡s ❛r❡ ✈♦❧t❛❣❡ ❝♦♥tr♦❧✳ ❙✐♠✐❧❛r❧② t♦ ❝r❡❡♣✱ t❤❡r❡ ❛❧s♦ ❡①✲
✐sts t❤❡ ❝❤❛r❣❡ ❝♦♥tr♦❧ ✐♥ ❤②st❡r❡s✐s✳ ■♥ ❣❡♥❡r❛❧ t❤❡ s❛♠❡ ❡❧❡❝t✐❝❛❧ ❝✐r❝✉✐t t❤❛♥ ❢♦r ❝r❡❡♣ ✐s
❡♠♣❧♦②❡❞ ❢♦r t❤❡ ❤②st❡r❡s✐s ❬✷✹✻✕✷✺✵❪✳
❚❤❡ ❞✐r❡❝t✐♦♥ ■ ❤❛✈❡ t❛❦❡♥ ❢♦r t❤❡ ✇♦r❦s r❡♣♦rt❡❞ ✐♥ t❤✐s t❤❡s✐s ✐s ♠✉❧t✐♣❧❡✳ ■♥ t❤❡
✜rst t✐♠❡✱ ✐t ❝♦♥s✐st❡❞ ✐♥ ✐♠♣r♦✈✐♥❣ t❤❡ ♣❡r❢♦r♠❛♥❝❡s ♦❢ ♠✉❧t✐♠♦r♣❤ ♣✐❡③♦❡❧❡❝tr✐❝ ❛❝t✉❛✲
t♦rs ❞❡✈♦t❡❞ t♦ ♠✐❝r♦♠❛♥✐♣✉❧❛t✐♦♥ ❛♥❞ ♠✐❝r♦❛ss❡♠❜❧② ❝♦♥t❡①t ❜② ✉s✐♥❣ t❤❡ ❡①✐st✐♥❣ t❡❝❤✲
♥✐q✉❡s ❬❏✹❪❬❏✼❪❬❏✶✸❪❬❈✶✸❪❬❈✶✹❪❬❈✶✻❪❬❈✷✸❪❬❈✸✶❪❬❈✺✶❪✳ ❚❤❡ ♦❜❥❡❝t✐✈❡ ✇❛s t♦ ❝♦♥❢r♦♥t t❤❡ ❧✐♠✐✲
t❛t✐♦♥ ♣♦s❡❞ ❜② t❤❡ ❡①✐st✐♥❣ s❡♥s♦rs t♦ ❞❡✈❡❧♦♣ ❤✐❣❤ ♣❡r❢♦r♠❛♥t✱ ❤✐❣❤❧② ♣❛❝❦❛❣❡❞✱ ❧♦✇ ❝♦st
♣r❡❝✐s❡ ❛♥❞ ❤✐❣❤ ❞②♥❛♠✐❝s ♣✐❡③♦❡❧❡❝tr✐❝ ♣♦s✐t✐♦♥❡rs✳ ❖✈❡r t❤❡ t✐♠❡✱ t❤❡ ♦❜❥❡❝t✐✈❡ ❤❛✈❡ ❜❡❡♥
❡✈♦❧✈✐♥❣✳ ❋❛❝❡ t♦ t❤❡ ❞❡✈❡❧♦♣♠❡♥t ♦❢ ♠✉❧t✐✲❛①❡s ♣✐❡③♦❡❧❡❝tr✐❝ s②st❡♠s ❛t t❤❡ ❞❡♣❛rt♠❡♥t ✭❆◆❘
❈✲▼❯▼❙✱ ❆◆❘ ▼❨▼❊❙❨❙ ♣r♦❥❡❝ts✱✳✳✳✮✱ ❛♥❞ t♦ t❤❡ r❛✐s❡ ♦❢ ♠✉❧t✐✲❛①❡s ❛❝t✉❛t❡❞ ♠✐❝r♦s②st❡♠s
t❤❡s❡ ❧❛st ②❡❛rs ✐♥ t❤❡ ❧✐tt❡r❛t✉r❡✱ ✐t ✇❛s ♥❡❝❡ss❛r② t♦ ♣r♦♣♦s❡ ♥♦✈❡❧ ❛♣♣r♦❛❝❤❡s t♦ ♠♦❞❡❧ ❛♥❞ t♦
❢❡❡❞❢♦r✇❛r❞ ❝♦♥tr♦❧ ♠✉❧t✐✈❛r✐❛❜❧❡ ❤②st❡r❡s✐s✳ ❚❤✐s ❜❡❝❛✉s❡ ❛❧❧ t❤❡ ❛❜♦✈❡ ♠❡♥t✐♦♥♥❡❞ ❤②st❡r❡✲
s✐s ❛♣r♦❛❝❤❡s ❛r❡ ♠♦♥♦✈❛r✐❛❜❧❡ ❛♥❞ ❝❛♥♥♦t tr❛❝❦ ❛♥❞ ❝♦♠♣❡♥s❛t❡ ❢♦r ❤②st❡r❡s✐s ✐♥ ♠✉❧t✐✲❛①❡s
✭♠✉❧t✐✲❉❖❋✮ ❛s②st❡♠s✳
✺❱❖2✿ ✈❛♥❛❞✐✉♠ ❞✐♦①✐❞❡ ✐s ❛ t❤❡r♠❛❧❧② ✐♥❞✉❝❡❞ s♦❧✐❞✲t♦✲s♦❧✐❞ ♣❤❛s❡ tr❛♥s✐t✐♦♥ ♠❛t❡r✐❛❧✳
✾✹
❆s ❢❛r ❛s ✇❡ ❦♥♦✇✱ t❤❡ ♦♥❧② ❢♦r♠✉❧❛t✐♦♥ ♦❢ ♠✉❧t✐✈❛r✐❛❜❧❡ ❤②st❡r❡s✐s ♠♦❞❡❧ ✐s ❜❛s❡❞ ♦♥ t❤❡
✈❡❝t♦r Pr❡✐s❛❝❤ ❤②st❡r❡s✐s ❞❡✈❡❧♦♣❡❞ ❜② ▼❛②❡r❣♦②③ ❬✼✵❪✳ ❚❤❡ ♣r✐♥❝✐♣❧❡ ❝♦♥s✐sts ✐♥ ❡①t❡♥❞✐♥❣ ❛
Pr❡✐s❛❝❤ ♠♦❞❡❧ ✐♥t♦ ❜✐✲✈❛r✐❛❜❧❡ ❤②st❡r❡s✐s✳ ■♥ t❤✐s✱ ❛ ✈❡❝t♦r ❤②st❡r❡s✐s ✐s ❜❛s❡❞ ♦♥ t❤❡ ♣r♦❥❡❝t✐♦♥
♦❢ ❛ s❝❛❧❛r ❤②st❡r❡s✐s Γ (u(t)) ❛❧♦♥❣ t✇♦ ❞✐r❡❝t✐♦♥s x ❛♥❞ y t♦ ②✐❡❧❞ ✈❡❝t♦r ❝♦♠♣♦♥❡♥ts ✇✐t❤
❛ ❝♦♥str❛✐♥t ♣❛r❛♠❡t❡r φ(t)✿ Γx (u(t)) = Γ (u(t)) cos (φ(t)) ❛♥❞ Γy (u(t)) = Γ (u(t)) sin (φ(t))✳
❋✉rt❤❡r✱ t❤❡ ❝♦♥❝❡♣t ♦❢ ✈❡❝t♦r ❤②st❡r❡s✐s ✐♥✐t✐❛❧❧② ❞❡✈❡❧♦♣❡❞ ❢♦r ❛ Pr❡✐s❛❝❤ ❛♣♣r♦❛❝❤ ❤❛s ❜❡❡♥
tr❛♥s♣♦s❡❞ t♦ t❤❡ ♣❧❛②✴st♦♣✲♦♣❡r❛t♦rs ❜❛s❡❞ ❤②st❡r❡s✐s ♠♦❞❡❧ ❬✸✵✷❀ ✸✵✸❪✳ ❇❡❝❛✉s❡ ♦❢ t❤❡ ❝✐r✲
❝✉❧❛r ❝♦♥str❛✐♥t ✇✐t❤ t❤❡ ♣❛r❛♠❡t❡r φ(t)✱ ✈❡❝t♦r ♠♦❞❡❧s ❛r❡ ✇❡❧❧ ❛❞❛♣t❡❞ t♦ ❢♦r♠✉❧❛t❡ t❤❡
❤②st❡r❡s✐s ✐♥ r♦t❛t✐✈❡ ♠❛❣♥❡t✐❝ s②st❡♠s ❬✷✼✼❀ ✷✼✽❪✳ ❚❤❡② ❝❛♥♥♦t ❤♦✇❡✈❡r tr❛❝❦ t❤❡ ❤②st❡r❡s✐s
✐♥ ♠✉❧t✐♣❧❡ ❞❡❣r❡❡s ♦❢ ❢r❡❡❞♦♠ ✇❤❡r❡ t❤❡ ❝r♦ss✲❝♦✉♣❧✐♥❣s ❛r❡ ✐♥❞❡♣❡♥❞❡♥t✳
❲❤❡♥ ❞❡❛❧✐♥❣ ✇✐t❤ ♠✉❧t✐✈❛r✐❛❜❧❡ ❤②st❡r❡s✐s✱ s❡✈❡r❛❧ ❝❤❛❧❧❡♥❣❡s ❛r❡ ♣♦s❡❞✳ ❈r♦ss✲❝♦✉♣❧✐♥❣s
❡①✐st ❛♥❞ s❤♦✉❧❞ ❜❡ ♠♦❞❡❧❡❞ ❛♥❞ ❝♦♠♣❡♥s❛t❡❞ ❢♦r✳ ❚❤❡ ✐❞❡♥t✐✜❝❛t✐♦♥ ♣r♦❝❡❞✉r❡ ✐s ♠♦r❡ ❝♦♠✲
♣❧❡① t❤❛♥ ❢♦r ♠♦♥♦✈❛r✐❛❜❧❡ ❝❛s❡s✳ ❚❤❡ ♥✉♠❜❡r ♦❢ t❤❡ ♠♦❞❡❧ ❛♥❞ ❝♦♠♣❡♥s❛t♦r ♣❛r❛♠❡t❡rs
s✉❜st❛♥t✐❛❧❧② ✐♥❝r❡❛s❡s ✇✐t❤ t❤❡ ♥✉♠❜❡r ♦❢ ❞❡❣r❡❡s ♦❢ ❢r❡❡❞♦♠✱ ❜✉t t❤❡ ❝♦♠♣❡♥s❛t♦r s❤♦✉❧❞
♥♦t ❜❡ ❝♦♠♣❧❡① ❛♥❞ ♥♦t ❡①♣❡♥s✐✈❡ ✐♥ ❝❛❧❝✉❧❛t✐♦♥ ❛♥❞ ✐♥ ✐♠♣❧❡♠❡♥t❛t✐♦♥✳ ❚❤❡ s②st❡♠ ✐ts❡❧❢ ❝❛♥
❜❡ sq✉❛r❡ ♦r r❡❝t❛♥❣✉❧❛r✳ ■♥ t❤✐s ❧❛tt❡r ❝❛s❡✱ t❤❡ ❝♦♠♣❡♥s❛t✐♦♥ ❝❛❧❝✉❧❛t✐♦♥ ❜❡❝♦♠❡s ❞❡❧✐❝❛t❡✳ ❆
♥♦✈❡❧ ♠❡t❤♦❞ ♦❢ ♠♦❞❡❧✐♥❣ ❛♥❞ ❝♦♠♣❡♥s❛t✐♦♥ ✇❤✐❝❤ ❤❛♥❞❧❡s t❤❡s❡ ❝❤❛❧❧❡♥❣❡s ✐s t❤❡r❡❢♦r❡ ♣r♦✲
♣♦s❡❞ ✐♥ ♦✉r ✇♦r❦s✳ ❘❡❣❛r❞✐♥❣ t❤❡ ❝♦♠♣❡♥s❛t✐♦♥✱ t❤❡ ✐♥✈❡rs❡ ♠✉❧t✐♣❧✐❝❛t✐✈❡ str✉❝t✉r❡✱ ✇❤✐❝❤
✇❛s ❛❧r❡❛❞② ❡♠♣❧♦②❡❞ ❢♦r t❤❡ ❝r❡❡♣ ❝♦♠♣❡♥s❛t✐♦♥✱ ✐s ❛❣❛✐♥ ✈❡r② ✉s❡❢✉❧ ❤❡r❡✳ ❆s ✇❡ ✇✐❧❧ s❡❡✱ t❤✐s
str✉❝t✉r❡ ✇✐❧❧ ❣r❡❛t❧② ❡❛s❡ t❤❡ ❝♦♠♣❡♥s❛t♦r ❝❛❧❝✉❧❛t✐♦♥✳ ❚❤❡ ♣r♦♣♦s❡❞ ❝♦♠♣❡♥s❛t✐♦♥ str✉❝t✉r❡
✐ts❡❧❢ ✐s ✈❛❧✉❛❜❧❡ ❢♦r ❛♥② ❤②st❡r❡s✐s ❛♣♣r♦❛❝❤❡s ✭Pr❛♥❞t❧✲■s❤❧✐♥s❦✐✐✱ Pr❡✐s❛❝❤✱ ✳✳✳✮ ✉♥❞❡r t❤❡
❝♦♥❞✐t✐♦♥ t❤❛t t❤❡ ♠♦❞❡❧ ✐s r❡✇r✐t❛❜❧❡ ❛s✿
δ(t) = Γd (u(t), t) = ρdu(t) + Γ
o
d (u(t), t) ✭✹✳✶✺✮
❢♦r ❛ r❛t❡✲❞❡♣❡♥❞❡♥t ❤②st❡r❡s✐s✱ ❛♥❞
δ(t) = Γ (u(t)) = ρu(t) + Γo (u(t)) ✭✹✳✶✻✮
❢♦r ❛ r❛t❡✲✐♥❞❡♣❡♥❞❡♥t ❤②st❡r❡s✐s✳ ■♥ t❤❡ t✇♦ ❡q✉❛t✐♦♥s✱ ρd ✭r❡s♣✳ ρ✮ ✐s ✐♥✈❡rt✐❜❧❡ ❛♥❞ Γod
✭r❡s♣✳ Γo✮ ✐s ❢✉♥❝t✐♦♥ ♦❢ t❤❡ ✐♥✐t✐❛❧ ♠♦❞❡❧ Γd ✭r❡s♣✳ Γ✮✳
❆ ♠♦❞❡❧✐♥❣ ❛♥❞ ❛ ❝♦♠♣❡♥s❛t✐♦♥ s❝❤❡♠❡ ❜❛s❡❞ ♦♥ t❤✐s ♣r♦♣♦s❡❞ str✉❝t✉r❡ ❛♥❞ ♦♥ t❤❡ ✐♥✲
✈❡rs❡ ♠✉❧t✐♣❧✐❝❛t✐✈❡ str✉❝t✉r❡ ❤❛s ✜rst ❜❡❡♥ ❛♣♣❧✐❡❞ t♦ t❤❡ ❝❧❛ss✐❝❛❧ ❇♦✉❝✲❲❡♥ ♠♦❞❡❧ ✐♥ ♦✉r
♣❛♣❡rs ❬❇❈✺❪❬❏✶✷❪✱ ✇❤✐❝❤ ✐s ♠♦♥♦✈❛r✐❛❜❧❡✳ ❚❤❡♥✱ ✇❡ ❡①t❡♥❞❡❞ t❤✐s ✐♥t♦ ♠✉❧t✐✈❛r✐❛❜❧❡ ❝❧❛ss✐✲
❝❛❧ ❇♦✉❝✲❲❡♥ ♠♦❞❡❧✐♥❣ ❛♥❞ ❝♦♠♣❡♥s❛t✐♦♥ ❬❏✷✹❪❬❈✹✽❪✳ ❋✉rt❤❡r✱ ✇❡ ❛❣❛✐♥ ❡①t❡♥❞❡❞ t❤✐s ❧❛tt❡r
t♦ ♠✉❧t✐✈❛r✐❛❜❧❡ ❣❡♥❡r❛❧✐③❡❞ ❇♦✉❝✲❲❡♥ ♠♦❞❡❧✐♥❣ ❛♥❞ ❝♦♠♣❡♥s❛t✐♦♥ ❬❈✺✸❪ t♦ ❛❝❝♦✉♥t ❢♦r t❤❡
❛s②♠♠❡tr② ✐♥ ❤②st❡r❡s✐s✳ Pr✐♦r t♦ t❤❡s❡ ✇♦r❦s✱ ♥♦ ❝♦♠♣❡♥s❛t✐♦♥ st✉❞② ❡①✐st❡❞ ❢♦r t❤❡ ❇♦✉❝✲
❲❡♥ ❛♣♣r♦❛❝❤✱ ❡✈❡♥ ✐♥ ♠♦♥♦✈❛r✐❛❜❧❡ ❝❛s❡✳
■♥ ♣❛r❛❧❧❡❧✱ ✇❡ ❛❧s♦ ❛♣♣❧② t❤❡ ♠❡t❤♦❞ t♦ t❤❡ Pr❛♥❞t❧✲■s❤❧✐♥s❦✐✐ ❛♣♣r♦❛❝❤✳ ❋✐rst✱ ❛ ♥❡✇
❝♦♠♣❡♥s❛t✐♦♥ ❢♦r t❤❡ ❝❧❛ss✐❝❛❧ Pr❛♥❞t❧✲■s❤❧✐♥s❦✐✐ t❡❝❤♥✐q✉❡ ✇❛s ♣r♦♣♦s❡❞ ❜❛s❡❞ ♦♥ t❤❡ ✐♥✈❡rs❡
♠✉❧t✐♣❧❡ str✉❝t✉r❡ ❬❈✸✻❪✳ ❚❤❡♥✱ ✇❡ ❡①t❡♥❞❡❞ t❤✐s t♦ ♠✉❧t✐✈❛r✐❛❜❧❡ ❝❧❛ss✐❝❛❧ Pr❛♥❞t❧✲■s❤❧✐♥s❦✐✐
✾✺
♠♦❞❡❧✐♥❣ ❛♥❞ ❝♦♠♣❡♥s❛t✐♦♥✻✳ ❚❤❡ ❛♣♣❧✐❝❛t✐♦♥ t♦ ♦t❤❡r t❡❝❤♥✐q✉❡s ✭r❛t❡✲❞❡♣❡♥❞❡♥t P■✱ ❣❡♥❡r✲
❛❧✐③❡❞ P■✮ t❡❝❤♥✐q✉❡✱ ✐s ❛❧s♦ ❜❡✐♥❣ ✐♥✈❡st✐❣❛t❡❞✼✳
❙✐♥❝❡✱ t❤❡ ♣r♦♣♦s❡❞ str✉❝t✉r❡ ♦❢ ♠♦❞❡❧✐♥❣ ✭❊q✳ ✭✹✳✶✺✮ ❛♥❞ ❊q✳ ✭✹✳✶✻✮✮ ❛♥❞ t❤❡ ❝♦♠♣❡♥s❛t✐♦♥
✭✐♥✈❡rs❡ ♠✉❧t✐♣❧✐❝❛t✐✈❡ str✉❝t✉r❡✮ ✇❡r❡ ❡♠♣❧♦②❡❞ ❜② ❡①t❡r♥❛❧ r❡s❡❛r❝❤❡rs ❢♦r ♦t❤❡r ❤②st❡r❡s✐s
❛♣♣r♦❛❝❤✱ ❢♦r ❡①❛♠♣❧❡ ❢♦r t❤❡ Pr❡✐s❛❝❤ ❬✸✵✹❪✳
✹✳✸✳✷ ■♥✈❡rs❡ ♠✉❧t✐♣❧✐❝❛t✐✈❡ str✉❝t✉r❡ ❝♦♠❜✐♥❡❞ ✇✐t❤ ♠♦♥♦✈❛r✐❛❜❧❡ ❛♥❞ r❛t❡✲
✐♥❞❡♣❡♥❞❡♥t ❝❛s❡s
❋♦r t❤❡ ♠♦♥♦✈❛r✐❛❜❧❡ ❛♥❞ r❛t❡✲✐♥❞❡♣❡♥❞❡♥t ❝❛s❡✱ ✐❢ ✇❡ ❝❛♥ r❡❛rr❛♥❣❡ ❛ ❤②st❡r❡s✐s ♠♦❞❡❧ t♦ ❤❛✈❡
t❤❡ str✉❝t✉r❡ ✐♥ ❊q✳ ✭✹✳✶✻✮✱ ✇❡ ❝❛♥ ❝❛❧❝✉❧❛t❡ ❛ ❤②st❡r❡s✐s ❝♦♠♣❡♥s❛t♦r ✇✐t❤ ✇❤✐❝❤ t❤❡ ♦✉t♣✉t
δ ♠❡❡ts t❤❡ r❡❢❡r❡♥❝❡ ✐♥♣✉t δr ✭δ(t) = δr(t)✱ ❢♦r t > t1 ❛♥❞ t1 ≥ 0✮ ❛s ❢♦❧❧♦✇s ❬❇❈✺❪❬❏✶✷❪❬❈✸✻❪✿
u(t) =
1
ρ
(δr(t)− Γ
o (u(t))) ✭✹✳✶✼✮
❚❤❡ ❜❧♦❝❦ ❞✐❛❣r❛♠ ♦❢ t❤✐s ❝♦♠♣❡♥s❛t♦r ❤❛s t❤❡ s❛♠❡ str✉❝t✉r❡ t❤❛♥ ❢♦r t❤❡ ❝r❡❡♣ ❛s ❞❡♣✐❝t❡❞
✐♥ ❋✐❣✳ ✹✳✸✲❛✳ ❚❤✐s str✉❝t✉r❡ ✐s ❛♥ ✐♥✈❡rs❡ ♠✉❧t✐♣❧✐❝❛t✐✈❡ str✉❝t✉r❡ ✇✐t❤ ❛ ♥♦♥❧✐♥❡❛r ✭❧♦❝❛❧✮
❢❡❡❞❜❛❝❦ ✇❤✐❝❤ ✐s Γo (u(t))✱ ❝♦♥tr❛r② t♦ t❤❡ ❝r❡❡♣ ✇❤✐❝❤ ✐s ❛ ❧✐♥❡❛r ❢❡❡❞❜❛❝❦✳ ❚❤❡ ❝♦♠♣❡♥s❛t♦r
✐s ❛ r❡❛rr❛♥❣❡♠❡♥t ♦❢ t❤❡ ✐♥✐t✐❛❧ ♠♦❞❡❧✳ ❆s s♦♦♥ ❛s t❤❡ ♠♦❞❡❧ ✐s ✐❞❡♥t✐✜❡❞✱ t❤❡ ❝♦♠♣❡♥s❛t♦r
✐s ❛❧s♦ ♦❜t❛✐♥❡❞✳ ❚❤✐s ✐s ❛ ❣r❡❛t ❛❞✈❛♥t❛❣❡ ❜❡❝❛✉s❡ t❤❡r❡ ✐s ♥♦ ♥❡❡❞ t♦ ❡①tr❛❝❛❧❝✉❧❛t❡ t❤❡
❝♦♠♣❡♥s❛t♦r ♣❛r❛♠❡t❡rs✳
✹✳✸✳✷✳✶ ❆♣♣❧✐❝❛t✐♦♥ t♦ t❤❡ ❝❧❛ss✐❝❛❧ ❇♦✉❝✲❲❡♥ ♠♦❞❡❧
❚❤❡ ❇♦✉❝ ♠♦❞❡❧ ♦❢ ❤②st❡r❡s✐s ❬✸✵✺❪ ✲ ❢✉rt❤❡r ♠♦❞✐✜❡❞ ❜② ❲❡♥ ❬✸✵✻❪ ✲ ✇❛s ✐♥✐t✐❛❧❧② ✉s❡❞ ❢♦r
♥♦♥❧✐♥❡❛r ✈✐❜r❛t✐♦♥❛❧ ♠❡❝❤❛♥✐❝s ❬✸✵✼❀ ✸✵✽❪✳ ❚❤❡ ❇♦✉❝✲❲❡♥ ♠♦❞❡❧ ❤❛s ❛♥ ✐♥t❡r❡st✐♥❣ s✐♠♣❧✐❝✐t②
❛♥❞ ✐s ❛❜❧❡ t♦ r❡♣r❡s❡♥t ❛ ❧❛r❣❡ ❝❧❛ss ♦❢ ❤②st❡r❡s✐s✳ ■t ✐s ❜❛s❡❞ ♦♥ ❛ st❛t❡ ✈❛r✐❛❜❧❡ h✳ ❚❤❡ ❝❧❛ss✐❝❛❧
❇♦✉❝✲❲❡♥ ♠♦❞❡❧ t❤❛t ✐s ❛❞❛♣t❡❞ ❢♦r ♣✐❡③♦❡❧❡❝tr✐❝ ❛❝t✉❛t♦rs ❬✸✵✾❪ ✐s✿{
δ(t) = dpu(t)− h(t), δ(t0) = y0
dh
dt = Abw
du
dt −Bbw
∣∣du
dt
∣∣h−Gbw dudt |h| , h(t0) = h0 ✭✹✳✶✽✮
✇❤❡r❡ Abw ❝♦♥tr♦❧s t❤❡ r❡st♦r✐♥❣ ❢♦r❝❡ ❛♠♣❧✐t✉❞❡✱ Bbw ❛♥❞ Gbw ❝♦♥tr♦❧ t❤❡ s❤❛♣❡ ♦❢ t❤❡
❤②st❡r❡s✐s ❧♦♦♣✳ P❛r❛♠❡t❡r dp r❡♣r❡s❡♥ts t❤❡ ♣✐❡③♦❡❧❡❝tr✐❝ ❝♦❡✣❝✐❡♥t ❛♥❞ ✐s str✐❝t❧② ♣♦s✐t✐✈❡✳
❚❤✐s ♠♦❞❡❧ ✐s ✈❛❧✐❞ ❢♦r r❛t❡✲✐♥❞❡♣❡♥❞❡♥t ❛♥❞ s②♠♠❡tr✐❝❛❧ ♠♦♥♦✈❛r✐❛❜❧❡ ❤②st❡r❡s✐s✳ ❚❤❡ ✜rst
❡q✉❛t✐♦♥ ✐s t❤❡ ♦✉t♣✉t ❡q✉❛t✐♦♥ ❛♥❞ t❤❡ s❡❝♦♥❞ ❡q✉❛t✐♦♥ ✭♥♦♥❧✐♥❡❛r ❛♥❞ ❞✐✛❡r❡♥t✐❛❧✮ ✐s t❤❡
❤②st❡r❡s✐s st❛t❡ ❡q✉❛t✐♦♥✳ ▼❛♥② ✇♦r❦s r❡♣♦rt❡❞ ♦♥ t❤❡ ✐❞❡♥t✐✜❝❛t✐♦♥ ♣r♦❝❡❞✉r❡ ♦❢ t❤❡s❡ ❝♦❡✣✲
❝✐❡♥ts ❬✸✶✵❀ ✸✶✶❪✳ ❚❤✐s ♠♦❞❡❧ ❝❛♥ ❜❡ r❡✇r✐tt❡♥ t♦ ❤❛✈❡ t❤❡ s❛♠❡ str✉❝t✉r❡ t❤❛♥ ✐♥ ❊q✳ ✭✹✳✶✻✮✱
t❤❛t ✐s ❬❏✶✷❪✿
✻ ❚❤❡ r❡s✉❧ts ♦♥ t❤❡ ♠♦❞❡❧✐♥❣ ❛♥❞ ❝♦♠♣❡♥s❛t✐♦♥ ♦❢ ♠✉❧t✐✈❛r✐❛❜❧❡ ❝❧❛ss✐❝❛❧ Pr❛♥❞t❧✲■s❤❧✐♥s❦✐✐ t❡❝❤♥✐q✉❡ ❤❛✈❡
❜❡❡♥ s✉❜♠✐tt❡❞ ❛t ■❊❊❊ ❚r❛♥s❛❝t✐♦♥s ♦♥ ❈♦♥tr♦❧ ❙②st❡♠s ❚❡❝❤♥♦❧♦❣② ✐♥ ❏✉❧② ✷✵✶✹✳
✼❚❤❡ r❡s✉❧ts ♦♥ ✐♥✈❡rs❡ ♠✉❧t✐♣❧✐❝❛t✐✈❡ str✉❝t✉r❡ ❜❛s❡❞ ❝♦♠♣❡♥s❛t✐♦♥ ♦❢ r❛t❡✲❞❡♣❡♥❞❡♥t Pr❛♥❞t❧✲■s❤❧✐♥s❦✐✐
t❡❝❤♥✐q✉❡ ❤❛✈❡ ❜❡❡♥ s✉❜♠✐tt❡❞ ❛t ■❊❊❊✴❆❙▼❊ ❚r❛♥s❛❝t✐♦♥s ♦♥ ▼❡❝❤❛tr♦♥✐❝s ✐♥ ❙❡♣t❡♠❜❡r ✷✵✶✹✳
✾✻
δ(t) = dpu(t)−H(u(t)) ✭✹✳✶✾✮
✇❤❡r❡ H(u(t)) ✐s ❛ ♥♦♥❧✐♥❡❛r ♦♣❡r❛t♦r t❤❛t ❞❡s❝r✐❜❡s t❤❡ st❛t❡ h(t)✱ ✐✳❡✳ h(t) = H(u(t))✳
❚❤✐s ♦♣❡r❛t♦r ✐s ❝❤❛r❛❝t❡r✐③❡❞ ❜② t❤❡ s❡❝♦♥❞ ❡q✉❛t✐♦♥ ♦❢ ❊q✳ ✭✹✳✶✽✮✳
❍❛✈✐♥❣ t❤❡ ♠♦❞❡❧ ❊q✳ ✭✹✳✶✾✮✱ ✇❡ ❡❛s✐❧② ❞❡r✐✈❡ t❤❡ ❝♦♠♣❡♥s❛t♦r ❜❛s❡❞ ♦♥ t❤❡ ✐♥✈❡rs❡ ♠✉❧✲
t✐♣❧✐❝❛t✐✈❡ str✉❝t✉r❡ ✐♥ ❊q✳ ✭✹✳✶✼✮ ❬❇❈✺❪❬❏✶✷❪✿
u(t) =
1
dp
(δr(t) +H(u(t))) ✭✹✳✷✵✮
✹✳✸✳✷✳✷ ❆♣♣❧✐❝❛t✐♦♥ t♦ t❤❡ ❝❧❛ss✐❝❛❧ Pr❛♥❞t❧✲■s❤❧✐♥s❦✐✐ t❡❝❤♥✐q✉❡
❆ ❝❧❛ss✐❝❛❧ Pr❛♥❞t❧✲■s❤❧✐♥s❦✐✐ ♠♦❞❡❧ ♦❢ ❤②st❡r❡s✐s Γ (u(t)) ✐s ❜❛s❡❞ ♦♥ t❤❡ s✉♣❡r♣♦s✐t✐♦♥ ♦❢ nh
❡❧❡♠❡♥t❛r② ❤②st❡r❡s✐s ❝❛❧❧❡❞ ❤②st❡r♦♥s✳ ❚❤❡ ❤②st❡r♦♥ ✐ts❡❧❢ ✐s t❤❡ ♣❧❛②✲♦♣❡r❛t♦r✱ ❛❧s♦ ❝❛❧❧❡❞
❜❛❝❦❧❛s❤✱ t❤❛t ✇❡ ❞❡♥♦t❡ γ (u(t)) ❛♥❞ ✇❤✐❝❤ ✐s ❞❡✜♥❡❞ ❜②✿
δ(t) = γ (u(t)) = max {u(t)− r,min {u(t) + r, δ(t− Ts)}} ✭✹✳✷✶✮
✇❤❡r❡ Ts ✐s t❤❡ s❛♠♣❧✐♥❣ ♣❡r✐♦❞ ❛♥❞ δ(t−Ts) ✐s t❤❡ ♦✉t♣✉t ♦❢ t❤❡ ❜❛❝❦❧❛s❤ ❛t t❤❡ ♣r❡✈✐♦✉s
s❛♠♣❧✐♥❣ t✐♠❡✳ ❚❤❡ t❤r❡s❤♦❧❞ ♦❢ t❤❡ ❜❛❝❦❧❛s❤ ✐s ❣✐✈❡♥ ❜② r✳
❚❤❡ ❝❧❛ss✐❝❛❧ Pr❛♥❞t❧✲■s❤❧✐♥s❦✐✐ ♠♦❞❡❧ ♦❢ ❤②st❡r❡s✐s ✐s t❤❡r❡❢♦r❡ ❬✼✶❪✿
δ(t) = Γ (u(t)) =
nh∑
k=1
wkγk (u(t)) =
nh∑
k=1
wkmax {u(t)− rk,min {u(t) + rk, δek(t− Ts)}}
✭✹✳✷✷✮
✇❤❡r❡ wk ✐s t❤❡ ✇❡✐❣❤t✐♥❣s ✭♦r s❧♦♣❡✮✱ rk t❤❡ t❤r❡s❤♦❧❞ ❛♥❞ δek t❤❡ ❡❧❡♠❡♥t❛r② ♦✉♣✉t ♦❢ t❤❡
kth ❜❛❝❦❧❛s❤✳ ❲❡ ❤❛✈❡✿ 0 ≤ r1 ≤ r2 ≤ · · · ≤ rk✱ ❛♥❞ wk > 0✳ ❚❤❡ ✐❞❡♥t✐✜❝❛t✐♦♥ ♣r♦❝❡❞✉r❡ ♦❢
t❤❡ ♣❛r❛♠❡t❡rs wk ❛♥❞ rk ❝❛♥ ❜❡ ❞♦♥❡ ✇✐t❤ t❤❡ ❧❡❛st✲sq✉❛r❡ ♠❡t❤♦❞ ❬✷✾✺❪ ♦r ❜② ❝❧♦s❡❞✲❢♦r♠
❢♦r♠✉❧❛ ❬✷✽✽❪❬❏✼❪✳
❚♦ ❝♦♠♣❡♥s❛t❡ ❢♦r ❛ ❤②st❡r❡s✐s ♠♦❞❡❧❡❞ ❜② t❤❡ ❝❧❛ss✐❝❛❧ Pr❛♥❞t❧✲■s❤❧✐♥s❦✐✐ t❡❝❤♥✐q✉❡✱ t❤❡ ❡①✲
✐st✐♥❣ t❡❝❤♥✐q✉❡ ❝♦♥s✐sts ✐♥ ❝❛s❝❛❞✐♥❣ ✇✐t❤ t❤❡ ♣❧❛♥t ❛♥♦t❤❡r ❝❧❛ss✐❝❛❧ Pr❛♥❞t❧✲■s❤❧✐♥s❦✐✐ ♠♦❞❡❧
❬✷✽✽❪✳ ❚♦ ♦❜t❛✐♥ t❤❡ ❝♦♠♣❡♥s❛t✐♦♥ ❝♦♥❞✐t✐♦♥ δ(t) = δr(t) ❢♦r t > t1 ✭✇✐t❤ t1 ≥ 0✮✱ t❤❡ ❤②st❡r❡✲
s✐s ♦❢ t❤❡ ❝♦♠♣❡♥s❛t♦r ✐s t❛❦❡♥ ❛s s②♠♠❡tr✐❝❛❧ ✇✐t❤ t❤❡ ❤②st❡r❡s✐s ♦❢ t❤❡ ✐♥✐t✐❛❧ ♠♦❞❡❧ r❡❧❛t✐✈❡
t❤❡ ✉♥✐t❛r② str❛✐❣❤t❧✐♥❡✳ ❆ ❝❧♦s❡❞ ❢♦r♠ ❢♦r♠✉❧❛ ❜❛s❡❞ ♦♥ t❤✐s s②♠♠❡tr② ♣❡r♠✐ts ❛❢t❡r✇❛r❞s t♦
❝❛❧❝✉❧❛t❡ t❤❡ ♣❛r❛♠❡t❡rs ✭t❤r❡s❤♦❧❞s ❛♥❞ ✇❡✐❣❤t✐♥❣s✮ ♦❢ t❤❡ ❝♦♠♣❡♥s❛t♦r✳
❆♥ ❛❧t❡r♥❛t✐✈❡ ✇❛② t♦ t❤✐s ❡①✐st✐♥❣ ❝♦♠♣❡♥s❛t♦r ✐s ❜❛s❡❞ ♦♥ t❤❡ ✐♥✈❡rs❡ ♠✉❧t✐♣❧✐❝❛t✐✈❡
str✉❝t✉r❡✱ ❛s ✇❡ ♣r♦♣♦s❡ ✐♥ ❊q✳ ✭✹✳✶✼✮✳ ❚❤✐s r❡q✉✐r❡s t❤❛t t❤❡ ♠♦❞❡❧ ❊q✳ ✭✹✳✷✷✮ ❜❡ r❡❛rr❛♥❣❡❞
t♦ ❤❛✈❡ t❤❡ s❛♠❡ str✉❝t✉r❡ t❤❛♥ ❊q✳ ✭✹✳✶✻✮✳ ❲❡ ❤❛✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦♣♦s✐t✐♦♥✿
✾✼
Pr♦♣♦s✐t✐♦♥ ✹✳✸✳✶✳ ❚❤❡ ❝❧❛ss✐❝❛❧ Pr❛♥❞t❧✲■s❤❧✐♥s❦✐✐ ♠♦❞❡❧ ✐♥ ❊q✳ ✭✹✳✷✷✮ ✐s ❡q✉✐✈❛❧❡♥t t♦✿
δ(t) = −u(t) +
nh∑
k=0
wk ·max {u(t)− rk,min {u(t) + rk, δek(t− Ts)}}
✇✐t❤ r0 = 0 ❛♥❞ w0 = 1✳
Pr♦♦❢✳ ❙❡❡ ❬❈✸✻❪✳
❲❡ ❤❛✈❡ t❤❡r❡❢♦r❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ❝♦♠♣❡♥s❛t♦r ✇❤✐❝❤ ✐s ❤❛s ❛♥ ✐♥✈❡rs❡ ♠✉❧t✐♣❧✐❝❛t✐✈❡ str✉❝✲
t✉r❡✳
❚❤❡♦r❡♠ ✹✳✸✳✶✳ ❘❡❝♦♥s✐❞❡r t❤❡ ❝❧❛ss✐❝❛❧ Pr❛♥❞t❧✲■s❤❧✐♥s❦✐✐ ❤②st❡r❡s✐s ♠♦❞❡❧ ✐♥ ❊q✳ ✭✹✳✷✷✮
✇❤✐❝❤ ✐s r❡✇r✐t❛❜❧❡ ❧✐❦❡ ✐♥ Pr♦♣♦s✐t✐♦♥✳ ✹✳✸✳✶✳ ❚❤❡ ❢♦❧❧♦✇✐♥❣ ❝♦♥tr♦❧ ❧❛✇✿
u(t) =
n∑
k=0
wk ·max {u(t− T )− ri,min {u(t− Ts) + rk, δek(t− 2Ts)}} − δr(t)
②✐❡❧❞s
∂δ
∂δr
≃ 1
❛♥❞ t❤❡r❡❢♦r❡ r❡s✉❧ts ✐♥ t❤❡ ✭❛♣♣r♦①✐♠❛t❡✮ ❝♦♠♣❡♥s❛t✐♦♥ ♦❢ t❤❡ ❤②st❡r❡s✐s✳
Pr♦♦❢✳ ❙❡❡ ❬❈✸✻❪✳
▲❡t ✉s r❡✇r✐t❡ t❤❡ ❝♦♠♣❡♥s❛t♦r ✐♥ ❚❤❡♦r❡♠✳ ✹✳✸✳✶ t♦ ❜❡ ✐♥ ❢✉♥❝t✐♦♥ ♦❢ t❤❡ ✐♥✐t✐❛❧ ♠♦❞❡❧
❊q✳ ✭✹✳✷✷✮✿
u(t) = δr(t) + u(t− Ts)−
nh∑
k=1
wkmax {u(t− Ts)− rk,min {u(t− Ts) + rk, δk(t− 2Ts)}}
= δr(t) + u(t− Ts)− Γ (u(t− Ts))
✭✹✳✷✸✮
✇❤✐❝❤ ❤❛s t❤❡ s❛♠❡ str✉❝t✉r❡ t❤❛♥ ❊q✳ ✭✹✳✶✼✮✱ ✇✐t❤ ρ = 1 ❛♥❞ Γo (u(t)) = u(t − Ts) −
Γ (u(t− Ts))✳ ❆❣❛✐♥ t❤❡ ❝♦♠♣❡♥s❛t♦r ✐s ❛ r❡❛rr❛♥❣❡♠❡♥t ♦❢ t❤❡ ✐♥✐t✐❛❧ ♠♦❞❡❧✱ ❛t ❛ ♦♥❡ s❛♠♣❧✐♥❣
♣❡r✐♦❞ ❞❡❧❛②✳ ❚❤❡ ❛❞✈❛♥t❛❣❡ ♦❢ t❤✐s ❝♦♠♣❡♥s❛t♦r ❝♦♠♣❛r❡❞ t♦ t❤❡ ♠❡t❤♦❞ ✐♥ ❬✷✽✽❪ ✐s t❤❡ ♥♦
♥❡❡❞ ♦❢ ❡①tr❛ ❝❛❧❝✉❧❛t✐♦♥ ♦❢ t❤❡ ❝♦♠♣❡♥s❛t♦r✳ ❚❤✐s ❛❞✈❛♥t❛❣❡ ✐s ❤✐❣❤❧② ❛♣♣r❡❝✐❛t❡❞ ✇❤❡♥ ✇❡
❡①t❡♥❞ t❤❡ t❡❝❤♥✐q✉❡ t♦ ♠✉❧t✐✈❛r✐❛❜❧❡ ❤②st❡r❡s✐s✳
✹✳✸✳✸ ■♥✈❡rs❡ ♠✉❧t✐♣❧✐❝❛t✐✈❡ str✉❝t✉r❡ ❝♦♠❜✐♥❡❞ ✇✐t❤ ♠✉❧t✐✈❛r✐❛❜❧❡ ❛♥❞ r❛t❡✲
✐♥❞❡♣❡♥❞❡♥t ❤②st❡r❡s✐s
❋✐rst ✇❡ ♣r♦✈✐❞❡ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ ♠✉❧t✐✈❛r✐❛❜❧❡ r❛t❡✲✐♥❞❡♣❡♥❞❡♥t ❤②st❡r❡s✐s ❬❇✹❪✳
❉❡✜♥✐t✐♦♥ ✹✳✸✳✶✳ ❆ ♠✉❧t✐✈❛r✐❛❜❧❡ r❛t❡✲✐♥❞❡♣❡♥❞❡♥t ❤②st❡r❡s✐s Γ (u(t)) ✐s ❛♥ ♦♣❡r❛t♦r t❤❛t
❤❛s ❛ ✈❡❝t♦r ♦❢ ✐♥♣✉ts u(t) =
(
u1(t) u2(t) · · · um(t)
)T
❛♥❞ ❛ ✈❡❝t♦r ♦❢ ♦✉t♣✉ts δ(t) =(
δ1(t) δ2(t) · · · δp(t)
)T
s✉❝❤ t❤❛t
✾✽
δ(t) = Γ (u(t)) ⇔


δ1(t)
δ2(t)
✳✳✳
δp(t)

 =


Γ1 (u1(t), u2(t), · · · , um(t))
Γ2 (u1(t), u2(t), · · · , um(t))
✳✳✳
Γp (u1(t), u2(t), · · · , um(t))


✇❤❡r❡ ❡❛❝❤ ♦❢ t❤❡ ♦♣❡r❛t♦rs Γi (u(t))✱ i = 1 · · · p✱ ❛r❡ ❡✐t❤❡r ❤②st❡r❡s✐s ♦r ❛✣♥❡
✽✳
❙✐♠✐❧❛r❧② t♦ t❤❡ ❝r❡❡♣✱ ❧❡t ✉s ❛ss✉♠❡ t❤❛t t❤❡ ❝r♦ss✲❝♦✉♣❧✐♥❣s ❛r❡ ❛❞❞✐t✐✈❡✳ ❚❤❡ ♠♦❞❡❧ ✐♥
❉❡✜♥✐t✐♦♥✳ ✹✳✸✳✶ ❜❡❝♦♠❡s✿
δ(t) =


δ1(t)
δ2(t)
✳✳✳
δp(t)

 = Γ (u(t)) =


m∑
j=1
Γ1j (uj(t))
m∑
j=1
Γ2j (uj(t))
✳✳✳
m∑
j=1
Γpj (uj(t))


✭✹✳✷✹✮
❚❤❡ r❡✇r✐t✐♥❣ ♦❢ t❤❡ ♠♦❞❡❧ ❊q✳ ✭✹✳✷✹✮ t♦ ♠❛t❝❤ ✇✐t❤ t❤❡ str✉❝t✉r❡ ✐♥ ❊q✳ ✭✹✳✶✻✮ ②✐❡❧❞s ❛
♠❛tr✐① ρ ∈ Rp×m ❛♥❞ ❛ ✈❡❝t♦r Γo (u(t)) =
(
Γo1 (u(t)) Γ
o
2 (u(t)) · · · Γ
o
p (u(t))
)T ✳
❋♦r sq✉❛r❡ s②st❡♠s ✭m = p✮✱ ρ ✐s ❛ss✉♠❡❞ t♦ ❜❡ ♥♦♥s✐♥❣✉❧❛r✳ ■♥ ❢❛❝t✱ ❞✉r✐♥❣ t❤❡ ❛❝t✉❛t♦r ♦r
s②st❡♠ ❞❡s✐❣♥✱ t❤❡ ❞❡s✐❣♥❡r ✇✐❧❧ ❞♦ s✉❝❤ t❤❛t ❡❛❝❤ ✐♥♣✉t ui ✇✐❧❧ ❞r✐✈❡ ❛♥ ♦✉t♣✉t δi✳ ■♥ t❤❡ ✐❞❡❛❧
❝❛s❡ ✇❤❡r❡ ♥♦ ❝r♦ss✲❝♦✉♣❧✐♥❣s ❡①✐st✱ t❤✐s ♠❛tr✐① ✐s ❞✐❛❣♦♥❛❧ ✇✐t❤ ♥♦♥✲♥✉❧❧ ❝♦♠♣♦♥❡♥ts✳ ■♥ t❤❡
r❡❛❧ ❝❛s❡✱ t❤❡ s②st❡♠ ❡①❤✐❜✐ts ❝r♦ss✲❝♦✉♣❧✐♥❣s✳ ❚❤❡ ♦♥❧② s✐t✉❛t✐♦♥ ✐♥ ✇❤✐❝❤ ρ ✐s s✐♥❣✉❧❛r ✐s t❤❛t
❛❧❧ ❝r♦ss✲❝♦✉♣❧✐♥❣s ✐♥ ♦♥❡ ❛①✐s i ❝❛✉s❡❞ ❜② ❛❧❧ ✐♥♣✉ts uj ✭j = 1 · · ·m ❛♥❞ j 6= i✮ ❝♦♠♣❡♥s❛t❡ ❢♦r
t❤❡ ❞✐r❡❝t tr❛♥s❢❡r ❢r♦♠ ui✳ ❚❤✐s ❝❛s❡ ✐s ✈❡r② r❛r❡ ❛♥❞ ✐♥ ❣❡♥❡r❛❧ t❤❡ ❞❡s✐❣♥❡rs ✇✐❧❧ ♥♦t ❛❧❧♦✇
s✉❝❤ ❝❛s❡✳ ❋♦r ♥♦♥sq✉❛r❡ s②st❡♠s ✭m 6= p✮✱ ✇❤✐❝❤ st❛♥❞s ❢♦r ♦✈❡r ♦r ✉♥❞❡r❛❝t✉❛t❡❞ s②st❡♠s✱
✇❡ ❛ss✉♠❡ t❤❛t rank(ρ) = min{p,m}✳
❲❤❡♥ t❤❡ ♥✉♠❜❡r ♦❢ ❞❡❣r❡❡s ♦❢ ❢r❡❡❞♦♠ ♦❢ t❤❡ s②st❡♠s ♦r ♦❢ t❤❡ ❛❝t✉❛t♦rs ✐♥❝r❡❛s❡s✱ t❤❡
♥✉♠❜❡r ♦❢ ♣❛r❛♠❡t❡rs ♦❢ t❤❡ ♠♦❞❡❧ Γ (u(t)) = ρ+Γo (u(t)) s✉❜st❛♥t✐❛❧❧② ✐♥❝r❡❛s❡s✳ ❋♦r ✐♥st❛♥❝❡✱
✐❢ ✇❡ ❡①t❡♥❞ t❤❡ ❝❧❛ss✐❝❛❧ Pr❛♥❞t❧✲■s❤❧✐♥s❦✐✐ ♠♦❞❡❧ ❡①t❡♥❞❡❞ ✐♥t♦ ♠✉❧t✐✈❛r✐❛❜❧❡ ✇✐t❤ m ✐♥♣✉ts
❛♥❞ p ♦✉t♣✉ts ❛♥❞ ✇❤❡r❡ ❡❛❝❤ ♦❢ t❤❡ ♦♣❡r❛t♦r Γij ✭i = 1 · · · p ❛♥❞ j = 1 · · ·m✮ ♦❢ t❤❡ ❊q✳ ✭✹✳✷✹✮
❤❛s nij ❜❛❝❦❧❛s❤❡s✱ t❤❡ t♦t❛❧ ♥✉♠❜❡r ♦❢ ♣❛r❛♠❡t❡rs t♦ ❜❡ ✐❞❡♥t✐✜❡❞ ✐s✿
2×

 p∑
i=1
m∑
j=1
nij

 ✭✹✳✷✺✮
✇❤❡r❡ t❤❡r❡ ❛r❡
p∑
i=1
m∑
j=1
nij ✇❡✐❣❤t✐♥❣s ❛♥❞
p∑
i=1
m∑
j=1
nij t❤r❡s❤♦❧❞s✳ ■❢ t❤❡ ♥✉♠❜❡r ♦❢ ❤②st❡r♦♥s
♦❢ ❡❛❝❤ ❝♦♠♣♦♥❡♥t Γij (uj(t)) ✐s t❤❡ s❛♠❡ ❛♥❞ ❡q✉❛❧ t♦ nh✱ ✇❡ ❤❛✈❡ ❊q✳ ✭✹✳✷✺✮ ❡q✉❛❧ t♦✿
✽■t ✐s ✇♦rt❤ t♦ ♥♦t✐❝❡ t❤❛t ❛✣♥❡✱ ❛♥❞ ❝♦♥s❡q✉❡♥t❧② ❧✐♥❡❛r✱ ♠♦❞❡❧s ❛r❡ ♣❛rt✐❝✉❧❛r ❝❛s❡s ♦❢ ❛❧♠♦st ❛❧❧ ❤②st❡r❡s✐s
♠♦❞❡❧s✳
✾✾
2× p×m× nh ✭✹✳✷✻✮
■❢ ✐❞❡♥t✐❢②✐♥❣ t❤❡ ♠♦❞❡❧ ♣❛r❛♠❡t❡rs ✐s ❛♥ ✐♥❡✈✐t❛❜❧❡ st❡♣✱ ✇❡ ❝❛♥ ❛✈♦✐❞ ♦r ❧❡ss❡♥ t❤❡ ❝❛❧✲
❝✉❧❛t✐♦♥ ♦❢ t❤❡ ❝♦♠♣❡♥s❛t♦r ♣❛r❛♠❡t❡rs✳ ❚❤✐s ✐s ✇❤❛t t❤❡ ✐♥✈❡rs❡ ♠✉❧t✐♣❧✐❝❛t✐✈❡ str✉❝t✉r❡❞
❝♦♠♣❡♥s❛t♦r ❛❧s♦ ❜r✐♥❣s✳ ❆s s♦♦♥ ❛s t❤❡ ♠✉❧t✐✈❛r✐❛❜❧❡ ♠♦❞❡❧ ✐s ❦♥♦✇♥ ❛♥❞ ✐❞❡♥t✐✜❡❞✱ t❤❡
❝♦♠♣❡♥s❛t♦r ✐s ②✐❡❧❞❡❞ ❜② r❡str✉❝t✉r✐♥❣ t❤✐s✳ ▲❡ss❡♥✐♥❣ t❤❡ ❝❛❧❝✉❧❛t✐♦♥ ✇✐❧❧ r❡❞✉❝❡s t❤❡ t✐♠❡
s♣❡♥t✱ t❤❡ r✐s❦ ♦❢ ❡rr♦rs ❛♥❞ t❤❡ ❝♦♠♣❧❡①✐t② ♦❢ t❤❡ t❡❝❤♥✐q✉❡✳ ❘❡❣❛r❞✐♥❣ t❤❡ ✐❞❡♥t✐✜❝❛t✐♦♥
♣r♦❝❡❞✉r❡ ♦❢ t❤❡ ✐♥✐t✐❛❧ ♠♦❞❡❧ ✐ts❡❧❢✱ t❤❡ st❡♣s ❛r❡ s✐♠✐❧❛r t♦ t❤❛t ♦❢ t❤❡ ♠✉❧t✐✈❛r✐❛❜❧❡ ❝r❡❡♣✱
❜✉t ❛ s✐♥❡ ✐♥♣✉t ✈♦❧t❛❣❡ ✐s ❛♣♣❧✐❡❞ ✐♥st❡❛❞ ♦❢ ❛ st❡♣✳
❲❤❡♥ t❤❡ ♠✉❧t✐✈❛r✐❛❜❧❡ ♠♦❞❡❧ ♣❛r❛♠❡t❡rs ❛r❡ ✐❞❡♥t✐✜❡❞✱ t❤❡ ♠✉❧t✐✈❛r✐❛❜❧❡ ❝♦♠♣❡♥s❛t♦r
❜❛s❡❞ ♦♥t t❤❡ ✐♥✈❡rs❡ ♠✉❧t✐♣❧✐❝❛t✐✈❡ str✉❝t✉r❡ ✇✐t❤ ✇❤✐❝❤ t❤❡ ♦✉t♣✉t δ ♠❡❡ts t❤❡ r❡❢❡r❡♥❝❡ δr
✐s ❞❡r✐✈❡❞✿
u(t) = ρ+ (δr(t)− Γ
o (u(t))) ✭✹✳✷✼✮
❚❤✐s ❛❜♦✈❡ ♠❡t❤♦❞ ♠✉❧t✐✈❛r✐❛❜❧❡ ♠♦❞❡❧✐♥❣ ❛♥❞ ❝♦♠♣❡♥s❛t✐♦♥ ❤❛✈❡ ❜❡❡♥ ❛♣♣❧✐❡❞ t♦ ❡①t❡♥❞
t❤❡ ❝❧❛ss✐❝❛❧ ❇♦✉❝✲❲❡♥ t❡❝❤♥✐q✉❡ ❛♥❞ t❤❡ ❝❧❛ss✐❝❛❧ Pr❛♥❞t❧✲■s❤❧✐♥s❦✐✐ t❡❝❤♥✐q✉❡✳ ❚❤❡② ✇✐❧❧ ❜❡
r❡♠✐♥❞❡❞ ❜❡❧♦✇✳
✹✳✸✳✸✳✶ ❊①t❡♥s✐♦♥ ♦❢ t❤❡ ❝❧❛ss✐❝❛❧ ❇♦✉❝✲❲❡♥ t❡❝❤♥✐q✉❡
❚❤❡ ✇♦r❦s ❤❡r❡ ❛r❡ ❞❡t❛✐❧❡❞ ✐♥ ❬❏✷✹❪❬❈✹✽❪✳
❚❤❡ ♣r♦♣♦s❡❞ ♠✉❧t✐✈❛r✐❛❜❧❡ ❝❧❛ss✐❝❛❧ ❇♦✉❝✲❲❡♥ ♠♦❞❡❧ ✐s✿{
δ(t) = dpu(t)− h(t)
dh
dt = Abw
du
dt −Bbw
(∣∣du¯
dt
∣∣ ◦ h¯)−Gbw (du¯dt ◦ ∣∣h¯∣∣) ✭✹✳✷✽✮
✇❤❡r❡ i = 1 · · · p ❛♥❞ j = 1 · · ·m✱ ❛♥❞ ✇❤❡r❡ t❤❡ ♠❛tr✐❝❡s ❛r❡
dp = (dpij) ; Abw = (Abwij) ; Bbw = (Bbwij) ; Gbw = (Gbwij) ✭✹✳✷✾✮
✇✐t❤✾
✾[O]k×l ✐s t❤❡ ♠❛tr✐① ♦❢ ③❡r♦ ✇✐t❤ ❞✐♠❡♥s✐♦♥ ♦❢✿ k × l✳
✶✵✵
if p > m
u¯ =
(
u
[0](p−m)×1
)
h¯ = h
if p < m
h¯ =
(
u
[0](m−p)×1
)
u¯ = u
if p = m
u¯ = u
h¯ = h
endif
✭✹✳✸✵✮
❚❤✐s ♠✉❧t✐✈❛r✐❛❜❧❡ ❝❧❛ss✐❝❛❧ ❇♦✉❝✲❲❡♥ ♠♦❞❡❧ ❛❧r❡❛❞② ❤❛s t❤❡ ♠♦❞❡❧ str✉❝t✉r❡ ✐♥ ❊q✳ ✭✹✳✶✻✮✱
✐♥ ✇❤✐❝❤ ρ = dp ❛♥❞ Γo (u(t)) = −H(t)✳ ❚❤❡ ❤②st❡r❡s✐s st❛t❡ h(t) = H(u(t)) ✐s ❞❡✜♥❡❞ ❜② t❤❡
s❡❝♦♥❞ ❡q✉❛t✐♦♥ ♦❢ ❊q✳ ✭✹✳✷✽✮✳ ❚❤❡ ♠✉❧t✐✈❛r✐❛❜❧❡ ❝♦♠♣❡♥s❛t♦r s✉❝❤ t❤❛t t❤❡ ♦✉t♣✉t δ ♠❡❡ts
t❤❡ r❡❢❡r❡♥❝❡ ✐♥♣✉t δr ✐s t❤❡r❡❢♦r❡ ❞❡❞✉❝❡❞ ❢r♦♠ t❤❡ ❝♦♠♣❡♥s❛t♦r str✉❝t✉r❡ ❊q✳ ✭✹✳✷✼✮ ❛♥❞ ❢r♦♠
t❤❡ ♠♦❞❡❧ ❊q✳ ✭✹✳✷✽✮✿ 

u(t) = d+p (δr(t) +H(u(t)))
H(u(t)) = h(t)
dh
dt = Abw
du
dt −Bbw
(∣∣du¯
dt
∣∣ ◦ h¯)−Gbw (du¯dt ◦ ∣∣h¯∣∣) ✭✹✳✸✶✮
✹✳✸✳✸✳✷ ❊①t❡♥s✐♦♥ ♦❢ t❤❡ ❝❧❛ss✐❝❛❧ Pr❛♥❞t❧✲■s❤❧✐♥s❦✐✐ t❡❝❤♥✐q✉❡
❚❤❡ ♠♦♥♦✈❛r✐❛❜❧❡ ❝❧❛ss✐❝❛❧ Pr❛♥❞t❧✲■s❤❧✐♥s❦✐✐ ♠♦❞❡❧ ✐s ❡①t❡♥❞❡❞ ✐♥t♦ ♠✉❧t✐✈❛r✐❛❜❧❡ ✐♥ t❤✐s s✉❜✲
s❡❝t✐♦♥✳ ❚❤❡ ♠✉❧t✐✈❛r✐❛❜❧❡ ❝♦♠♣❡♥s❛t✐♦♥ ✐s ❜❛s❡❞ ♦♥ t❤❡ ✐♥✈❡rs❡ ♠✉❧t✐♣❧✐❝❛t✐✈❡ str✉❝t✉r❡ ♦❢
❊q✳ ✭✹✳✷✼✮✶✵✳
❆ ♠✉❧t✐✈❛r✐❛❜❧❡ ❝❧❛ss✐❝❛❧ Pr❛♥❞t❧✲■s❤❧✐♥s❦✐✐ ♠♦❞❡❧ ✐s✿


δ(t) =


δ1(t)
δ2(t)
✳✳✳
δp(t)

 = Γ (u(t)) =


m∑
k=1
Γ1k (uk(t))
m∑
k=1
Γ2k (uk(t))
✳✳✳
m∑
k=1
Γpk (uk(t))


Γij (uj(t)) =
nijh∑
k=1
wijkγijk (uj(t)) =
nijh∑
k=1
wijkmax {uj(t)− rijk,min {uj(t) + rijk, δijk(t− Ts)}}
✭✹✳✸✷✮
✶✵❚❤❡ r❡s✉❧ts ♦♥ t❤❡ ♠♦❞❡❧✐♥❣ ❛♥❞ ❝♦♠♣❡♥s❛t✐♦♥ ♦❢ ♠✉❧t✐✈❛r✐❛❜❧❡ ❝❧❛ss✐❝❛❧ Pr❛♥❞t❧✲■s❤❧✐♥s❦✐✐ t❡❝❤♥✐q✉❡ ❤❛✈❡
❜❡❡♥ s✉❜♠✐tt❡❞ ❛t ■❊❊❊ ❚r❛♥s❛❝t✐♦♥s ♦♥ ❈♦♥tr♦❧ ❙②st❡♠s ❚❡❝❤♥♦❧♦❣② ✐♥ ❏✉❧② ✷✵✶✹✳
✶✵✶
✇❤❡r❡ γijk✱ ✇✐t❤ i ∈ {1, 2, · · · , p} ❛♥❞ j ∈ {1, 2, · · · ,m}✱ ✐s t❤❡ kth ❜❛❝❦❧❛s❤ ❛♥❞ ✐ts ❡❧❡♠❡♥✲
t❛r② ♦✉t♣✉t ✐s δijk✳ ❚❤❡ ♥✉♠❜❡r ♦❢ ❜❛❝❦❧❛s❤❡s ✐♥ Γij (uj(t)) ✐s nijk ❛♥❞ ✐ts ✇❡✐❣❤t✐♥❣ ❛s ✇❡❧❧ ❛s
✐ts t❤r❡s❤♦❧❞ ❛r❡ wijk ❛♥❞ rijk r❡s♣❡❝t✐✈❡❧②✳ ❚❤❡ t♦t❛❧ ♥✉♠❜❡r ♦❢ ♣❛r❛♠❡t❡rs t♦ ❜❡ ✐❞❡♥t✐✜❡❞
❢♦r t❤❡ ✇❤♦❧❡ ♠✉❧t✐✈❛r✐❛❜❧❡ ❝❧❛ss✐❝❛❧ Pr❛♥❞t❧✲■s❤❧✐♥s❦✐✐ ♠♦❞❡❧ ✐s ❣✐✈❡♥ ❜② ❊q✳ ✭✹✳✷✺✮✳
❚❤❡ ❢♦❧❧♦✇✐♥❣ t❤❡♦r❡♠ ❣✐✈❡s ❛ ♠✉❧t✐✈❛r✐❛❜❧❡ ❝♦♠♣❡♥s❛t♦r ❢♦r t❤❡ ♠♦❞❡❧ ✐♥ ❊q✳ ✭✹✳✸✷✮✳
❚❤❡♦r❡♠ ✹✳✸✳✷✳ ❚❤❡ ❢♦❧❧♦✇✐♥❣ ❝♦♠♣❡♥s❛t♦r✿
u(t) = δr(t) + u(t− Ts)− Γ (u(t− Ts))
✐s ❛ ♠✉❧t✐✈❛r✐❛❜❧❡ ❛♣♣r♦①✐♠❛t❡ ❝♦♠♣❡♥s❛t♦r ❢♦r t❤❡ ♠✉❧t✐✈❛r✐❛❜❧❡ ❝❧❛ss✐❝❛❧ Pr❛♥❞t❧✲■s❤❧✐♥s❦✐✐
❤②st❡r❡s✐s ♠♦❞❡❧ ❞❡✜♥❡❞ ❜② ❊q✳ ✭✹✳✸✷✮✳
Pr♦♦❢✳ ❙❡❡ ✶✶
✹✳✸✳✸✳✸ ❊①♣❡r✐♠❡♥t❛❧ r❡s✉❧ts
❚❤❡ ♠✉❧t✐✈❛r✐❛❜❧❡ ♠♦❞❡❧✐♥❣ ❛♥❞ ❝♦♠♣❡♥s❛t✐♦♥ ✭❝❧❛ss✐❝❛❧ ❇♦✉❝✲❲❡♥ ❛♥❞ ❝❧❛ss✐❝❛❧ Pr❛♥❞t❧✲
■s❤❧✐♥s❦✐✐✮ ❤❛✈❡ ❜❡❡♥ s✉❝❝❡ss❢✉❧❧② ❛♣♣❧✐❡❞ t♦ t❤❡ ♠✉❧t✐♠♦r♣❤ ✷✲❉❖❋ ♣✐❡③♦❡❧❡❝tr✐❝ ❛❝t✉❛t♦r
❛♥❞ t♦ ❛ ✸✲❉❖❋ ♣✐❡③♦❡❧❡❝tr✐❝ t✉❜❡ ✭♣✐❡③♦t✉❜❡✮ s❝❛♥♥❡r ❬❏✷✹❪❬❈✹✽❪✶✷✳ ❋✐❣✳ ✹✳✹ ♣r❡s❡♥ts t❤❡ r❡✲
s✉❧ts ✇✐t❤ t❤❡ ♣✐❡③♦t✉❜❡ ✇❤❡♥ t✇♦ ❛①❡s ✭x ❛♥❞ y✮ ❛r❡ ❝♦♥tr♦❧❧❡❞✳ ❚❤❡ ♣✐❡③♦t✉❜❡✱ ❞❡♣✐❝t❡❞ ✐♥
❋✐❣✳ ✹✳✹✲❛✱ ❜ ❛♥❞ ❝✱ ❝❛♥ ♣r♦✈✐❞❡ ❜❡♥❞✐♥❣s δx ❛♥❞ δy ❛❧♦♥❣ t❤❡ t✇♦ ❛①❡s ✇❤❡♥ s✉❜❥❡❝t❡❞ t♦ ❛
✈♦❧t❛❣❡ ux ❛♥❞ uy r❡s♣❡❝t✐✈❡❧②✳ ❋✐❣✳ ✹✳✹✲❞ ❛♥❞ ❣ ♣r❡s❡♥t t❤❡ ❤②st❡r❡s✐s ♥♦♥❧✐♥❡❛r✐t✐❡s ❡①❤✐❜✐t❡❞
❜② t❤❡ ❛❝t✉❛t♦r ❛❧♦♥❣ t❤❡s❡ ❛①❡s✳ ❚❤❡ ❛♠♣❧✐t✉❞❡s ♦❢ t❤❡ ❤②st❡r❡s✐s ❛r❡ hH = 36% ❛♥❞ 33%
r❡s♣❡❝t✐✈❡❧②✳ ❆❞❞✐t✐♦♥❛❧❧② t♦ t❤❡s❡ ♥♦♥❧✐♥❡❛r✐t✐❡s✱ t❤❡ ❛❝t✉❛t♦r ❛❧s♦ ❡①❤✐❜✐ts ❝r♦ss✲❝♦✉♣❧✐♥❣s✳
❚❤❡② ❛r❡ ❞❡♣✐❝t❡❞ ✐♥ ❋✐❣✳ ✹✳✹✲❡ ❛♥❞ ❢✳ ❚❤❡ ♣r♦♣♦s❡❞ ♠✉❧t✐✈❛r✐❛❜❧❡ ❝❧❛ss✐❝❛❧ Pr❛♥❞t❧✲■s❤❧✐♥s❦✐✐
❝♦♠♣❡♥s❛t♦r ♣❡r♠✐ts t♦ r❡❞✉❝❡ t❤❡ ❤②st❡r❡s✐s ❛♥❞ t♦ ❧✐♥❡❛r✐③❡ t❤❡ ❞✐r❡❝t tr❛♥s❢❡r✳ ❋✐❣✳ ✹✳✹✲❤
❛♥❞ ❦ s❤♦✇ t❤❡s❡ ❝♦♠♣❡♥s❛t❡❞ r❡s✉❧ts✳ ❋✉rt❤❡r♠♦r❡✱ t❤❡ ❝♦♠♣❡♥s❛t♦r ❛❧s♦ ♣❡r♠✐ts t♦ s✉❜st❛♥✲
t✐❛❧❧② r❡❞✉❝❡ t❤❡ ❝r♦ss✲❝♦✉♣❧✐♥❣s✳ ❋✐❣✳ ✹✳✹✲✐ ❛♥❞ ❥ s❤♦✇ t❤❡ r❡s✉❧ts✳ ❉✐✛❡r❡♥t t❡sts ♦❢ tr❛❝❦✐♥❣
♦❢ ❝♦♠♣❧❡① s♣❛t✐❛❧ tr❛❥❡❝t♦r✐❡s ❤❛✈❡ ❛❧s♦ ❜❡❡♥ ❝❛rr✐❡❞ ♦✉t✿ tr❛❝❦✐♥❣ ♦❢ s♣❛t✐❛❧ ❝✐r❝✉❧❛r ✭❋✐❣✳ ✹✳✹✲
❧✮ ❛♥❞ s♣❛t✐❛❧ ▲✐ss❛❥♦✉s tr❛❥❡❝t♦r✐❡s ✭❋✐❣✳ ✹✳✹✲♠✮✳ ▲✐ss❛❥♦✉s ❝✉r✈❡s ❤❛✈❡ ❜❡❡♥ ❝♦♥s✐❞❡r❡❞ ❛s
✐♥t❡r❡st✐♥❣ r❡❢❡r❡♥❝❡ s✐❣♥❛❧ ❢♦r ❤✐❣❤ s♣❡❡❞ s❝❛♥♥✐♥❣ ✐♥ ❛t♦♠✐❝ ❢♦r❝❡ ♠✐❝r♦s❝♦♣② ✐♥ t❤❡s❡ ♣✐❡③♦✲
t✉❜❡s ❛r❡ ✇✐❞❡❧② ✉s❡❞ ❬✸✶✷❪✳ ❚❤❡ ❡①♣❡r✐♠❡♥t❛❧ r❡s✉❧ts ❞❡♠♦♥str❛t❡❞ t❤❛t t❤❡ ❛❜s♦❧✉t❡ ❡rr♦r
❞♦❡s ♥♦t ❡①❝❡❡❞ 0.8µm✳ ❆❧t❤♦✉❣❤ t❤❡ ❢r❡q✉❡♥❝② ♦❢ ✐❞❡♥t✐✜❝❛t✐♦♥ ✐s 0.1Hz✱ t❤❡ ❡①♣❡r✐♠❡♥ts
❛❧s♦ ❞❡♠♦♥str❛t❡ t❤❛t t❤❡ ❜❛♥❞✇✐❞t❤ ✭✐♥ ❡①❝❡ss ♦❢ 10Hz✮ ❝❛♥ ❜❡ ❤✐❣❤❡r✳ ●❡♥❡r❛❧❧②✱ 10Hz ♦❢
❜❛♥❞✇✐❞t❤ ✐s st✐❧❧ ❧♦✇ ❢♦r ❝❡rt❛✐♥ ❛♣♣❧✐❝❛t✐♦♥s✳ ■♥ ❢❛❝t✱ t❤❡ ❝❧❛ss✐❝❛❧ Pr❛♥❞t❧✲■s❤❧✐♥s❦✐✐ ♠♦❞❡❧
❛♥❞ t❤❡ ❝❧❛ss✐❝❛❧ ❇♦✉❝✲❲❡♥ ♠♦❞❡❧ ❛r❡ r❛t❡✲✐♥❞❡♣❡♥❞❡♥t✳ ❚♦ ✐♥❝r❡❛s❡ t❤❡ ❜❛♥❞✇✐❞t❤ t❤❡r❡❢♦r❡✱
r❛t❡✲❞❡♣❡♥❞❡♥t ❤②st❡r❡s✐s ♠♦❞❡❧s s❤♦✉❧❞ ❜❡ ✉s❡❞ ✐♥st❡❛❞✳ ❚❤✐s ✐s ♦♥❡ ♦❢ t❤❡ ♦♥❣♦✐♥❣ ✇♦r❦s
❝❛rr✐❡❞ ♦✉t✳
✶✶❚❤❡ r❡s✉❧ts ♦♥ t❤❡ ♠♦❞❡❧✐♥❣ ❛♥❞ ❝♦♠♣❡♥s❛t✐♦♥ ♦❢ ♠✉❧t✐✈❛r✐❛❜❧❡ ❝❧❛ss✐❝❛❧ Pr❛♥❞t❧✲■s❤❧✐♥s❦✐✐ t❡❝❤♥✐q✉❡ ❤❛✈❡
❜❡❡♥ s✉❜♠✐tt❡❞ ❛t ■❊❊❊ ❚r❛♥s❛❝t✐♦♥s ♦♥ ❈♦♥tr♦❧ ❙②st❡♠s ❚❡❝❤♥♦❧♦❣② ✐♥ ❏✉❧② ✷✵✶✹✳
✶✷❙✉❜♠✐tt❡❞ t♦ ■❊❊❊ ❚❈❙❚ ✷✵✶✹✳
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❋✐❣✉r❡ ✹✳✹✿ ❋❡❡❞❢♦r✇❛r❞ ❝♦♥tr♦❧ ♦❢ ❛ ✷✲❉❖❋ ♣✐❡③♦❡❧❡❝tr✐❝ ❛❝t✉❛t♦r✳
✹✳✸✳✹ ❖t❤❡r ♦♥❣♦✐♥❣ ✇♦r❦s ❛♥❞ ♣❡rs♣❡❝t✐✈❡s
❖♥❡ ♦❢ t❤❡ ♠❛✐♥ ❛❞✈❛♥t❛❣❡s ♦❢ t❤❡ ✐♥✈❡rs❡ ♠✉❧t✐♣❧✐❝❛t✐✈❡ ❛s ❝♦♠♣❡♥s❛t♦rs str✉❝t✉r❡ ✐s ✐ts
❛♣♣❧✐❝❛❜✐❧✐t② ✐♥ ♠❛♥② ❤②st❡r❡s✐s ♠♦❞❡❧s ❛s ❧♦♥❣ ❛s ✐t ✐s ♣♦ss✐❜❧❡ t♦ ❡①♣r❡ss t❤❡♠ ✇✐t❤ t❤❡ s❛♠❡
str✉❝t✉r❡ t❤❛♥ ❊q✳ ✭✹✳✶✺✮ ❢♦r t❤❡ r❛t❡✲❞❡♣❡♥❞❡♥t ❝❛s❡ ♦r ❊q✳ ✭✹✳✶✻✮ ❢♦r t❤❡ r❛t❡✲✐♥❞❡♣❡♥❞❡♥t
✶✵✸
❝❛s❡✳ ■♥ ❬❈✺✸❪✱ ✇❡ ❞❡❛❧t ✇✐t❤ ❛ ♥♦✈❡❧ ♠✉❧t✐✈❛r✐❛❜❧❡ ❣❡♥❡r❛❧✐③❡❞ ❇♦✉❝✲❲❡♥ t❡❝❤♥✐q✉❡ t❤❛t
❝♦♥s✐sts ♦❢ ❝♦♠♣❡♥s❛t✐♥❣ ❛s②♠♠❡tr✐❝❛❧ ❤②st❡r❡s✐s ✐♥ ♠✉❧t✐✲❉❖❋ s②st❡♠s✳ ❆❞❞✐t✐♦♥❛❧❧② t♦ t❤❡
❝♦♠♣❡♥s❛t✐♦♥✱ t❤❡ ♣r♦♣♦s❡❞ t❡❝❤♥✐q✉❡ ✐s ❛♥ ❡①t❡♥s✐♦♥ ♦❢ t❤❡ ♠♦♥♦✈❛r✐❛❜❧❡ ❣❡♥❡r❛❧✐③❡❞ ❇♦✉❝✲
❲❡♥ ♠♦❞❡❧ ❞❡s❝r✐❜❡❞ ✐♥ ❬✸✶✸❪✳ ❚❤❡ ❝♦♠♣❡♥s❛t✐♦♥ ♦❢ ♠✉❧t✐✈❛r✐❛❜❧❡ r❛t❡✲❞❡♣❡♥❞❡♥t ❤②st❡r❡s✐s
✭❇♦✉❝✲❲❡♥ ❛♥❞ Pr❛♥❞t❧✲■s❤❧✐♥s❦✐✐ ❛♣♣r♦❛❝❤❡s✮ ❤❛s ❛❧s♦ ❜❡❡♥ st❛rt❡❞✳
✹✳✸✳✺ ❆❝❦♥♦✇❧❡❞❣❡♠❡♥ts
❚❤❡ ✇♦r❦s r❡❣❛r❞✐♥❣ t❤❡ ❢❡❡❞❢♦r✇❛r❞ ❝♦♥tr♦❧ ♦❢ ❤②st❡r❡s✐s ❤❛✈❡ ❜❡❡♥ ♦r ❛r❡ ❝❛rr✐❡❞ ♦✉t ✇✐t❤✐♥
t❤❡ ♣♦st❞♦❝t♦r❛❧ ❢❡❧❧♦✇s❤✐♣ ♦❢ ❉r✳ ❖♠❛r ❆❧ ❏❛♥❛✐❞❡❤✱ t❤❡ P❤❉ ❢❡❧❧♦✇s❤✐♣ ♦❢ ❉✐❞❛❝❡ ❍❛❜✐♥❡③❛
❛♥❞ t❤❡ ✐♥t❡r♥s❤✐♣s ♦❢ ◗✐❤♦♥❣ ❩❤♦✉ ❛♥❞ ▼❛♠❛❞♦✉ ❈✐ssé ❉✐♦✉❢✳
✹✳✹ ❇❛❞❧② ❞❛♠♣❡❞ ✈✐❜r❛t✐♦♥ ♠♦❞❡❧✐♥❣ ❛♥❞ ❝♦♥tr♦❧
■♥ ♣r❡❝✐s❡ ♣♦s✐t✐♦♥✐♥❣✱ t❤❡ ❜❛❞❧② ❞❛♠♣❡❞ ✈✐❜r❛t✐♦♥ ❡①❤✐❜✐t❡❞ ❜② ♣✐❡③♦❡❧❡❝tr✐❝ ❛❝t✉❛t♦rs ✇❤❡♥
❡①❝✐t❡❞ t♦ ❜r✉sq✉❡ ❞r✐✈✐♥❣ ✈♦❧t❛❣❡ ✐s ❛♥ ✉♥✇❛♥t❡❞ ♣❤❡♥♦♠❡♥♦♥✳ ❆s ❛♥ ❡①❛♠♣❧❡✱ ❞✉r✐♥❣ ❛♥ ✐♠✲
❛❣❡ s❝❛♥♥✐♥❣ ✇✐t❤ ❛ s❝❛♥♥✐♥❣ ♣r♦❜❡ ♠✐❝r♦s❝♦♣❡✱ t❤✐s ✈✐❜r❛t✐♦♥ ❞❡❢♦r♠s t❤❡ s❝❛♥♥❡❞ ✐♠❛❣❡ ❛♥❞
✐♥❞✉❝❡s ❡rr♦rs✳ ❚❤❡ ❡rr♦rs ❝❛♥ ❜❡ r❡❞✉❝❡❞ ❜② ❧✐♠✐t✐♥❣ t❤❡ r❛t❡ ♦❢ t❤❡ ❞r✐✈✐♥❣ ✐♥♣✉t✱ ❤♦✇❡✈❡r
t❤✐s ✇✐❧❧ ❛✛❡❝t t❤❡ s❝❛♥♥✐♥❣ s♣❡❡❞✳ ❆♥♦t❤❡r ❡①❛♠♣❧❡ ✐s ✇❤❡♥ ♣❡r❢♦r♠✐♥❣ ♠✐❝r♦♠❛♥✐♣✉❧❛t✐♦♥
♦r ♠✐❝r♦❛ss❡♠❜❧② t❛s❦s ✇✐t❤ ♠✐❝r♦❣r✐♣♣❡rs✱ t❤❡ ♦✈❡rs❤♦♦ts ❢r♦♠ t❤❡ ✈✐❜r❛t✐♦♥ ♠❛② ❞❡str♦② t❤❡
♠❛♥✐♣✉❧❛t❡❞ ♦❜❥❡❝ts ♦r t❤❡ ♠❛♥✐♣✉❧❛t♦rs t❤❡♠s❡❧✈❡s✳ ■♥ ❛ ♣❡r❢♦r♠❛♥❝❡s ♣♦✐♥t ♦❢ ✈✐❡✇✱ ❛ ❜❛❞❧②
❞❛♠♣❡❞ ✈✐❜r❛t✐♦♥ ✉♥❢♦rt✉♥❛t❡❧② ✐♥❝r❡❛s❡s t❤❡ s❡tt❧✐♥❣ t✐♠❡ ♦❢ ❛ s②st❡♠✱ ❡✈❡♥ ✐❢ t❤✐s ❧❛tt❡r ❤❛s
❛ ✇✐❞❡ ❜❛♥❞✇✐❞t❤✳ ■t ✐s t❤❡r❡❢♦r❡ ✐♠♣♦rt❛♥t t♦ ❛tt❡♥✉❛t❡ t❤❡ ✈✐❜r❛t✐♦♥✳
❚❤❡ ❢❡❡❞❢♦r✇❛r❞ ❝♦♥tr♦❧ ♦❢ ✈✐❜r❛t✐♦♥ ✐♥ ♣✐❡③♦❡❧❡❝tr✐❝ ❛❝t✉❛t♦rs r❛✐s❡❞ ❧❡ss st✉❞✐❡s t❤❛♥ t❤❡
❢❡❡❞❢♦r✇❛r❞ ❝♦♥tr♦❧ ♦❢ t❤❡ ❤②st❡r❡s✐s✱ ❝♦♥tr❛r② t♦ ✐ts ❢❡❡❞❜❛❝❦ ❝♦♥tr♦❧ ✇❤✐❝❤ ✐s ✈❡r② ❝♦♠♠♦♥
✭s❡❡ ❈❤❛♣t❡r✳ ✸ ❛♥❞ ❈❤❛♣t❡r✳ ✺✮✳ ❚❤❡ ♠❛✐♥ ❛♥❞ ✐♥✐t✐❛❧ ✇♦r❦s ♦❢ ❢❡❡❞❢♦r✇❛r❞ ✈✐❜r❛t✐♦♥ ❝♦♥tr♦❧
✐♥ ♣✐❡③♦❡❧❡❝tr✐❝ s②st❡♠s ❞❡❛❧t ✇✐t❤ t❤❡ ✈✐❜r❛t✐♦♥ ✐♥ ♣✐❡③♦t✉❜❡ s❝❛♥♥❡rs ❢♦r s❝❛♥♥✐♥❣ ♣r♦❜❡ ♠✐✲
❝r♦s❝♦♣❡s✳ ❉✉❡ t♦ t❤❡ ✈✐❜r❛t✐♦♥✱ t❤❡ ✐♠❛❣❡s ♣r♦✈✐❞❡❞ ❜② t❤❡ s❝❛♥♥✐♥❣ ❛r❡ ❞❡❢♦r♠❡❞ ❛♥❞ t❤✉s
❡rr♦♥♦✉s✳ ■♥ ♦r❞❡r t♦ ✐♥❝r❡❛s❡ t❤❡ ✐♠❛❣❡s ♣r❡❝✐s✐♦♥✱ t❤❡ s❝❛♥♥✐♥❣ s♣❡❡❞ s❤♦✉❧❞ ❜❡ r❡❞✉❝❡❞✳
❍♦✇❡✈❡r✱ ❛ t♦♦ ❧♦✇ s❝❛♥♥✐♥❣ s♣❡❡❞ ✇✐❧❧ ❧✐♠✐t t❤❡ t❤r♦✉❣❤♣✉t ♦❢ t❤❡ ♠✐❝r♦s❝♦♣❡s✳ ❚❤❡ ♦❜❥❡❝t✐✈❡
❝♦♥s✐st❡❞ t❤❡r❡❢♦r❡ ✐♥ ❝♦♥str✉❝t✐♥❣ ♣r❡❝✐s❡ s❝❛♥♥❡❞ ✐♠❛❣❡s ✇✐t❤ ❛ ❤✐❣❤ s♣❡❡❞ s❝❛♥♥✐♥❣✳
❚❤❡ ✈✐❜r❛t✐♦♥ ❝♦♠♣❡♥s❛t♦r ✐s ❝❛❧❝✉❧❛t❡❞ ❢r♦♠ ❛ ❧✐♥❡❛r ❞②♥❛♠✐❝ ♠♦❞❡❧ D(s) t❤❛t ✇❛s s❡♣✲
❛r❛t❡❞ ❢r♦♠ t❤❡ ❤②st❡r❡s✐s ♥♦♥❧✐♥❡❛r✐t② t❤❛♥❦s t♦ t❤❡ ❍❛♠♠❡rst❡✐♥ ♣r✐♥❝✐♣❧❡✳ ■♥ ❬✷✸✹❀ ✷✺✼❪✱
✭❡①❛❝t ♦r st❛♥❞❛r❞✮ ♠♦❞❡❧ ❜❛s❡❞ ✐♥✈❡rs✐♦♥ t❡❝❤♥✐q✉❡ ✇❛s ✉t✐❧✐③❡❞ t♦ ❝♦♠♣❡♥s❛t❡ ❢♦r t❤❡ ✈✐❜r❛✲
t✐♦♥ ✐♥ ♣✐❡③♦t✉❜❡ s❝❛♥♥❡rs ♦❢ s❝❛♥♥✐♥❣ ♣r♦❜❡ ♠✐❝r♦s❝♦♣❡s✳ ❚❤❡ ❝♦♠♣❡♥s❛t♦r ✇❛s t❤❡ ❞✐r❡❝t
✐♥✈❡rs✐♦♥ ✭D−1✮ ♦❢ t❤❡ ♠♦❞❡❧✳ ❚❤✐s ❝❛❧❝✉❧❛t✐♦♥ ♦❢ t❤❡ ✐♥✈❡rs❡ ✇❛s ❛❧s♦ ❝❛rr✐❡❞ ♦✉t ✐♥ t❤❡ t✐♠❡✲
❞♦♠❛✐♥ ❬✸✶✹❪✳ ❙✉❜s❡q✉❡♥t❧②✱ ♦♣t✐♠❛❧ ✐♥✈❡rs✐♦♥ t❡❝❤♥✐q✉❡ ✇❛s ❛♣♣❧✐❡❞ ✐♥ ♦r❞❡r t♦ ❛❝❝♦✉♥t ❢♦r
♠♦❞❡❧ ✉♥❝❡rt❛✐♥t✐❡s ♦r t♦ ❛✈♦✐❞ ❛❝t✉❛t♦rs ❧✐♠✐t❛t✐♦♥s ✭❜❛♥❞✇✐❞t❤ ♦r ✐♥♣✉t s❛t✉r❛t✐♦♥ ✈✐♦❧❛t✐♦♥✮
t❤❛t ❡①❛❝t ✐♥✈❡rs✐♦♥ ❝❛♥♥♦t t❛❝❦❧❡ ❬✷✸✽❀ ✷✽✻❪✳ ❚❤❡ ♠❛✐♥ ♣r✐♥❝✐♣❧❡ ❝♦♥s✐st❡❞ ✐♥ ♦♥❧② ✐♥✈❡rt✐♥❣
t❤❡ ♠♦❞❡❧ ✐♥ ❢r❡q✉❡♥❝② r❡❣✐♦♥s ✇❤❡r❡ t❤❡ ♠♦❞❡❧✐♥❣ ✉♥❝❡rt❛✐♥t✐❡s ❛r❡ s✉♣♣♦s❡❞ t♦ ❜❡ s♠❛❧❧✳ ■♥
❛❞❞✐t✐♦♥✱ t❤❡ ❛❝t✉❛t♦rs ❝♦♥str❛✐♥ts s✉❝❤ ❛s ✐♥♣✉t ❡♥❡r❣② ♦r t❤❡ ❜❛♥❞✇✐❞t❤ ❧✐♠✐t❛t✐♦♥s ❝❛♥ ❜❡
❛❝❝♦✉♥t❡❞ ❢♦r ❜② ❛ tr❛❞❡✲♦✛ ♦♥ t❤❡ ♣r❡❝✐s✐♦♥ ♥❡❡❞❡❞✳ ❆ ❧✐♠✐t❛t✐♦♥ ♦❢ t❤❡ ♦♣t✐♠❛❧ ✐♥✈❡rs❡ ❛♥❞
✶✵✹
♦❢ t❤❡ st❛❜❧❡ ❡①❛❝t ✐♥✈❡rs❡ ✐s t❤❛t t❤❡ ✐♥✈❡rs❡ ✐♥♣✉t t❡♥❞s t♦ ❜❡ ♥♦♥❝❛✉s❛❧ ❬✸✶✺❪✳ ❚❤✐s ✐♠♣❧✐❡s
t❤❛t t❤❡s❡ t❡❝❤♥✐q✉❡s ❝❛♥ ♦♥❧② ❜❡ ❛♣♣❧✐❡❞ ✇✐t❤ r❡❢❡r❡♥❝❡ ♦r ❞❡s✐r❡❞ ✐♥♣✉ts ✇❤✐❝❤ ❛r❡ ❦♥♦✇♥
✐♥ ❛❞✈❛♥❝❡✱ ✇❤✐❝❤ ✐s t❤❡ ❝❛s❡ ❢♦r ♠♦st ♦❢ t❤❡ s✉r❢❛❝❡ ♦r ✐♠❛❣❡s s❝❛♥♥✐♥❣ ✐♥ ♠✐❝r♦s❝♦♣❡s ✇❤❡r❡
t❤❡ tr❛❥❡❝t♦r✐❡s ❛❧♦♥❣ ❛①✐s x ❛♥❞ ❛❧♦♥❣ ❛①✐s y ❛r❡ r❡♣❡t✐t✐✈❡ ❛♥❞ ♣r❡✲s♣❡❝✐✜❡❞✳ ■♥ ❬✸✶✻❪✱ t❤❡
♣r❡✈✐♦✉s ♦♣t✐♠❛❧ t❡❝❤♥✐q✉❡ ✇❛s ❡①t❡♥❞❡❞ t♦ ♣r❡✈✐❡✇✲❜❛s❡❞ ♦♣t✐♠❛❧ t❡❝❤♥✐q✉❡ s✉❝❤ t❤❛t t❤❡
r❡❢❡r❡♥❝❡ tr❛❥❡❝t♦r✐❡s ❝❛♥ ❜❡ ♠♦❞✐✜❡❞ ♦r ❝❤❛♥❣❡❞ ❡✈❡r② ✜♥✐t❡✲t✐♠❡ ✭♣r❡✈✐❡✇✲t✐♠❡✮✳ ❉✐✛❡r❡♥t
t❡❝❤♥✐q✉❡s t❤❛t ♣❡r♠✐tt❡❞ t♦ ♦✈❡r❝♦♠❡ t❤❡ ♥❡❝❡ss✐t② t♦ ♣r❡✲s♣❡❝✐❢② t❤❡ tr❛❥❡❝t♦r✐❡s ✐♥ ♣✐❡③♦t✉❜❡
s❝❛♥♥❡rs ✇❡r❡ ❞❡✈❡❧♦♣❡❞ ❧❛t❡r ❬✷✸✺✕✷✸✼❪✳ ❚❤❡ ❛♣♣r♦❛❝❤❡s ✇❡r❡ ❜❛s❡❞ ♦♥ t❤❡ ③❡r♦ ♠❛❣♥✐t✉❞❡
tr❛❝❦❧✐♥❣ ❡rr♦r ✭❩▼❚❊❈✮ ❛♥❞ t❤❡ ③❡r♦ ♣❤❛s❡ tr❛❝❦✐♥❣ ❡rr♦r ✭❩P❚❊❈✮✿ t❤❡ ❝♦♠♣❡♥s❛t♦rs ❛r❡
❝❛✉s❛❧ ❛♥❞ st❛❜❧❡ ❞✐s❝r❡t❡ tr❛♥s❢❡r ❢✉♥❝t✐♦♥s t❤❛t ❤❛✈❡ ♠❛❣♥✐t✉❞❡ ♦r ♣❤❛s❡ ❡q✉✐✈❛❧❡♥t t♦ t❤♦s❡
♦❢ t❤❡ ❡①❛❝t ✐♥✈❡rs❡s ♦❢ t❤❡ ♠♦❞❡❧s✳
❆❧❧ t❤❡ ❛❜♦✈❡ ❡♠♣❧♦②❡❞ ❢❡❡❞❢♦r✇❛r❞ ❝♦♥tr♦❧ t❤❛t ❤❛✈❡ ❜❡❡♥ ❛♣♣❧✐❡❞ t♦ ♣✐❡③♦❡❧❡❝tr✐❝ s②st❡♠s
❛r❡ ❛♠♦♥❣ t❤❡ ❝❧❛ss ♦❢ ♠♦❞❡❧ ✐♥✈❡rs✐♦♥ ❜❛s❡❞ ✈✐❜r❛t✐♦♥ t❡❝❤♥✐q✉❡s ❛♥❞ t❤❡ ♠❛✐♥ ❛♣♣❧✐❝❛t✐♦♥s
❞❡❛❧t ✇✐t❤ ❛❝t✉❛t♦rs ✐♥ s❝❛♥♥✐♥❣ ♣r♦❜❡ ♠✐❝r♦s❝♦♣❡s✳ ❆♥♦t❤❡r ❝❧❛ss ♦❢ ❢❡❡❞❢♦r✇❛r❞ ❝♦♥tr♦❧ ♦❢
✈✐❜r❛t✐♦♥ ✐s t❤❡ ✐♥♣✉t s❤❛♣✐♥❣ t❡❝❤♥✐q✉❡s✳ ■♥ t❤✐s✱ t❤❡ ❝♦♥tr♦❧❧❡r✱ ❝❛❧❧❡❞ s❤❛♣❡r✱ tr❛♥s❢♦r♠s t❤❡
✐♥♣✉t r❡❢❡r❡♥❝❡ ✐♥t♦ ❛ s✉♣❡r♣♦s✐t✐♦♥ ♦❢ t✇♦ ♦r s❡✈❡r❛❧ ❡❧❡♠❡♥t❛r② ❝♦♠♠❛♥❞s t❤❛t r❡s✉❧ts ✐♥ t❤❡
❡❧✐♠✐♥❛t✐♦♥ ♦❢ t❤❡ ✈✐❜r❛t✐♦♥✳ ■♥ t❡r♠ ♦❢ ❝❛❧❝✉❧❛t✐♦♥ ❛♥❞ ✐♠♣❧❡♠❡♥t❛t✐♦♥✱ t❤✐s ❝❧❛ss ✐s ✈❡r② ✐♥t❡r✲
❡st✐♥❣✳ ❊✈❡♥ ✐❢ t❤❡ ♦r❞❡r ♦❢ t❤❡ s②st❡♠ ✐s ❤✐❣❤ ♦r ✐❢ ✐t ❤❛s ♠✉❧t✐♣❧❡ r❡s♦♥❛♥❝❡s✱ ✐t ✐s st✐❧❧ ♣♦ss✐❜❧❡
t♦ ♦❜t❛✐♥ ❛ ❣♦♦❞ ❞❛♠♣✐♥❣ ✇✐t❤ ❛ s✐♠♣❧❡ ❝♦♥tr♦❧❧❡r ❝❛❧❝✉❧❛t❡❞ ♦♥❧② ✇✐t❤ t❤❡ ✜rst r❡s♦♥❛♥❝❡✳
❚❤❡ ✜rst ✇♦r❦ ♦♥ ✐♥♣✉t s❤❛♣✐♥❣ t❡❝❤♥✐q✉❡✱ ❝❛❧❧❡❞ P♦s✐❝❛st t❡❝❤♥✐q✉❡✱ ✇❛s ♣r♦♣♦s❡❞ ❜② ❖✳❏✳▼✳
❙♠✐t❤ ❬✸✶✼❪ ❢♦r ♠❡❝❤❛♥✐❝❛❧ s②st❡♠s✳ ❚❤❡ ♣r✐♥❝✐♣❧❡ ❝♦♥s✐st❡❞ ✐♥ s♣❧✐tt✐♥❣ ❛ st❡♣ ✐♥♣✉t r❡❢❡r❡♥❝❡
✐♥t♦ ❛ st❛✐r ♦❢ t✇♦ ❧♦✇❡r st❡♣s t❤❛t ♣❡r♠✐t t♦ t❤❡ ♦✉t♣✉t r❡❛❝❤ t❤❡ r❡❢❡r❡♥❝❡ ✇✐t❤♦✉t ✈✐❜r❛t✐♦♥✳
badly
damped
oscillating
system
delay
impulse
impulse
+
shaper
❋✐❣✉r❡ ✹✳✺✿ Pr✐♥❝✐♣❧❡ ♦❢ t❤❡ ✐♥♣✉t s❤❛♣✐♥❣ t❡❝❤✲
♥✐q✉❡✿ ❛ s❤❛♣❡r ✇✐t❤ t✇♦ ✐♠♣✉❧s❡s✳
❚❤❡ t❡❝❤♥✐q✉❡ r❡♠❛✐♥❡❞ ✉♥❡①♣❧♦r❡❞ ✉♥t✐❧ t❤❡
✇♦r❦ ♦❢ ❙✐♥❣❡r ❛♥❞ ❙❡❡r✐♥❣ ✐♥ ✶✾✾✵ ✇❤♦
♣r❡s❡♥t❡❞ ❛ s✐♠✐❧❛r str❛t❡❣②✱ ❝❛❧❧❡❞ ③❡r♦ ✈✐✲
❜r❛t✐♦♥ ✭♦r tr❛❞✐t✐♦♥❛❧✮ ✐♥♣✉t s❤❛♣✐♥❣ t❡❝❤✲
♥✐q✉❡ ✭❩❱■❙✮✱ ❜✉t ✇❤✐❝❤ ✐s ❝❛♣❛❜❧❡ ♦❢ s❤❛♣✲
✐♥❣ ❛♥② ✐♥♣✉t r❡❢❡r❡♥❝❡ ❜② ❝♦♥✈♦❧✈✐♥❣ t❤✐s
✇✐t❤ ❛ s❡q✉❡♥❝❡ ♦❢ ✐♠♣✉❧s❡s ❞❡❧❛②❡❞ t❤❡♠✲
s❡❧✈❡s ❬✸✶✽❀ ✸✶✾❪✳ ❋✐❣✳ ✹✳✺ ❞❡♣✐❝ts ❛♥ ✐♠♣❧❡✲
♠❡♥t❛t✐♦♥ ❡①❛♠♣❧❡ ♦❢ ❛ s❤❛♣❡r ❜❛s❡❞ ♦♥ t✇♦
✐♠♣✉❧s❡s✳ ❙✐♥❝❡✱ t❤❡r❡ ❤❛✈❡ ❜❡❡♥ ♠❛♥② ❡①✲
t❡♥s✐♦♥s ❛♥❞ ❞❡✈❡❧♦♣♠❡♥ts ♦❢ t❤❡ tr❛❞✐t✐♦♥❛❧ t❡❝❤♥✐q✉❡s ✇❤✐❝❤ ♣❡r♠✐tt❡❞ t♦ r❡❛❝❤ ❞✐✛❡r❡♥t
♦❜❥❡❝t✐✈❡s✿ s✐♠♣❧✐❝✐t② ♦❢ ❝❛❧❝✉❧❛t✐♦♥✱ r♦❜✉st♥❡ss✱ r❛♣✐❞✐t② ♦❢ r❡s♣♦♥s❡s✱ ♠✉❧t✐✲♠♦❞❛❧ ❝♦♠♣❡♥s❛✲
t✐♦♥✱ ♠✉❧t✐✈❛r✐❛❜❧❡ ❝♦♠♣❡♥s❛t✐♦♥✱✳✳✳ ❚❤✐s ❝❧❛ss ✐s ✈❡r② ❛ttr❛❝t✐✈❡ t♦ ❝♦♥tr♦❧ ♣✐❡③♦❡❧❡❝tr✐❝ s②st❡♠s
❛♥❞ ❛❝t✉❛t♦rs ❜❡❝❛✉s❡ ♦❢ t❤❡ ❣♦♦❞ ♣❡r❢♦r♠❛♥❝❡s ❛♥❞ t❤❡ r♦❜✉st♥❡ss t❤❛t ❝❛♥ ❜❡ ♦❜t❛✐♥❡❞ ✇✐t❤
s✐♠♣❧❡ ❝♦♥tr♦❧❧❡rs✳ ❲❡ ❤❛✈❡ t❤❡r❡❢♦r❡ ❝❤♦s❡♥ t❤✐s ❝❧❛ss✳ ❉✐✛❡r❡♥t t❡sts ✇✐t❤ ❞✐✛❡r❡♥t t②♣❡s
♦❢ ♣✐❡③♦❡❧❡❝tr✐❝ ❛❝t✉❛t♦rs ❞❡♠♦♥str❛t❡❞ t❤❛t ♦✈❡rs❤♦♦ts ✇❤✐❝❤ ❛r❡ ✐♥ ❡①❝❡ss ♦❢ 62% ❝❛♥ ❜❡
❝♦♠♣❧❡t❡❧② r❡♠♦✈❡❞ ❬❇❈✶✶❪❬❇❈✶✶❪❬❏✼❪❬❈✶✹❪✳ ❋♦r ❡①❛♠♣❧❡✱ ❋✐❣✳ ✹✳✻ ❞❡♣✐❝ts t❤❡ ❡①♣❡r✐♠❡♥t❛❧
✈✐❜r❛t✐♦♥s ♦❢ ❛ ♣✐❡③♦❡❧❡❝tr✐❝ ❝❛♥t✐❧❡✈❡r❡❞ ❛❝t✉❛t♦r ✇✐t❤♦✉t ❝♦♥tr♦❧ ❛♥❞ ✇✐t❤ ❛ ③❡r♦ ✈✐❜r❛t✐♦♥ ✐♥✲
♣✉t s❤❛♣✐♥❣ ❢❡❡❞❢♦r✇❛r❞ ❝♦♥tr♦❧✳ ❚❤❡ t✇♦ ✜❣✉r❡s r❡♣r❡s❡♥t t❤❡ st❡♣ r❡s♣♦♥s❡ ❛♥❞ t❤❡ ❤❛r♠♦♥✐❝
r❡s♣♦♥s❡ ♦❢ t❤❡ ❛❝t✉❛t♦r✳ ❚✇♦ t②♣❡s ♦❢ s❤❛♣❡rs ❤❛✈❡ ✉s❡❞✿ ♦♥❡ s❤❛♣❡r ✇✐t❤ t✇♦ ✐♠♣✉❧s❡s✱ ❛♥❞
♦♥❡ s❤❛♣❡r ✇✐t❤ t❤r❡❡ ✐♠♣✉❧s❡s✳ ❚❤❡s❡ r❡s✉❧ts ❝❧❡❛r❧② s❤♦✇ t❤❡ s✉❜st❛♥t✐❛❧ r❡❞✉❝t✐♦♥ ♦❢ t❤❡
✶✵✺
✈✐❜r❛t✐♦♥ ✇❤❡♥ ✉s✐♥❣ t❤❡ ❝♦♠♣❡♥s❛t♦rs✳ ❲❤❡♥ t❤❡ ❝♦♠♣❡♥s❛t♦r ❤❛s t✇♦ ✐♠♣✉❧s❡s✱ ✇❡ ♦❜s❡r✈❡
❛ s♠❛❧❧ r❡s✐❞✉❛❧ ✈✐❜r❛t✐♦♥✳ ❚❤✐s ✐s ❞✉❡ t♦ ❛ ❜❛❞ ✐❞❡♥t✐✜❝❛t✐♦♥ ♦❢ t❤❡ ♠♦❞❡❧✳ ❇② ✐♥❝r❡❛s✐♥❣
t❤❡ ♥✉♠❜❡r ♦❢ t❤❡ ✐♠♣✉❧s❡s✱ t❤❡ r❡s✐❞✉❛❧ ✈✐❜r❛t✐♦♥ ❛r❡ ❞✐♠✐♥✐s❤❡❞✳ ❚❤❡ t❡❝❤♥✐q✉❡ ❤❛s ❛❧s♦
❜❡❡♥ ❛♣♣❧✐❡❞ t♦ ♠✉❧t✐✲❉❖❋ ♣✐❡③♦❡❧❡❝tr✐❝ ❛❝t✉❛t♦rs ❛♥❞ ❛ s✉❝❝❡ss❢✉❧❧ ❞❛♠♣✐♥❣ ♦❢ t❤❡ ✈✐❜r❛t✐♦♥
✐♥ t❤❡ ❞✐r❡❝t tr❛♥s❢❡rs ✇❛s ♦❜t❛✐♥❡❞ ❬❏✶✸❪❬❈✶✽❪✳ ❚❤❡s❡ t❡❝❤♥✐q✉❡s st✐❧❧ r❡♠❛✐♥❡❞ ♠♦♥♦✈❛r✐❛❜❧❡
❤♦✇❡✈❡r✳ ❚❤❡✐r ❡①t❡♥s✐♦♥ t♦ ❝♦♥tr♦❧ ♠✉❧t✐✲❉❖❋ ♣✐❡③♦❡❧❡❝tr✐❝ ❛❝t✉❛t♦rs ✇✐t❤ ❝♦♥s✐❞❡r❛t✐♦♥ ♦❢
t❤❡ ❝r♦ss✲❝♦✉♣❧✐♥❣s ✐s ❛♥ ♦♥❣♦✐♥❣ ✇♦r❦ ✇✐t❤✐♥ t❤❡ P❤❉ ✇♦r❦❞ ♦❢ ❨❛ss❡r ❆❧ ❍❛♠✐❞✐✳
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❋✐❣✉r❡ ✹✳✻✿ ❊①♣❡r✐♠❡♥t❛❧ r❡s✉❧ts ♦❢ ✐♥♣✉t s❤❛♣✐♥❣ ❝♦♥tr♦❧ ♦❢ ❛ ♣✐❡③♦❡❧❡❝tr✐❝ ❝❛♥t✐❧❡✈❡r❡❞ ❛❝t✉✲
❛t♦r✳
❆❝❦♥♦✇❧❡❞❣❡♠❡♥ts ✲ ❚❤❡ ✇♦r❦s r❡❣❛r❞✐♥❣ t❤❡ ❢❡❡❞❢♦r✇❛r❞ ❝♦♥tr♦❧ ♦❢ ✈✐❜r❛t✐♦♥s ✐♥ ♠✉❧t✐✲
❉❖❋ ♣✐❡③♦❡❧❡❝tr✐❝ s②st❡♠s ❛r❡ ✇✐t❤✐♥ t❤❡ P❤❉ ❢❡❧❧♦✇s❤✐♣ ♦❢ ❨❛ss❡r ❆❧ ❍❛♠✐❞✐✳
✹✳✺ ❈♦♠♣❧❡t❡ ❢❡❡❞❢♦r✇❛r❞ ❝♦♥tr♦❧
❙♦ ❢❛r✱ ✇❡ t❛❝❦❧❡❞ t❤❡ ✐♥❞✐✈✐❞✉❛❧ ❝♦♥tr♦❧ ♦❢ t❤❡ ❤②st❡r❡s✐s✱ ♦❢ t❤❡ ❝r❡❡♣ ♦r ♦❢ t❤❡ ✈✐❜r❛t✐♦♥
✐♥ ♣✐❡③♦❡❧❡❝tr✐❝ s②st❡♠s✳ ■♥ t❤❡ ✉t✐❧✐③❛t✐♦♥s ❤♦✇❡✈❡r✱ t❤❡s❡ t❤r❡❡ ♣❤❡♥♦♠❡♥❛ ♠❛② ❛♣♣❡❛r
s✐♠✉❧t❛♥❡♦✉s❧② ❛♥❞ ❛ ❝♦♠❜✐♥❛t✐♦♥ ♦❢ t❤❡ t❤r❡❡ ❝♦♥tr♦❧ t❡❝❤♥✐q✉❡s ✐s r❡q✉✐r❡❞ ✐♥ t❤❛t ❝❛s❡✳
❙✐♠✉❧t❛♥❡♦✉s ❢❡❡❞❢♦r✇❛r❞ ❝♦♥tr♦❧ ♦❢ t❤❡ ❤②st❡r❡s✐s ❛♥❞ ♦❢ t❤❡ ❝r❡❡♣ ❤❛✈❡ ❜❡❡♥ st✉❞✐❡❞ ✐♥ ❞✐❢✲
❢❡r❡♥t ♣❛♣❡rs ❬✷✺✻❀ ✷✺✾✕✷✻✸❪✳ ❚❤✐s ✐s ❜❡❝❛✉s❡ t❤❡ t✇♦ ♥♦♥❧✐♥❡❛r✐t✐❡s ❛r❡ ❜♦t❤ str♦♥❣ ❛t ❧♦✇
❢r❡q✉❡♥❝✐❡s ❛♥❞ ❣r❡❛t❧② ❛✛❡❝t t❤❡ ❛❝❝✉r❛❝② ♦❢ t❤❡ ♣r❡❝✐s❡ ♣♦s✐t✐♦♥✐♥❣ s②st❡♠s✳ ■♥ ❬❏✶✸❪❬❈✶✹❪✱
✇❡ ❤❛✈❡ s❤♦✇♥ t❤❛t t❤❡ ✈✐❜r❛t✐♦♥ ❛♥❞ t❤❡ ❤②st❡r❡s✐s ❝❛♥ ❜❡ s✐♠✉❧t❛♥❡♦✉s❧② ❝♦♠♣❡♥s❛t❡❞ t♦✲
❣❡t❤❡r ❜② ❜❧❡♥❞✐♥❣ t❤❡ ✐♥♣✉t s❤❛♣✐♥❣ t❡❝❤♥✐q✉❡ ✇✐t❤ t❤❡ ❝❧❛ss✐❝❛❧ Pr❛♥❞t❧✲■s❤❧✐♥s❦✐✐✳ ❚♦ ❢✉❧❧②
❝♦♥tr♦❧ t❤❡ ❤②st❡r❡s✐s✱ t❤❡ ❝r❡❡♣ ❛♥❞ t❤❡ ✈✐❜r❛t✐♦♥✱ t❤❡ ❡❛s✐❡r ✇❛② ❝♦♥s✐sts ✐♥ ❝❛s❝❛❞✐♥❣ t❤❡
t❤r❡❡ ❝♦♠♣❡♥s❛t♦rs ❛s ❞❡♣✐❝t❡❞ ✐♥ ❋✐❣✳ ✹✳✼✳ ❚❤✐s str✉❝t✉r❡ ❤❛s ❜❡❡♥ ❡♠♣❧♦②❡❞ ❜② ❈r♦❢t ❡t
❛❧✳ ❬✷✺✼❪✳ ❚❤❡② ♣r♦♣♦s❡❞ t♦ ❝♦♠♣❡♥s❛t❡ ✜rst ❢♦r t❤❡ ❤②st❡r❡s✐s ✇✐t❤ t❤❡ ❝❧❛ss✐❝❛❧ Pr❡✐s❛❝❤
t❡❝❤♥✐q✉❡✱ t❤❡♥ t❤❡ ❝r❡❡♣ ❛♥❞ ✜♥❛❧❧② t❤❡ ❞②♥❛♠✐❝s ❜♦t❤ ✇✐t❤ t❤❡ st❛♥❞❛r❞ ❞②♥❛♠✐❝s ✐♥✈❡r✲
s✐♦♥✳ ❚❤❡✐r ❛♣♣❧✐❝❛t✐♦♥ ✇❛s t❤❡ ♣✐❡③♦t✉❜❡ s❝❛♥♥❡rs ✐♥ ❛t♦♠✐❝ ❢♦r❝❡ ♠✐❝r♦s❝♦♣❡s✳ ■♥ ❬❏✼❪✱ ✇❡
✶✵✻
❡♠♣❧♦②❡❞ t❤❡ ❝❧❛ss✐❝❛❧ Pr❛♥❞t❧✲■s❤❧✐♥s❦✐✐ ❛♣♣r♦❛❝❤✱ t❤❡ ✐♥✈❡rs❡ ♠✉❧t✐♣❧✐❝❛t✐✈❡ str✉❝t✉r❡ ♦❢ ▲❚■
❛♥❞ t❤❡ ✐♥♣✉t s❤❛♣✐♥❣ t❡❝❤♥✐q✉❡ t♦ ❤✐❣❤❧② r❡❞✉❝❡ t❤❡ ❤②st❡r❡s✐s✱ t❤❡ ❝r❡❡♣ ❛♥❞ t❤❡ ✈✐❜r❛t✐♦♥s
✐♥ ❛ ✉♥✐♠♦r♣❤ ♣✐❡③♦❡❧❡❝tr✐❝ ❛❝t✉❛t♦r✳ ■♥ ❢❛❝t✱ ❝❛s❝❛❞✐♥❣ t❤❡ ❝♦♠♣❡♥s❛t♦rs ❡❛s❡s t❤❡ ✐❞❡♥t✐✜❝❛✲
t✐♦♥ ♣r♦❝❡❞✉r❡✳ ❲❤❡♥ t❤❡ ❤②st❡r❡s✐s ✐s ❝♦♠♣❡♥s❛t❡❞✱ ❛ ♥❡✇ s②st❡♠ ✇❤✐❝❤ ✐s ❝♦♠♣♦s❡❞ ♦❢ t❤❡
❤②st❡r❡s✐s ❝♦♠♣❡♥s❛t♦r ❛♥❞ t❤❡ ❛❝t✉❛t♦r ✐s ♦❜t❛✐♥❡❞✳ ❚❤❡ ❝r❡❡♣ ✐s t❤❡r❡❢♦r❡ ✐❞❡♥t✐✜❡❞ ❢r♦♠ t❤✐s
♥❡✇ s②st❡♠✳ ❋✐♥❛❧❧②✱ t❤❡ ✈✐❜r❛t✐♦♥ ✐s ✐❞❡♥t✐✜❡❞ ❛♥❞ ❝♦♥tr♦❧❧❡❞ ❢r♦♠ t❤❡ s②st❡♠ ❝♦♠♣♦s❡❞ ♦❢ t❤❡
❝r❡❡♣ ❝♦♠♣❡♥s❛t♦r✱ t❤❡ ❤②st❡r❡s✐s ❝♦♠♣❡♥s❛t♦r ❛♥❞ t❤❡ ❛❝t✉❛t♦r✳ ■t ✐s ♣♦ss✐❜❧❡ t♦ ❝♦♠♠✉t❛t❡
t❤❡ ❞✐✛❡r❡♥t ❝♦♠♣❡♥s❛t♦rs s✉❜❥❡❝t t♦ ❛♥ ✐❞❡♥t✐✜❝❛t✐♦♥ ♣r♦❝❡❞✉r❡ ✇✐t❤ t❤❡ r✐❣❤t s②st❡♠s✳
hysteretic,
creeped and
oscillating
piezoelectric
system
hysteresis
compensator
creep
compensator
vibration
compensator
linearized system, with creep and badly damped
linearized system, without creep but badly damped
linearized system, without creep, well damped
full compensator
❋✐❣✉r❡ ✹✳✼✿ ❋✉❧❧ ✭♦r ❝♦♠♣❧❡t❡✮ ❝♦♠♣❡♥s❛t✐♦♥ ♦❢ t❤❡ ❤②st❡r❡s✐s✱ ❝r❡❡♣ ❛♥❞ ❜❛❞❧② ❞❛♠♣❡❞ ✈✐❜r❛✲
t✐♦♥✳
✹✳✻ ❈♦♥❝❧✉s✐♦♥ ❛♥❞ ♣❡rs♣❡❝t✐✈❡s
❋❡❡❞❢♦r✇❛r❞ ❝♦♥tr♦❧ t❡❝❤♥✐q✉❡s ❛r❡ ✇❡❧❧ ❛♣♣r❡❝✐❛t❡❞ ✐♥ t❤❡ ❝♦♥tr♦❧ ♦❢ ♠✐♥✐❛t✉r✐③❡❞ s②st❡♠s✳
❚❤✐s r❡❝♦❣♥✐t✐♦♥ ✐s t❤❛♥❦s t♦ t❤❡ ❤✐❣❤ ❧❡✈❡❧ ♦❢ ♣❛❝❦❛❣✐♥❣ t❤❛t ❢❡❡❞❢♦r✇❛r❞ ❝♦♥tr♦❧ ♦✛❡rs t♦ t❤❡
✜♥❛❧ ❞❡✈✐❝❡s s✐♥❝❡ ♥♦ s❡♥s♦rs ❛r❡ r❡q✉✐r❡❞✳ ❘❡❣❛r❞✐♥❣ t❤❡ ❝♦♥tr♦❧ ♦❢ ♣✐❡③♦❡❧❡❝tr✐❝ s②st❡♠s✱ t❤❡
♠❛✐♥ ❝❤❛❧❧❡♥❣❡s ❛r❡ t❤❡ ❤②st❡r❡s✐s ❛♥❞ t❤❡ ❝r❡❡♣ ♥♦♥❧✐♥❡❛r✐t✐❡s✳ ■♥ ❛❞❞✐t✐♦♥✱ ♠♦st ♦❢ ♣✐❡③♦❡❧❡❝✲
tr✐❝ ❛❝t✉❛t♦rs ❡①❤✐❜✐t ❜❛❞❧② ❞❛♠♣❡❞ ✈✐❜r❛t✐♦♥s ✇❤✐❝❤ ❛❧s♦ r❡q✉✐r❡s ❝♦♥tr♦❧✳ ▼❛♥② ✇♦r❦s ❤❛✈❡
❜❡❡♥ r❛✐s❡❞ ✐♥ t❤❡ ❧✐tt❡r❛t✉r❡ r❡❣❛r❞✐♥❣ t❤❡ ♠♦❞❡❧✐♥❣ ❛♥❞ ❝♦♥tr♦❧ ♦❢ t❤❡ ❤②st❡r❡s✐s ❛♥❞ ♦❢ t❤❡
❝r❡❡♣ ✐♥ t❤❡s❡ ❛❝t✉❛t♦rs ❛♥❞ s②st❡♠s✳ ❚❤❡s❡ ✇♦r❦s ♠❛✐♥❧② ❛❞❛♣t ❡①✐st✐♥❣ ♥♦♥❧✐♥❡❛r ♠♦❞❡❧s
✭Pr❛♥❞t❧✲■s❤❧✐♥s❦✐✐✱ Pr❡✐s❛❝❤✱ ▲❚■✳✳✳✮ t♦ t❤❡ ❝❛s❡ ♦❢ t❤❡s❡ s②st❡♠s✳ ❖✉r ❞✐r❡❝t✐♦♥ ✐s t✇♦❢♦❧❞✿
✶✮ ♣r♦♣♦s✐♥❣ ♥❡✇ ❝♦♠♣❡♥s❛t♦rs s❝❤❡♠❡s ✇✐t❤ r❡❞✉❝❡❞ ❝❛❧❝✉❧❛t✐♦♥ ❛♥❞ r❡❞✉❝❡❞ ❝♦♠♣❧❡①✐t②✱ ✷✮
❛♥❞ ❡①t❡♥❞✐♥❣ t❤❡ ❝♦♠♣❡♥s❛t✐♦♥ t♦ ♠✉❧t✐✈❛r✐❛❜❧❡✳ ❲❡ ❤❛✈❡ ❞❡♠♦♥str❛t❡❞ t❤❛t ❛ ♠♦❞❡❧ ✭♦❢ t❤❡
❤②st❡r❡s✐s ♦r ♦❢ t❤❡ ❝r❡❡♣✮ ❝❛♥ ❜❡ ❥✉❞✐❝✐♦✉s❧② ❝♦♠❜✐♥❡❞ ✇✐t❤ ❛♥ ✐♥✈❡rs❡ ♠✉❧t✐♣❧✐❝❛t✐✈❡ str✉❝t✉r❡
t♦ ②✐❡❧❞ ❛ ❝♦♠♣❡♥s❛t♦r✳ ❚♦ r❡❛❝❤ t❤❡s❡ ♦❜❥❡❝t✐✈❡s✱ ✇❡ ❤❛✈❡ ♣r♦♣♦s❡❞ t♦ ✉s❡ t❤❡ ✐♥✈❡rs❡ ♠✉❧t✐✲
♣❧✐❝❛t✐✈❡ str✉❝t✉r❡ ✐♥ t❤❡ ❝♦♠♣❡♥s❛t♦r✳ ❚❤❡ ♠❛✐♥ ❛❞✈❛♥t❛❣❡ ✐s t❤❛t ✇❡ ❞♦ ♥♦t ♥❡❡❞ ❛♥ ❡①tr❛
❝❛❧❝✉❧❛t✐♦♥ ♦❢ t❤❡ ❝♦♠♣❡♥s❛t♦r✬s ♣❛r❛♠❡t❡rs✿ ❛s s♦♦♥ ❛s t❤❡ ♠♦❞❡❧ ♣❛r❛♠❡t❡rs ❛r❡ ✐❞❡♥t✐✜❡❞✱
t❤❡ ❝♦♠♣❡♥s❛t♦r ✐s ❞❡r✐✈❡❞ ❜② r❡str✉❝t✉r✐♥❣ t❤❡ ♠♦❞❡❧✳ ❘❡❣❛r❞✐♥❣ t❤❡ ❤②st❡r❡s✐s✱ t❤❡ ♦♥❧②
❝♦♥❞✐t✐♦♥ r❡q✉✐r❡❞ ♦♥ t❤❡ ♠♦❞❡❧ s✉❝❤ t❤❛t t❤✐s t❡❝❤♥✐q✉❡ ✇♦r❦s ✐s t♦ ❤❛✈❡ t❤❡ s❛♠❡ str✉❝t✉r❡
t❤❛♥ ✐♥ ❊q✳ ✭✹✳✶✺✮ ✭❢♦r r❛t❡✲❞❡♣❡♥❞❡♥t ❤②st❡r❡s✐s✮ ♦r ❊q✳ ✭✹✳✶✻✮ ✭❢♦r r❛t❡✲✐♥❞❡♣❡♥❞❡♥t ❤②st❡r❡✲
✶✵✼
s✐s✮✳ ❚❤❡ ♣r♦♣♦s❡❞ ✐♥✈❡rs❡ ♠✉❧t✐♣❧✐❝❛t✐✈❡ str✉❝t✉r❡ ❛❧s♦ ♣❡r♠✐tt❡❞ t♦ ❡①t❡♥❞ t❤❡ ❤②st❡r❡s✐s ❛♥❞
t❤❡ ❝r❡❡♣ ❝♦♠♣❡♥s❛t✐♦♥ ✐♥t♦ ♠✉❧t✐✈❛r✐❛❜❧❡✳ ❘❡❣❛r❞✐♥❣ t❤❡ ✈✐❜r❛t✐♦♥✱ t❤❡ ❧✐tt❡r❛t✉r❡ ❤❛s s❤♦✇♥
t❤❛t ❞❛♠♣✐♥❣ t❤❡ ✈✐❜r❛t✐♦♥ ✐♥ ♣✐❡③♦❡❧❡❝tr✐❝ s②st❡♠s ✇❛s ♠❛✐♥❧② ❜❛s❡❞ ♦♥ t❤❡ ♠♦❞❡❧ ✐♥✈❡rs✐♦♥✳
❆♥ ❛❧t❡r♥❛t✐✈❡ ✇❛② t❤❛t ✇❡ ♣r♦♣♦s❡❞ ❝♦♥s✐st❡❞ ✐♥ ❡♠♣❧♦②✐♥❣ ✐♥♣✉t s❤❛♣✐♥❣ t❡❝❤♥✐q✉❡s ✇❤✐❝❤
❛r❡ ❡✣❝✐❡♥t ❛♥❞ s✐♠♣❧❡ ❢♦r ✐♠♣❧❡♠❡♥t❛t✐♦♥✳ ❚❤❡ ❢❡❡❞❢♦r✇❛r❞ ❛♣♣r♦❛❝❤ ♣r♦♣♦s❡❞ ✐♥ t❤✐s t❤❡s✐s✱
♠❛✐♥❧② ❜❛s❡❞ ♦♥ t❤❡ ✐♥✈❡rs❡ ♠✉❧t✐♣❧❡ str✉❝t✉r❡ ❛♥❞ ♦♥ t❤❡ ✐♥♣✉t s❤❛♣✐♥❣ t❡❝❤♥✐q✉❡s✱ ✐s ❝♦♠✲
♣❡t✐t✐✈❡ r❡❧❛t✐✈❡ t♦ t❤❡ ♦t❤❡r ❡♠♣❧♦②❡❞ t❡❝❤♥✐q✉❡s✱ ❛♥❞ ❤❛s ❛♥ ❛❞✈❛♥t❛❣❡ ♦❢ ❝❛❧❝✉❧❛t✐♦♥ ❛♥❞
✐♠♣❧❡♠❡♥t❛t✐♦♥ s✐♠♣❧✐❝✐t②✳ ❆♥ ❡ss❡♥t✐❛❧ ♣❡rs♣❡❝t✐✈❡ ♦♥ ❢❡❡❞❢♦r✇❛r❞ ❝♦♥tr♦❧ ❧✐❡s ✐♥ t❤❡ ❞❡✈❡❧♦♣✲
♠❡♥t ♦❢ ♠✉❧t✐✈❛r✐❛❜❧❡ ❝♦♠♣❡♥s❛t♦rs t❤❛t ❛r❡ ❝❛♣❛❜❧❡ ♦❢ s✉♣♣r❡ss✐♥❣ t❤❡ ❤②st❡r❡s✐s✱ t❤❡ ❝r❡❡♣✱
t❤❡ ✈✐❜r❛t✐♦♥ ❛♥❞ t❤❡ ❝r♦ss✲❝♦✉♣❧✐♥❣s✳ ❚✇♦ P❤❉ t❤❡s✐s ✭❜② ❉✐❞❛❝❡ ❍❛❜✐♥❡③❛✱ ❛♥❞ ❜② ❨❛ss❡r
❆❧ ❍❛♠✐❞✐✮ ❛r❡ ♦♥❣♦✐♥❣ ❛♥❞ ❛r❡ ❢♦❝✉s❡❞ ♦♥ t❤✐s ❞✐r❡❝t✐♦♥✳
✶✵✽
❈❤❛♣t❡r ✺
❙✐❣♥❛❧s ♠❡❛s✉r❡♠❡♥t ❛♥❞ ❡st✐♠❛t✐♦♥
❈
❤❛♣t❡r✳ ✹ ❞❡❛❧t ✇✐t❤ t❤❡ ❢❡❡❞❢♦r✇❛r❞ ❝♦♥tr♦❧ ♦❢ ♣✐❡③♦❡❧❡❝tr✐❝ s②st❡♠s✳ ❋❡❡❞❢♦r✇❛r❞ ❝♦♥tr♦❧ t❡❝❤✲
♥✐q✉❡s ♣❡r♠✐t ❛ ❤✐❣❤ ❧❡✈❡❧ ♦❢ ✐♥t❡❣r❛t✐♦♥ ❛♥❞ ❛ ❧♦✇ ❝♦st ✭♥♦ s❡♥s♦rs r❡q✉✐r❡❞✮✳ ❍♦✇❡✈❡r✱ t❤❡② ❢❛✐❧
✇❤❡♥ t❤❡ ♠♦❞❡❧s ✉s❡❞ ❛r❡ ✉♥❝❡rt❛✐♥ ♦r ✇❤❡♥ ❡①t❡r♥❛❧ ❞✐st✉r❜❛♥❝❡s ♣❡rt✉r❜ t❤❡ s②st❡♠s ❞✉r✐♥❣
t❤❡✐r ❢✉♥❝t✐♦♥✐♥❣✳ ❚♦ ❛❝❝♦✉♥t ❢♦r t❤❡s❡ ✉♥❝❡rt❛✐♥t✐❡s ❛♥❞ ❞✐rt✉❜❛♥❝❡s✱ t❤❡r❡ ❛r❡ ♠❛♥② t❡❝❤✲
♥✐q✉❡s ❛✈❛✐❧❛❜❧❡ ✐♥ ❢❡❡❞❜❛❝❦ ❝♦♥tr♦❧ s❝❤❡♠❡s✳ ◆❡✈❡rt❤❡❧❡ss✱ t❤❡r❡ ✐s ❛ ❣r❡❛t ❧❛❝❦ ♦❢ ❝♦♥✈❡♥✐❡♥t
s❡♥s♦rs t♦ ♣❡r❢♦r♠ ❢❡❡❞❜❛❝❦ ❝♦♥tr♦❧ ✐♥ ♣✐❡③♦❡❧❡❝tr✐❝ ♠✐♥✐❛t✉r✐③❡❞ s②st❡♠s ❛♥❞ ✐♥ ♠✐♥✐❛t✉r✐③❡❞
s②st❡♠s ✐♥ ❣❡♥❡r❛❧✳ ❚❤❡ ❛✐♠ ♦❢ t❤✐s ❝❤❛♣t❡r ✐s t♦ ♣r❡s❡♥t ♥♦✈❡❧ ♦r ❛❧t❡r♥❛t✐✈❡ ♠❡❛s✉r❡♠❡♥t
t❡❝❤♥✐q✉❡s ❢♦r ❢❡❡❞❜❛❝❦ ✉s❡✳
❈♦♥t❡♥ts
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✺✳✶ ■♥tr♦❞✉❝t✐♦♥
❚
✇♦ ♦❢ t❤❡ ✐♥t❡r❡st✐♥❣ ♣✐❡③♦❡❧❡❝tr✐❝ s②st❡♠s ♣r♦♣❡rt✐❡s ❛r❡ t❤❡ ❤✐❣❤ ❜❛♥❞✇✐❞t❤ ❛♥❞ t❤❡
❤✐❣❤ r❡s♦❧✉t✐♦♥✳ ❍♦✇❡✈❡r✱ t❤❡ ♥♦♥❧✐♥❡❛r✐t✐❡s ✭❤②st❡r❡s✐s ❛♥❞ ❝r❡❡♣✮✱ t❤❡ ❧✐❣❤t❧② ❞❛♠♣❡❞
✈✐❜r❛t✐♦♥s ❛♥❞ t❤❡ ❤✐❣❤ s❡♥s✐t✐✈✐t② t♦ t❤❡ ❡♥✈✐r♦♥♠❡♥t ✭t❡♠♣❡r❛t✉r❡ ✈❛r✐❛t✐♦♥✱ s✉rr♦✉♥❞✐♥❣
✈✐❜r❛t✐♦♥s✱ ✐♥t❡r❛❝t✐♦♥ ❢♦r❝❡ ✇✐t❤ t❤❡ ♦❜❥❡❝ts✮ t❤❛t t❤❡② ❡①❤✐❜✐t ❝♦♠♣r♦♠✐s❡ ❝❡rt❛✐♥ ♣❡r❢♦r✲
♠❛♥❝❡s ❧✐❦❡ t❤❡ ❛❝❝✉r❛❝② ♦r t❤❡ ❞❛♠♣✐♥❣✱ ♦r ❝♦♠♣r♦♠✐s❡ ❡✈❡♥ t❤❡ st❛❜✐❧✐t②✳
❋❡❡❞❜❛❝❦ ❝♦♥tr♦❧ ♦❢ ♣✐❡③♦❡❧❡❝tr✐❝ s②st❡♠s ✇✐t❤ ❝♦♥s✐❞❡r❛t✐♦♥ ♦❢ t❤✐s ♥❡❣❛t✐✈❡ s✐❞❡ ❤❛s ❜❡❡♥
tr❡❛t❡❞ ✐♥ ❈❤❛♣t❡r✳ ✸ ❛♥❞ ✇❡ ❞❡♠♦♥str❛t❡❞ t❤❛t ✈❡r② ❣♦♦❞ ♣❡r❢♦r♠❛♥❝❡s ❝❛♥ ❜❡ r❡❛❝❤❡❞✳ ❆
♠❛✐♥ ❧✐♠✐t❛t✐♦♥ ♦❢ ❢❡❡❞❜❛❝❦ ❝♦♥tr♦❧ ♦❢ ♣✐❡③♦❡❧❡❝tr✐❝ s②st❡♠s ❛♥❞ ♦❢ ♠✐♥✐❛t✉r✐③❡❞ s②st❡♠s ✐♥ ❣❡♥✲
❡r❛❧ ✐s t❤❡ ❧❛❝❦ ♦❢ ❝♦♥✈❡♥✐❡♥t s❡♥s♦rs✳ ❙❡♥s♦rs t❤❛t ❤❛✈❡ t❤❡ r❡q✉✐r❡❞ ♣❡r❢♦r♠❛♥❝❡s ✭r❡s♦❧✉t✐♦♥✱
❛❝❝✉r❛❝②✱ r❛♥❣❡ ❛♥❞ ❜❛♥❞✇✐❞t❤✮ ❤❛✈❡ ❞✐♠❡♥s✐♦♥s t❤❛t ❛r❡ ♥♦t ♥❡❝❡ss❛r✐❧② ❛❞❛♣t❡❞ ❛♥❞ ❛r❡ ✈❡r②
❡①♣❡♥s✐✈❡ ✭t❤♦✉s❛♥❞s ♦❢ B❈✮✳ ❚❤❡s❡ s❡♥s♦rs ❝♦✈❡r ♦♣t✐❝❛❧ s❡♥s♦rs ❜❛s❡❞ ♦♥ tr✐❛♥❣✉❧❛t✐♦♥ ❛♥❞ ✐♥✲
t❡r❢❡r♦♠❡t❡rs✳ ❚❤❡② ❛r❡ ❛❞❛♣t❡❞ ❢♦r ❧❛❜♦r❛t♦r② t❡sts ❜✉t✱ ❛s s♦♦♥ ❛s ❛ ❞✉♣❧✐❝❛t✐♦♥ ✐s r❡q✉✐r❡❞
✭✐♥❞✉str✐❛❧✐③❛t✐♦♥ ❢♦r ❡①❛♠♣❧❡✮✱ t❤❡② ❛r❡ ♥♦t t❤❡ ❣♦♦❞ s♦❧✉t✐♦♥✳ ❆♥♦t❤❡r ❝♦♠♣❧✐❝❛t✐♦♥ ✇✐t❤
t❤❡s❡ s❡♥s♦rs ❤❛♣♣❡♥s ✇❤❡♥ t❤❡ ♥✉♠❜❡r ♦❢ t❤❡ ❞❡❣r❡❡s ♦❢ ❢r❡❡❞♦♠ ♦❢ t❤❡ s②st❡♠ ✐♥❝r❡❛s❡s✳ ■t ✐s
❢r❡q✉❡♥t❧② ✐♠♣♦ss✐❜❧❡ t♦ s❡t✉♣ s❡✈❡r❛❧ s❡♥s♦rs s✐♠✉❧t❛♥❡♦✉s❧② t♦ ♠❡❛s✉r❡ t❤❡ ❞✐✛❡r❡♥t s✐❣♥❛❧s
✐♥ t❤❡ ❞✐✛❡r❡♥t ❛①❡s ♦❢ t❤❡ s②st❡♠ ❬❇❈✸❪✳ ❲✐t❤ r❡❣❛r❞s t♦ s❡♥s♦rs t❤❛t ❛r❡ ❡♠❜❡❞❞❛❜❧❡ ✭str❛✐♥
❣❛❣❡s✮✱ t❤❡② ❞♦ ♥♦t ❤❛✈❡ t❤❡ ♥❡❝❡ss❛r② ♣❡r❢♦r♠❛♥❝❡s ❢♦r ♠♦st ♦❢ t❤❡ ♣✐❡③♦❡❧❡❝tr✐❝ s②st❡♠s ✐♥
♣r❡❝✐s❡ ❛♥❞ ❤✐❣❤ ❞②♥❛♠✐❝s ♣♦s✐t✐♦♥✐♥❣✳ ❲❡ ♦❢t❡♥ ❢❛❝❡ t♦ s❡♥s♦rs t❤❛t ❤❛✈❡ ❧✐♠✐t❡❞ r❛♥❣❡✱ ❧✐♠✲
✐t❡❞ ❜❛♥❞✇✐❞t❤✱ ♦r t❤❛t ❛r❡ ♥♦✐s②✳✳✳ ❚❤❡r❡ ❤❛✈❡ ❜❡❡♥ ✇♦r❦s t♦ r❡❞✉❝❡ t❤❡ ♥♦✐s❡ ✐♥ t❤❡s❡ s❡♥s♦rs
✇❤❡♥ ✐♥t❡❣r❛t✐♥❣ t❤❡♠ ✐♥ ♣✐❡③♦❡❧❡❝tr✐❝ s②st❡♠s ❜② ✉s✐♥❣ ❑❛❧♠❛♥ ✜❧t❡r✐♥❣ ❬✼✹✕✼✻❪❬❇❈✼❪✱ ❜✉t
t❤❡ ♦t❤❡r ❧✐♠✐t❛t✐♦♥s ✭❧✐❦❡ r❛♥❣❡✮ st✐❧❧ r❡♠❛✐♥✳
■♥ ❈❤❛♣t❡r✳ ✹✱ ❢❡❡❞❢♦r✇❛r❞ ❝♦♥tr♦❧ ❤❛s ❜❡❡♥ ♣r♦♣♦s❡❞ t♦ ❜②♣❛ss t❤❡ ✉s❛❣❡ ♦❢ s❡♥s♦rs✳ ❚❤✐s
❛♣♣r♦❛❝❤ ♣❡r♠✐ts ❛ ❧♦✇ ❝♦st ❛♥❞ ❛ ❤✐❣❤ ❧❡✈❡❧ ♦❢ ✐♥t❡❣r❛t✐♦♥ ♦❢ t❤❡ ❝♦♥tr♦❧❧❡❞ ♣✐❡③♦❡❧❡❝tr✐❝
s②st❡♠s✳ ❍♦✇❡✈❡r✱ ❢❡❡❞❢♦r✇❛r❞ ❝♦♥tr♦❧ s✉✛❡rs ❢r♦♠ t❤❡ ❧❛❝❦ ♦❢ r♦❜✉st♥❡ss ❛❣❛✐♥st ♠♦❞❡❧s ✉♥✲
❝❡rt❛✐♥t✐❡s ❛♥❞ ❛❣❛✐♥st ❡①t❡r♥❛❧ ❞✐st✉r❜❛♥❝❡s✳
❆ ♣❛rt ♦❢ t❤❡ ✇♦r❦s ✇❡ ❝❛rr✐❡❞ ♦✉t ✐s t❤❡ ❞❡✈❡❧♦♣♠❡♥t ♦❢ ♥♦✈❡❧ ♦r ❛❧t❡r♥❛t✐✈❡ ♠❡❛s✉r❡♠❡♥t
t❡❝❤♥✐q✉❡s ❞❡✈♦t❡❞ t♦ ♣✐❡③♦❡❧❡❝tr✐❝ s②st❡♠s t♦ ♣❡r♠✐t ❢❡❡❞❜❛❝❦ ❝♦♥tr♦❧✳ ❚r❡❛t❡❞ ❛s ♣❛rt ♦❢
t❤r❡❡ ♣r♦❥❡❝ts t❤❛t ■ ❝♦♦r❞✐♥❛t❡❞ ✭❡✉r♦♣❡❛♥ µP❆❞❙ ♣r♦❥❡❝t✱ ❆◆❘ ▼❨▼❊❙❨❙ ♣r♦❥❡❝t✱ ❆◆❘
②♦✉♥❣ ✐♥✈❡t✐❣❛t♦r ❈✲▼❯▼❙ ♣r♦❥❡❝t✮✱ t❤❡ t❛r❣❡t ✐s t♦ ❜❡ ❝❛♣❛❜❧❡ ♦❢ ♠❡❛s✉r✐♥❣ t❤❡ r❡q✉✐r❡❞
s✐❣♥❛❧s ❢♦r ❢❡❡❞❜❛❝❦ ❜② ✉s✐♥❣ ✐♥t❡❣r❛t❡❞ s❡♥s♦rs ❛♥❞ ❛ ♠✐♥✐♠✉♠ ♥✉♠❜❡r ♦❢ t❤❡♠✳ ●❡♥❡r❛❧❧②
s♣❡❛❦✐♥❣✱ t♦♦❧s ❢r♦♠ ❝♦♥tr♦❧ t❤❡♦r② ✭♦❜s❡r✈❡rs✳✳✳✮ ❜r✐♥❣ ❝♦♠♣❧❡♠❡♥t❛r② ❝❛♣❛❜✐❧✐t② t♦ ♠♦✈❡ ❢♦r✲
✇❛r❞ t♦✇❛r❞s t❤✐s t❛r❣❡t✳ ■♥ ❢❛❝t✱ ❜② ❝♦♠❜✐♥✐♥❣ ✇❡❧❧ ❛❞❛♣t❡❞ ♦❜s❡r✈❡rs ✇✐t❤ t❤❡ ♠❡❛s✉r❡♠❡♥t
s②st❡♠s ❞❡s✐❣♥❡❞✱ ✐t ✐s ♣♦ss✐❜❧❡ t♦ r❡❛❝❤ ❝❡rt❛✐♥ ♦❜❥❡❝t✐✈❡s ♦❢ ♠❡❛s✉r❡♠❡♥ts t❤❛t s❡♥s♦rs ♦♥❧②
❝♦✉❧❞ ♥♦t ♣r♦✈✐❞❡✳
❚❤❡ ❝❤❛♣t❡r ✐s ♦r❣❛♥✐③❡❞ ❛s ❢♦❧❧♦✇s✳ ❋✐rst ✇❡ ♣r❡s❡♥t t❤❡ ❞❡✈❡❧♦♣♠❡♥t ♦❢ ❛ ❢♦r❝❡ ♠❡❛s✉r❡✲
♠❡♥t ♣❧❛t❢♦r♠ ❞❡✈♦t❡❞ t♦ ♠✐❝r♦❛ss❡♠❜❧② ❛♣♣❧✐❝❛t✐♦♥s✳ ❚❤✐s ✇✐❧❧ ❜❡ ✐♥ ❙❡❝t✐♦♥✳ ✺✳✷✳ ❚❤❡♥✱ ✇❡
✇✐❧❧ ♣r❡s❡♥t ✐♥ ❙❡❝t✐♦♥✳ ✺✳✸ t❤❡ ❛♣♣r♦❛❝❤ ♦❢ ❝♦♠❜✐♥✐♥❣ ♦❜s❡r✈❡rs ❛♥❞ ❡①✐st✐♥❣ s❡♥s♦rs t♦ ✐♥❝r❡❛s❡
t❤❡ ♠❡❛s✉r❡♠❡♥t ❝❛♣❛❜✐❧✐t✐❡s ✐♥ ♣✐❡③♦❡❧❡❝tr✐❝ s②st❡♠s✳ ❋✐♥❛❧❧②✱ ❙❡❝t✐♦♥✳ ✺✳✹ ✇✐❧❧ ❜❡ ❞❡✈♦t❡❞ t♦
✶✶✵
t❤❡ s❡❧❢✲s❡♥s✐♥❣ ♠❡❛s✉r❡♠❡♥t ❛♣♣r♦❛❝❤✳ ❚❤✐s ❝♦♥s✐sts ✐♥ ✉s✐♥❣ t❤❡ ❛❝t✉❛t♦r ❛s s❡♥s♦r ❛t t❤❡
s❛♠❡ t✐♠❡✳ ❚❤✐s ❛♣♣r♦❛❝❤ ❤❛s ❛ ✈❡r② ❤✐❣❤ ❧❡✈❡❧ ♦❢ ♣❛❝❦❛❣❡❛❜✐❧✐t②✱ ✐s ❝❤❡❛♣ ❛♥❞ ✐s ❝♦♥s✐❞❡r❡❞
❛s ❛ ✈❡r② ✐♥t❡r❡st✐♥❣ ❢❡❛t✉r❡ ✐♥ ♠✐♥✐❛t✉r✐③❡❞ s②st❡♠s✳
✺✳✷ ❉❡✈❡❧♦♣♠❡♥t ♦❢ ❢♦r❝❡ ♠❡❛s✉r❡♠❡♥t ♣❧❛t❢♦r♠ ❢♦r ♠✐❝r♦♠❛✲
♥✐♣✉❧❛t✐♦♥ ❛♥❞ ♠✐❝r♦❛ss❡♠❜❧② t❛s❦s
❉✉r✐♥❣ ❛ ♠✐❝r♦♠❛♥✐♣✉❧❛t✐♦♥ ♦r ❛ ♠✐❝r♦❛ss❡♠❜❧② t❛s❦✱ ❦♥♦✇✐♥❣ t❤❡ ♠❛♥✐♣✉❧❛t✐♦♥ ❢♦r❝❡ ✐s ❡s✲
s❡♥t✐❛❧ ❛♥❞ ✐ts ❝♦♥tr♦❧ ♠✐❣❤t ❜❡ ♥❡❝❡ss❛r② ❢♦r s♦♠❡ s✐t✉❛t✐♦♥s✳ ❇② ❞♦✐♥❣ s♦✱ ✇❡ ❝❛♥ ❛✈♦✐❞ t❤❡
❞❡str✉❝t✐♦♥ ♦❢ t❤❡ ♠❛♥✐♣✉❧❛t❡❞ ♦❜❥❡❝t ♦r ♦❢ t❤❡ ❛❝t✉❛t♦rs t❤❡♠s❡❧✈❡s✳ ❚❤❡ ❢♦r❝❡ ♠❡❛s✉r❡♠❡♥t
✐♥ t❤❡s❡ ♣❛rt✐❝✉❧❛r t❛s❦s ❤❛s r❛✐s❡❞ s❡✈❡r❛❧ ✇♦r❦s ❛♥❞ ❛ ❝♦♠♣❧❡t❡ ❞✐s❝✉ss✐♦♥ ❛♥❞ ❝♦♠♣❛r✐s♦♥
❝❛♥ ❜❡ ❢♦✉♥❞ ✐♥ ❬✸✷✵❀ ✸✷✶❪✱ ✐♥ ♣❛rt✐❝✉❧❛r ✐❢ t❤❡ ♠❛♥✐♣✉❧❛t♦rs ❛r❡ ❜❛s❡❞ ♦♥ t✇♦ ❝❧♦s❡ ❛❝t✉❛t♦rs
✭t✇♦ ✜♥❣❡r❡❞ ❣r✐♣♣❡rs✮✳ ❚❤❡ ♠♦st ✉s❡❞ ❛♣♣r♦❛❝❤❡s ✇✐❧❧ ❜❡ r❡♠✐♥❞❡❞ ❜❡❧♦✇✳
❆♥ ❛♣♣r♦❛❝❤ t♦ ♠❡❛s✉r❡ t❤❡ ❢♦r❝❡ ✐♥ s②st❡♠s ❞✉r✐♥❣ ♠✐❝r♦♠❛♥✐♣✉❧❛t✐♦♥ ♦r ❛ ♠✐❝r♦❛ss❡♠✲
❜❧② t❛s❦ ✐s t❤r♦✉❣❤ str❛✐♥ ❣❛❣❡s t❤❛t ❛r❡ ✐♠♣❧❡♠❡♥t❡❞ ✐♥ t❤❡ ❛❝t✉❛t♦rs✳ ❚❤✐s t❡❝❤♥✐q✉❡ ✐s ✈❡r②
❝♦♠♠♦♥ ❬✼✹❀ ✸✷✶✕✸✷✻❪ ❜✉t t❤❡ r❛♥❣❡ ♦❢ t❤❡ ♠❡❛s✉r❛❜❧❡ ❢♦r❝❡ ✐s ❧✐♠✐t❡❞ t♦ s♦♠❡ ♠✐❧❧✐◆❡✇t♦♥s
♦♥❧② ✇❤✐❝❤ ✐s ♥♦t s✉✣❝✐❡♥t ❢♦r ❝❡rt❛✐♥ t❛s❦s✳ ■♥ ❛❞❞✐t✐♦♥ t♦ t❤✐s✱ t❤❡ ♥♦✐s❡ ♦❜s❡r✈❡❞ ✐♥ t❤❡
♠❡❛s✉r❡❞ s✐❣♥❛❧s ❛r❡ ❢r❡q✉❡♥t❧② ♥♦♥✲♥❡❣❧✐❣✐❜❧❡ ♠❛❦✐♥❣ ✜♥❛❧❧② t❤❡ r❡q✉✐r❡♠❡♥t ♦❢ ✇❡❧❧ ❞❡s✐❣♥❡❞
✜❧t❡rs ❬✼✹✕✼✻❪❬❇❈✼❪✳ ❆♥♦t❤❡r ❛♣♣r♦❛❝❤ t♦ ♠❡❛s✉r❡ t❤❡ ❢♦r❝❡ ❞✉r✐♥❣ ♠✐❝r♦♠❛♥✐♣✉❧❛t✐♦♥ ❛♥❞
♠✐❝r♦❛ss❡♠❜❧② t❛s❦s ✐s ♣r♦♣♦s❡❞ ✐♥ ❬✸✷✼❀ ✸✷✽❪ ❛♥❞ ❞✐s❝✉ss❡❞ ✐♥ ❬✸✷✶❪✳ ❚❤❡ ♣r✐♥❝✐♣❧❡ ❝♦♥✲
s✐sts ✐♥ ✉t✐❧✐③✐♥❣ ♦♥❧② ♦♥❡ ❡❧❡♠❡♥t ♦❢ t❤❡ ♠✐❝r♦❣r✐♣♣❡r ❛s ❛❝t✉❛t♦r ❛♥❞ t❤❡ ♦t❤❡r ❡❧❡♠❡♥t ❛s
❢♦r❝❡ s❡♥s♦r✳ ❚❤❡ ❢♦r❝❡ s❡♥s♦r ✐ts❡❧❢ ✐s ✐♥t❡❣r❛t❡❞ ❛s ❛ ❝♦♠♣♦♥❡♥t ♦❢ t❤❡ ♠✐❝r♦❣r✐♣♣❡r ❛♥❞
❝♦✲❞❡s✐❣♥❡❞ ✇✐t❤ t❤❡ ❛❝t✉❛t♦r✳ ❆ ❧✐♠✐t❛t✐♦♥ ♦❢ t❤✐s ❛♣♣r♦❛❝❤ ✐s t❤❡ ❢❛❝t t❤❛t ♦♥❧② ♦♥❡ s✐❣♥❛❧
❝❛♥ ❜❡ ❝♦♥tr♦❧❧❡❞✿ ❡✐t❤❡r t❤❡ ♣♦s✐t✐♦♥✐♥❣ ♦r t❤❡ ❢♦r❝❡✳ ■♥ ❬✸✷✾❪✱ ❆❣♥✉s ❡t ❛❧✳ ♣r♦♣♦s❡❞ ❛♥
❡♥❞✲❡✛❡❝t♦r s❡♥s♦r✐③❡❞ ❜② str❛✐♥ ❣❛❣❡s ❛♥❞ ♣❧❛❝❡❞ ❛t t❤❡ t✐♣ ♦❢ t❤❡ ❛❝t✉❛t♦rs ♦❢ ♠✐❝r♦❣r✐♣♣❡rs✳
❚❤❡ ❡♥❞✲❡✛❡❝t♦r ♣❡r♠✐ts t♦ ♠❡❛s✉r❡ t❤❡ ❢♦r❝❡ ✇❤❡♥ ✐t ✐s ✐♥ ❝♦♥t❛❝t ✇✐t❤ t❤❡ ♠❛♥✐♣✉❧❛t❡❞ ♦❜✲
❥❡❝ts✳ ❚❤❡ ❡♥❞✲❡✛❡❝t♦r ✇❛s ❜❛s❡❞ ♦♥ s✐❧✐❝♦♥ ✇❤✐❝❤ ♣❡r♠✐tt❡❞ t♦ ❢❛❜r✐❝❛t❡ ✐t ✐♥ ❜❛t❝❤✳ ▲❛t❡r ♦♥✱
✇❡ r❡❞❡s✐❣♥❡❞ t❤❡ ❡♥❞✲❡✛❡❝t♦r t♦ ♠❡❛s✉r❡ t❤❡ ❢♦r❝❡ ✐♥ t✇♦ ❞✐r❡❝t✐♦♥s ❬❈✹✼❪✳ ❍♦✇❡✈❡r✱ ❛❣❛✐♥✱
t❤❡ r❛♥❣❡ ♦❢ ♠❡❛s✉r❡♠❡♥t ✐s ❧✐♠✐t❡❞ ❢♦r t❤✐s ❛♣♣r♦❛❝❤✳ ■♥ ❢❛❝t✱ t❤❡ r❛♥❣❡ ♦❢ ♠❡❛s✉r❡♠❡♥t ✐s
♣r✐♥❝✐♣❛❧❧② ❞❡♣❡♥❞❡♥t ♦♥ t❤❡ st✐✛♥❡ss ♦❢ t❤❡ s❡♥s✐t✐✈❡ ♣❛rts ♦❢ t❤❡ ✐♥t❡❣r❛t❡❞ s❡♥s♦rs✳ ❆♥ ❛❧t❡r✲
♥❛t✐✈❡ ✇❛② t❤❛t ♦✈❡r❝♦♠❡s t❤✐s ❧✐♠✐t❛t✐♦♥ ❛♥❞ ✇❤✐❝❤ ✐s ❞❡✈❡❧♦♣❡❞ ❛t t❤❡ ❞❡♣❛rt♠❡♥t ❝♦♥s✐sts
✐♥ ✉t✐❧✐③✐♥❣ ❙❯✲✽ ♣♦❧②♠❡rs ✐♥st❡❛❞ ♦❢ s✐❧✐❝♦♥✳ ■♥ ❢❛❝t✱ t❤❡r❡ ❛r❡ ♠❛♥② ❛❞✈❛♥t❛❣❡s ❣❛✐♥❡❞ ✇✐t❤
❙❯✲✽✳ ❋✐rst t❤❡ r❛♥❣❡ ♦❢ ♠❡❛s✉r❡♠❡♥t ✐s ♠♦r❡ ❛❞❛♣t❛❜❧❡ t❤❛♥ ✇✐t❤ s✐❧✐❝♦♥✳ ❚❤❡ ❢❛❜r✐❝❛t✐♦♥
♦❢ ♠♦r❡ ❝♦♠♣❧❡① ❛♥❞ ✸❉ str✉❝t✉r❡s ✐s ❛❧s♦ r❡♥❞❡r❡❞ ❡❛s✐❡r t❤❛♥ ✇✐t❤ s✐❧✐❝♦♥✳ ❋✐♥❛❧❧②✱ ❙❯✲✽
✐s ❝♦♠♣❛t✐❜❧❡ ✇✐t❤ ❝❡rt❛✐♥ ❛♣♣❧✐❝❛t✐♦♥s ✭♠❛♥✐♣✉❧❛t✐♦♥ ✉♥❞❡r ❳✲r❛②✮✱ ✇❤✐❧st s✐❧✐❝♦♥ ✐s ♥♦t✳ ■♥
❝♦✉♥t❡r♣❛rt✱ ❙❯✲✽ ❤❛s ❛ q✉✐❝❦❡r ❛❣❡✐♥❣ t❤❛♥ s✐❧✐❝♦♥✱ ✇❤✐❝❤ ✐s ❛ ❞r❛✇❜❛❝❦✳
❆❧❧ t❤❡s❡ ❛❜♦✈❡ ♠❡♥t✐♦♥♥❡❞ ❢♦r❝❡ ♠❡❛s✉r❡♠❡♥t ❛♣♣r♦❛❝❤❡s ❢♦r ♠✐❝r♦♠❛♥✐♣✉❧❛t✐♦♥ ❛♥❞ ♠✐✲
❝r♦❛ss❡♠❜❧② t❛s❦s ❛r❡ ♣r♦♣r✐♦❝❡♣t✐✈❡✿ t❤❡ s❡♥s♦rs ❛r❡ ✐♥t❡❣r❛t❡❞ ✐♥ t❤❡ ❛❝t✉❛t❡❞ s②st❡♠s✳ ■♥
❬✸✸✵❀ ✸✸✶❪ ❝❛♠❡r❛ ❝♦♠❜✐♥❡❞ ✇✐t❤ ✈✐s✉❛❧ s❡r✈♦✐♥❣ ❤❛s ❜❡❡♥ ✉s❡❞ t♦ ✈✐s✉❛❧✐③❡ t❤❡ ❞❡❢♦r♠❛t✐♦♥ ♦❢
t❤❡ ❛❝t✉❛t♦r ♦r ♦❢ t❤❡ ♠❛♥✐♣✉❧❛t❡❞ ♦❜❥❡❝t ❛♥❞ t❤✉s t♦ ❡st✐♠❛t❡ t❤❡ ❢♦r❝❡✳ ❚❤❡ ❣r❡❛t ❛❞✈❛♥t❛❣❡
♦❢ ❝❛♠❡r❛ ❛♥❞ r❡❧❛t❡❞ ♦♣t✐❝❛❧ ❛♠♣❧✐✜❡rs ✐s t❤❛t✱ ✇❤❡♥ t❤❡ ♠❛♥✐♣✉❧❛t❡❞ ♦❜❥❡❝t ✐s ✈❡r② s♠❛❧❧✱
✶✶✶
t❤❡② ❛r❡ t❤❡ ❜❡st ✇❛② t♦ tr❛❝❦ ✐ts ♣♦s✐t✐♦♥✳ ❆s t❤❡ ♦❜❥❡❝ts t♦ ♠❛♥✐♣✉❧❛t❡ ❞♦✇♥s❝❛❧❡✱ t❤❡s❡
t♦♦❧s ❛r❡ ♠♦r❡ ❛♥❞ ♠♦r❡ ♥❡❝❡ss❛r② t♦ ✈✐s✉❛❧✐③❡ ❛♥❞ t♦ ❡♥s✉r❡ t❤❡ s✉❝❝❡ss ♦❢ t❤❡ t❛s❦s ♦❢ ♠❛♥✐♣✲
✉❧❛t✐♦♥ ♦r ♦❢ ❛ss❡♠❜❧②✳ ◆♦✇❛❞❛②s✱ ✇❡ ❡✈❡♥ ❛ss✐st t♦ t❤❡ ✉t✐❧✐③❛t✐♦♥ ♦❢ ♠✐❝r♦s❝♦♣❡s ✭s❝❛♥♥✐♥❣
❡❧❡❝tr♦♥✐❝ ♠✐❝r♦s❝♦♣❡s✱ ❛t♦♠✐❝ ❢♦r❝❡ ♠✐❝r♦s❝♦♣❡s✮ ❛s ✈✐s✉❛❧ ♠❡❛s✉r❡♠❡♥t ❛♥❞ ❛s ❛❝t✉❛t♦rs ✐♥
♥❛♥♦♠❛♥✐♣✉❧❛t✐♦♥ ❛♥❞ ♥❛♥♦❛ss❡♠❜❧② ❬✸✸✶❪✳ ◆♦♥❡t❤❡❧❡ss✱ ✐t r❡♠❛✐♥s ❡ss❡♥t✐❛❧ t♦ ❤❛✈❡ s❡♥s♦rs
t❤❛t ❛r❡ ♥❡❛r❜② t❤❡ ♠❛♥✐♣✉❧❛t❡❞ ♦❜❥❡❝ts ♦r ✐♥t❡❣r❛t❡❞ ✇✐t❤ t❤❡ ❛❝t✉❛t♦rs ✭♣r♦♣r✐♦❝❡♣t✐✈❡✮✳
❚❤❡r❡❢♦r❡✱ ✐t ✐s ❣❡♥❡r❛❧❧② ❝♦♠♠♦♥ t♦ ❝♦♠❜✐♥❡ ♣r♦♣r✐♦❝❡♣t✐✈❡ s❡♥s♦rs ✇✐t❤ ❝❛♠❡r❛ ❛♥❞ ✈✐s✉❛❧
s❡r✈♦✐♥❣ t♦ ✐♥❝r❡❛s❡ t❤❡ ❝❤❛♥❝❡ ♦❢ s✉❝❝❡ss ♦❢ t❤❡ t❛s❦s ❬✸✷✶❪✳
❚❤❡ ❢♦r❝❡ ♠❡❛s✉r❡♠❡♥t s②st❡♠ ♣r♦♣♦s❡❞ ✐♥ t❤✐s s✉❜s❡❝t✐♦♥ ✐s ♥♦t ❛♠♦♥❣ t❤❡ t✇♦ ❝❧❛ss❡s
❞✐s❝✉ss❡❞ ❛❜♦✈❡✱ ✐t ✐s ❝♦♠♣❡❧❡♠❡♥t❛r② t♦ t❤❡♠✳ ❉✉r✐♥❣ ❛ ♠✐❝r♦❛ss❡♠❜❧② t❛s❦✱ ❢♦r ✐♥st❛♥❝❡
✇❤❡♥ ❛ ♠✐❝r♦❣r✐♣♣❡r ❛tt❡♠♣ts t♦ ✐♥s❡rt ✭r❡s♣✳ t♦ ♣❧❛❝❡✮ ❛ ♠❛♥✐♣✉❧❛t❡❞ ♦❜❥❡❝t ✐♥s✐❞❡ ✭r❡s♣✳
♦♥✮ ❛♥♦t❤❡r ♦❜❥❡❝t✱ t❤❡r❡ ✐s ❛♥ ✐♥t❡r❛❝t✐♦♥ ❢♦r❝❡ ❜❡t✇❡❡♥ t❤❡ t✇♦ ♦❜❥❡❝ts✳ ❖✉r ♦❜❥❡❝t✐✈❡ ❤❡r❡
❞❡❛❧s ✇✐t❤ t❤❡ ♠❡❛s✉r❡♠❡♥t ♦❢ t❤✐s t❤✐r❞ ❢♦r❝❡ ✇❤✐❝❤ ✐s ❛s ✐♠♣♦rt❛♥t ❛s t❤❡ ❢♦r❝❡ ❜❡t✇❡❡♥ t❤❡
❛❝t✉❛t♦r ❛♥❞ t❤❡ ❤❛♥❞❧❡❞ ♦❜❥❡❝t✳ ❆♥ ✐♥t❡r❡st✐♥❣ ✉t✐❧✐③❛t✐♦♥ ♦❢ t❤✐s t❤✐r❞ ❢♦r❝❡ ✐s t♦ ❝♦♥tr♦❧ t❤❡
✐♥s❡rt✐♦♥ ♦❢ ❛ ♠✐❝r♦❛ss❡♠❜❧②✳ ❋✐❣✳ ✺✳✶✲❛ ♣✐❝t✉r❡s t❤❡ ✜rst ✈❡rs✐♦♥ ♦❢ t❤❡ ♣❧❛t❢♦r♠ ❬❈✷✷❪✳ ❈❛❧❧❡❞
✐♥str✉♠❡♥t❡❞ ♣❧❛t❢♦r♠✱ ✐t ✐♥t❡❣r❛t❡s ❛ ❝♦♠♠❡r❝✐❛❧ ❢♦r❝❡ s❡♥s♦r ✭❢r♦♠ ❋❡♠t♦t♦♦❧s ❬✸✷✽❪✮✳ ❚❤❡
♥♦✈❡❧t② ♦❢ t❤❡ ✐♥str✉♠❡♥t❡❞ ♣❧❛t❢♦r♠ ✐s t❤❛t ✐t ❛❞❛♣ts t❤❡ r❛♥❣❡ ♦❢ ♠❛♥✐♣✉❧❛t✐♦♥ ❢♦r❝❡ t♦ t❤❡
r❛♥❣❡ ♦❢ t❤❡ ✐♥t❡❣r❛t❡❞ ❢♦r❝❡ s❡♥s♦r s♦ t❤❛t ✐s ♣♦ss✐❜❧❡ t♦ ♣r❡❝✐s❡❧② ♠❡❛s✉r❡ ♦r ❡st✐♠❛t❡ ❧❛r❣❡
❢♦r❝❡✳ ■♥ t❤✐s ❢❛❜r✐❝❛t❡❞ ❡①❛♠♣❧❡✱ t❤❡ ✐♥t❡❣r❛t❡❞ ❝♦♠♠❡r❝✐❛❧ s❡♥s♦r✬s ♠❡❛s✉r❡♠❡♥t ❝❛♣❛❜✐❧✐t②
r❛♥❣❡s ❜❡t✇❡❡♥ 0 ❛♥❞ 50µN ✱ ❜✉t t❤❡ ✇❤♦❧❡ ❞❡✈❡❧♦♣❡❞ ♣❧❛t❢♦r♠ ❝❛♥ ♠❡❛s✉r❡ ❛ ♠❛♥✐♣✉❧❛t✐♦♥
❢♦r❝❡ ✉♣ t♦ 1800µm✳ ❆♥ ❡st✐♠❛t♦r ✐s ✉s❡❞ t♦ ♣r♦✈✐❞❡ ❛♥ ❡st✐♠❛t❡ Fˆ ♦❢ t❤✐s ♠❛♥✐♣✉❧❛t✐♦♥ ❢♦r❝❡
F ♦♥ t❤❡ ❜❛s✐s ♦❢ t❤❡ ♠❡❛s✉r❡♠❡♥t ❢r♦♠ t❤❡ s❡♥s♦r Fm ❛♥❞ ♦♥ t❤❡ ❜❛s✐s ♦❢ t❤❡ ♠❡❝❤❛♥✐❝❛❧
♠♦❞❡❧ ♦❢ t❤❡ ♣❧❛t❢♦r♠✳ ❆❣❛✐♥✱ ✇❡ ✉t✐❧✐③❡ ❤❡r❡ t❤❡ ✐♥✈❡rs❡ ♠✉❧t✐♣❧✐❝❛t✐✈❡ str✉❝t✉r❡ ❢♦r t❤❡ ❡s✲
t✐♠❛t♦r✱ ❛s ❞❡♣✐❝t❡❞ ✐♥ ❋✐❣✳ ✺✳✶✲❜ ❚❤✐s ♣❡r♠✐ts t♦ tr❛❝❦ t❤❡ ❢♦r❝❡ ❛t ❧♦✇ ❛♥❞ ❤✐❣❤ ❢r❡q✉❡♥❝②
✇✐t❤♦✉t ♣❡r❢♦r♠✐♥❣ st❛♥❞❛r❞ ✐♥✈❡rs✐♦♥ ♦❢ ♠♦❞❡❧s✳ ❚❤❡ ❡st✐♠❛t♦r✬s ❣❛✐♥s ❛r❡✿ D1(s) = 1K ❛♥❞
D2(s) = G(s)✱ t❤❡ ♠♦❞❡❧ ♦❢ t❤❡ ♣❧❛t❢♦r♠ ✇✐t❤ t❤❡ ✐♥t❡❣r❛t❡❞ s❡♥s♦r ❜❡✐♥❣ Fm = (K +D(s))F ✳
❋✐❣✳ ✺✳✶✲❝ ❞❡♣✐❝ts ❛♥ ❡①❛♠♣❧❡ ♦❢ ♣❡r❢♦r♠❛♥❝❡s ♦❢ t❤❡ ♣❧❛t❢♦r♠ ✇❤✐❝❤ s❤♦✇s t❤❛t t❤❡ ❡st✐♠❛t❡
❢♦r❝❡ ✇❡❧❧ tr❛❝❦s ❜♦t❤ t❤❡ tr❛♥s✐❡♥t ♣❛rt ❛♥❞ t❤❡ ✜♥❛❧ ✈❛❧✉❡ ♦❢ t❤❡ r❡❛❧ ❢♦r❝❡✳ ❚❤✐s ✜rst ✈❡rs✐♦♥
✐s ❞❡✈♦t❡❞ t♦ ♠❡❛s✉r❡✴❡st✐♠❛t❡ t❤❡ ❢♦r❝❡ ✐♥ ♦♥❡ ❛①✐s✳ ❆ ♥❡✇ ❞❡s✐❣♥ ❛♥❞ ❞❡✈❡❧♦♣♠❡♥t ❤❛s ❜❡❡♥
♠❛❞❡ t♦ ♠❡❛s✉r❡ t❤❡ ❢♦r❝❡ ❛❧♦♥❣ t✇♦ ❞✐r❡❝t✐♦♥s ❬❈✸✹❪✳ ❋✐♥❛❧❧②✱ ♦♥❣♦✐♥❣ ✇♦r❦s ❝♦♥s✐st ✐♥ t❤❡
❞❡✈❡❧♦♣♠❡♥t ♦❢ s♠❛❧❧❡r ✈❡rs✐♦♥ ✭❧❡ss t❤❛♥ t❤❡ ❝✉❜✐❝ ❝❡♥t✐♠❡t❡r✮ ♦❢ t❤✐s ✐♥str✉♠❡♥t❡❞ ♣❧❛t❢♦r♠✳
❇❛s❡❞ ♦♥ t❤❡ ♠✐❝r♦❢❛❜r✐❝❛t✐♦♥ t❡❝❤♥♦❧♦❣② ❛♥❞ ♦♥ t❤❡ ❝❛rt❡s✐❛♥ ♣✐❡③♦❡❧❡❝tr✐❝ ♠✐❝r♦s②st❡♠ ♣r❡✲
s❡♥t❡❞ ✐♥ ❙❡❝t✐♦♥✳ ✷✳✺✱ t❤❡ ✐♥str✉♠❡♥t❡❞ ♠✐❝r♦♣❧❛t❢♦r♠ ✇✐❧❧ ❝♦♥t❛✐♥ ♥♦t ♦♥❧② ❛♥ ✐♥t❡❣r❛t❡❞
♠❡❛s✉r❡♠❡♥t ❜✉t ❛❧s♦ ❛♥ ❛❝t✉❛t✐♦♥✳ ❚❤❡ ❛❝t✉❛t✐♦♥ ✐s ♣✐❡③♦❡❧❡❝tr✐❝ ❛♥❞ ✐s ✉s❡❞ t♦ ♦✛❡r ♦t❤❡r
♣♦ss✐❜✐❧✐t✐❡s t❤❛♥ ♠❡❛s✉r❡♠❡♥t✳ ❚❤❡ ♠❡❛s✉r❡♠❡♥t ✇✐❧❧ ❜❡ ❜❛s❡❞ ♦♥ t❤❡ s❡❧❢✲s❡♥s✐♥❣ t❤❛t ✇✐❧❧
❜❡ ♣r❡s❡♥t❡❞ ✐♥ ❙❡❝t✐♦♥✳ ✺✳✹✳
❆❝❦♥♦✇❧❡❞❣❡♠❡♥ts ✲ ❚❤❡ ✇♦r❦s r❡♣♦rt❡❞ ❤❡r❡ ✇❡r❡ ✇✐t❤✐♥ t❤❡ ✐♥t❡r♥s❤✐♣s ♦❢ P❛✉❧ ▼✐❝❤❛ë❧
▼♦♦r❡ ❛♥❞ ❑❛♠❡❧ ◆❝✐r✳
✶✶✷
manipulated object
instrumented platform
external
micromanipulator
(a) (b) (c)
❋✐❣✉r❡ ✺✳✶✿ ■♥str✉♠❡♥t❡❞ ♣❧❛t❢♦r♠✳ ✭❛✮✿ ❛ ✈✐❡✇✳ ✭❜✮✿ t❤❡ ❡st✐♠❛t♦r✳ ✭❝✮✿ ❡①❛♠♣❧❡ ♦❢ ❢♦r❝❡
❡st✐♠❛t✐♦♥✳
✺✳✸ ❖❜s❡r✈❡rs ❛s ❝♦♠♣❧❡♠❡♥t❛r② t♦♦❧s ❢♦r s✐❣♥❛❧ ♠❡❛s✉r❡♠❡♥ts
❲❤❡♥ t❤❡ ♥✉♠❜❡r ♦❢ s❡♥s♦rs ✐s ✐♥s✉✣❝✐❡♥t✱ ♦❜s❡r✈❡rs ❛r❡ ❡ss❡♥t✐❛❧ t♦♦❧s t❤❛t ❝❛♥ ❜❡ ✉s❡❞ t♦
❝♦♠♣❧❡♠❡♥t t❤❡ ♠❡❛s✉r❡♠❡♥t✳ ❚❤✉s✱ ♦❜s❡r✈❡rs ❡✈✐❞❡♥t❧② ✜♥❞ t❤❡✐r ♣❧❛❝❡ ✐♥ ♠✐♥✐❛t✉r✐③❡❞ s②s✲
t❡♠s ❛♥❞ r❡❧❛t❡❞ ❛♣♣❧✐❝❛t✐♦♥s s✉❝❤ ❛s ♣r❡❝✐s❡ ❛♥❞ ❤✐❣❤ ❞②♥❛♠✐❝s ♣♦s✐t✐♦♥✐♥❣ ✇❤❡r❡ ✐t ✐s ❞✐✛✉❧t
t♦ ✜♥❞ ❝♦♥✈❡♥✐❡♥t s❡♥s♦rs✳ ❖❜s❡r✈❡rs ❤❛✈❡ ❜❡❡♥ ❡①t❡♥s✐✈❡❧② ✉s❡❞ t♦ ♠❡❛s✉r❡ ❢♦r❝❡ ✐♥ s❝❛♥♥✐♥❣
♣r♦❜❡ ♠✐❝r♦s❝♦♣❡s ❬✸✸✷✕✸✸✻❪✳ ❖❜s❡r✈❡rs ❤❛✈❡ ❛❧s♦ ❜❡❡♥ ✉s❡❞ t♦ ❡st✐♠❛t❡ t❤❡ st❛t❡ ❛♥❞ t♦ r❡✲
♠♦✈❡ t❤❡ s❡♥s♦rs ♥♦✐s❡ ✐♥ ❝❛♣❛❝✐t✐✈❡❧② ❛❝t✉❛t❡❞ ♠✐❝r♦s②st❡♠s ❬✼✻❀ ✸✸✼❪✳ ❘❡❣❛r❞✐♥❣ ♣✐❡③♦❡❧❡❝tr✐❝
❝❛♥t✐❧❡✈❡r❡❞ ❛❝t✉❛t♦rs✱ r❡❢❡r❡♥❝❡s ❬✼✹❀ ✼✺❪ ✉t✐❧✐③❡❞ ♦❜s❡r✈❡rs t♦ ❡st✐♠❛t❡ t❤❡ st❛t❡ ✭❞✐s♣❧❛❝❡✲
♠❡♥t ❛♥❞ ♣♦s✐t✐♦♥✮ ❛♥❞ t♦ ✜❧t❡r t❤❡ s✐❣♥❛❧s ❜❛s❡❞ ♦♥ t❤❡ ❛♣♣❧✐❡❞ ✈♦❧t❛❣❡ ❛♥❞ ♦♥ t❤❡ ♠❡❛s✉r❡❞
❞✐s♣❧❛❝❡♠❡♥t ❜② str❛✐♥ ❣❛❣❡s s❡♥s♦rs✳ ❚❤✐s ❞❡❛❧t ❤♦✇❡✈❡r ✇✐t❤ t❤❡ ❞✐s♣❧❛❝❡♠❡♥t ❡st✐♠❛t✐♦♥✱
❛♥❞ t❤❡ ♠❛♥✐♣✉❧❛t✐♦♥ ❢♦r❝❡✱ ✇❤✐❝❤ ✐s ❡ss❡♥t✐❛❧ ❞✉r✐♥❣ ❛ ♠✐❝r♦♠❛♥✐♣✉❧❛t✐♦♥ ♦r ❛ ♠✐❝r♦❛ss❡♠❜❧②✱
✇❛s ♥♦t ❢✉r♥✐s❤❡❞✳ ❚♦ ❡st✐♠❛t❡ t❤❡ ❢♦r❝❡ ✐♥ ❛ ♣✐❡③♦❡❧❡❝tr✐❝ ❛❝t✉❛t♦r ✐♥ ❛ ♠✐❝r♦❣r✐♣♣❡r✱ ❍❛❞❞❛❜
❡t ❛❧✳ ❬✺✾❪ ✐♥❝❧✉❞❡s t❤✐s ✐♥ t❤❡ st❛t❡ ✈❡❝t♦r ♦❢ t❤❡ ❛❝t✉❛t♦r✳ ❚❤❡♥✱ ❤❡ ❛♣♣❧✐❡❞ ❛ ▲✉❡♥❜❡r❣❡r
♦❜s❡r✈❡r t♦ ♣r♦✈✐❞❡ t❤❡ ❡st✐♠❛t❡ st❛t❡✱ ✐♥❝❧✉❞✐♥❣ t❤❡ ❢♦r❝❡✳ ❆ ♠❛✐♥ ✐♥t❡r❡st ♦❢ t❤✐s ✐s t❤❛t t❤❡
s❛♠❡ ❛❝t✉❛t♦r ✉s❡❞ ❢♦r t❤❡ ❢♦r❝❡ ❡st✐♠❛t✐♦♥ ❝❛♥ st✐❧❧ ❜❡ ✉s❡❞ ❛s ❞✐s♣❧❛❝❡♠❡♥t ❛❝t✉❛t✐♦♥✱ ♦r ❛s
❢♦r❝❡ ❛❝t✉❛t✐♦♥✳ ❆ ❧✐♠✐t❛t✐♦♥ ♦❢ t❤❡ ❛♣♣r♦❛❝❤ ✐s t❤❛t t❤❡ ♦❜s❡r✈❡r s②♥t❤❡s✐s ♥❡❝❡ss✐t❛t❡s t❤❡
❞②♥❛♠✐❝s ♦❢ t❤❡ ❢♦r❝❡ t♦ ❜❡ ❦♥♦✇♥✱ ✇❤✐❝❤ ✐s ❣❡♥❡r❛❧❧② ❛ ♣r✐♦r✐ ✉♥❦♥♦✇♥ ❜❡❝❛✉s❡ ✐t ❞❡♣❡♥❞s
♦♥ t❤❡ ♠❛♥✐♣✉❧❛t❡❞ ♦❜❥❡❝ts ❝❤❛r❛❝t❡r✐st✐❝s✳ ❋♦r t❤❡ ❡①♣❡r✐♠❡♥t❛❧ ❝❛s❡✱ t❤❡ ❛✉t❤♦r t❤❡r❡❢♦r❡
✉t✐❧✐③❡s ❛ ③❡r♦ ❞②♥❛♠✐❝s ✇❤✐❝❤ r❡str✐❝ts t❤❡ ♦❜s❡r✈❡r ❢♦r ❧♦✇ ❢r❡q✉❡♥❝② ❢♦r❝❡ ♦♥❧②✳
❚♦ ❡st✐♠❛t❡ t❤❡ ❢♦r❝❡ ❛♣♣❧✐❡❞ ✐♥ ❛ ♣✐❡③♦❡❧❡❝tr✐❝ ❛❝t✉❛t♦r ❛t ❧♦✇ ❛♥❞ ❤✐❣❤ ❢r❡q✉❡♥❝②✱ ❛
✇❛② ❝♦♥s✐sts ✐♥ t❛❦✐♥❣ t❤❡ ♠♦❞❡❧ ♦❢ t❤❡ ❛❝t✉❛t♦r ❛♥❞ ❞✐r❡❝t❧② ❞❡r✐✈✐♥❣ ❢r♦♠ t❤✐s t❤❡ ❢♦r❝❡
❬❈✶✵❪✳ ❘❡❝♦♥s✐❞❡r t❤❡ ❣❡♥❡r❛❧✐③❡❞ ♠♦❞❡❧ ♦❢ ❛ ♣✐❡③♦❡❧❡❝tr✐❝ ❛❝t✉❛t♦r ❞❡s❝r✐❜❡❞ ❜② ❊q✳ ✭✷✳✽✮ ✐♥
❈❤❛♣t❡r ✷✿
δ(s) = Γ (u(s))D(s) + Ccreep (u(s), s) + spD(s)F (s) + ΓT (T (s))DT (s) ✭✺✳✶✮
❚❤❡ ♠❛♥✐♣✉❧❛t✐♦♥ ❢♦r❝❡ Fm = −F ✐s t❤❡ ❢♦r❝❡ ✇❡ ✇❛♥t t♦ ❡st✐♠❛t❡✳ ❈♦♥s✐❞❡r✐♥❣ ❛ st❛t✐♦♥❛r②
t❡♠♣❡r❛t✉r❡ ✭ΓT (T (s)) = 0✮✱ t❤❡ ❡st✐♠❛t❡ ❢♦r❝❡ ❝❛♥ ❜❡ ❞✐r❡❝t❧② ❞❡r✐✈❡❞ ❢r♦♠ t❤❡ ♠♦❞❡❧✿
✶✶✸
Fˆm(s) = −Fˆ (s) =
1
spD(s)
(Γ (u(s))D(s) + Ccreep (u(s))− δ(s)) ✭✺✳✷✮
❆ ❝❤❛❧❧❡♥❣❡ ✐♥ t❤✐s t❡❝❤♥✐q✉❡ ✐s t❤❛t ✇❡ ♥❡❡❞ ❛ ♠✐♥✐♠✉♠ ♣❤❛s❡ ❞②♥❛♠✐❝s D(s)✳ ■❢ t❤❡
❤②st❡r❡s✐s ❛♥❞ ✐❢ t❤❡ ❝r❡❡♣ ❛r❡ ✇❡❧❧ ♠♦❞❡❧❡❞✱ ✐t ❝❛♥ ❜❡ ❛ ✈❡r② ♣r❡❝✐s❡ ❡st✐♠❛t✐♦♥ t❡❝❤♥✐q✉❡✱ ✐♥
♣❛rt✐❝✉❧❛r ❛t ❧♦✇ ❢r❡q✉❡♥❝② ❬❈✶✵❪✳
❆ s❡❝♦♥❞ ✇❛② ✇❡ ❤❛✈❡ ♣r♦♣♦s❡❞ t♦ ❡st✐♠❛t❡ t❤❡ ♠❛♥✐♣✉❧❛t✐♦♥ ❢♦r❝❡ ✐s ✐♥ ❬❈✶✺❪✳ ■t ❝♦♥s✐sts ✐♥
❝♦♥s✐❞❡r✐♥❣ t❤❡ ❢♦r❝❡ ❛s ❛♥ ✉♥❦♥♦✇♥ ✐♥♣✉t ❞✐st✉r❜❛♥❝❡ ❛♥❞ t❤✉s ❡♠♣❧♦②✐♥❣ ❛♥ ✉♥❦♥♦✇♥ ✐♥♣✉t
♦❜s❡r✈❡r ✭❯■❖✮ t♦ ❡st✐♠❛t❡ ✐t✳ ❙t✐❧❧ ❛ss✉♠✐♥❣ t❤❛t t❤❡ t❡♠♣❡r❛t✉r❡ ✐s st❛t✐♦♥❛r② ✭ΓT (T (s)) =
0✮✱ ❧❡t t❤❡ ❢♦❧❧♦✇✐♥❣ ♠♦❞❡❧ ❜❡ ❛ st❛t❡✲st❛t❡ r❡♣r❡s❡♥t❛t✐♦♥ ♦❢ t❤❡ ♠♦❞❡❧ ✐♥ ❊q✳ ✭✺✳✶✮✿{
dX(t)
dt = AX(t) + Γ
ss (u(t)) +BfF (t)
δ(t) = CX(t)
✭✺✳✸✮
✇❤❡r❡✿
→ X(t) ✐s t❤❡ st❛t❡ ♦❢ t❤❡ ❛❝t✉❛t♦r✱
→ A ❛♥❞ C ❛r❡ t❤❡ st❛t❡ ♠❛tr✐① ❛♥❞ t❤❡ ♦✉t♣✉t ♠❛tr✐① r❡s♣❡❝t✐✈❡❧②✱
→ Bf ✐s t❤❡ ✐♥♣✉t ❞✐st✉r❜❛♥❝❡ ♠❛tr✐①✱
→ ❛♥❞ Γss (u(t)) ✐s ❛ ♥♦♥❧✐♥❡❛r t❡r♠ t❤❛t ❡♥❝♦♠♣❛ss❡s t❤❡ ❤②st❡r❡s✐s ❛♥❞ ❡✈❡♥t✉❛❧❧② t❤❡ ❝r❡❡♣✳
❚❤✉s✱ ❛♥ ❯■❖ ♦❜s❡r✈❡r ✇✐t❤ t❤❡ ❢♦❧❧♦✇✐♥❣ str✉❝t✉r❡ ❝❛♥ ❜❡ ✉s❡❞ t♦ ❡st✐♠❛t❡ ❜♦t❤ t❤❡ ✉♥✲
❦♥♦✇♥ ✐♥♣✉t F (t) ✭❛♥❞ t❤❡r❡❢♦r❡ t❤❡ ♠❛♥✐♣✉❧❛t✐♦♥ ❢♦r❝❡ Fm(t) = −F (t)✮ ❛♥❞ t❤❡ st❛t❡ ♦❢ t❤❡
❛❝t✉❛t♦r ❢r♦♠ ❛❧❧ ❛✈❛✐❧❛❜❧❡ s✐❣♥❛❧s✿
{
dXˆ(t)
dt = AXˆ(t) + Γ
ss (u(t)) +Bf Fˆ (t) +Ko
(
δ(t)− δˆ(t)
)
δˆ(t) = CX(t)
✭✺✳✹✮
❛♥❞
Fˆ (t) = f1δ(t) + f1
dδ(t)
dt
+ g1Xˆ(t) + g2
dXˆ(t)
dt
+ g3Γ
ss (u(t)) ✭✺✳✺✮
■♥ ❢❛❝t✱ t❤❡ ♦❜s❡r✈❡r ✐s ❝♦♠♣♦s❡❞ ♦❢ t✇♦ ✭s✉❜✮♦❜s❡r✈❡rs ✇❤✐❝❤ ❛r❡ t❤❡ st❛t❡✲♦❜s❡r✈❡r ✭❣✐✈❡♥
❜② ❊q✳ ✭✺✳✹✮✮ ❛♥❞ t❤❡ ✉♥❦♥♦✇♥ ✐♥♣✉t ✭❢♦r❝❡✮ ♦❜s❡r✈❡r ✭❣✐✈❡♥ ❜② ❊q✳ ✭✺✳✺✮✮✱ ✇✐t❤ Ko✱ f1✱ f2✱
g1✱ g2 ❛♥❞ g3 ❛r❡ t❤❡ ❣❛✐♥s t♦ s②♥t❤❡s✐③❡✳ ■♥ t❤❡ st❛t❡ ♦❜s❡r✈❡r✱ ❛❞❞✐t✐♦♥❛❧❧② t♦ t❤❡ ❦♥♦✇♥
❞r✐✈✐♥❣ ✈♦❧t❛❣❡ u(t) ❛♥❞ t❤❡ ♠❡❛s✉r❡❞ ❞✐s♣❧❛❝❡♠❡♥t δ✱ t❤❡ ❢♦r❝❡ ✐s ❛❧s♦ ✉s❡❞ ❛s ❛✈❛✐❧❛❜❧❡ s✐❣♥❛❧✳
■♥ ❢❛❝t✱ ✐t ✐s t❛❦❡♥ ❢r♦♠ t❤❡ ❢♦r❝❡ ♦❜s❡r✈❡r✳ ■♥ t❤✐s s❡❝♦♥❞ ♦❜s❡r✈❡r✱ t❤❡ ❡♠♣❧♦②❡❞ s✐❣♥❛❧s ❛r❡
t❤❡ ♠❡❛s✉r❡❞ ❞✐s♣❧❛❝❡♠❡♥t δ(t)✱ ✐ts ❞❡r✐✈❛t✐✈❡ dδ(t)dt ✱ t❤❡ ❡st✐♠❛t❡ st❛t❡ Xˆ(t) ❛♥❞ ✐ts ❞❡r✐✈❛t✐✈❡
dX(t)
dt ❢r♦♠ t❤❡ ♣r❡✈✐♦✉s ♦❜s❡r✈❡r✱ ❛♥❞ t❤❡ ❞r✐✈✐♥❣ ✈♦❧t❛❣❡ u(t)✳ ❚♦ ❛✈♦✐❞ ♥✉♠❡r✐❝❛❧ ❞❡r✐✈❛t✐✈❡
♦❢ t❤❡ s✐❣♥❛❧ δ✱ ✐t ✐s ♣♦ss✐❜❧❡ t♦ ❡♠♣❧♦② f1C
dXˆ(t)
dt ✐♥st❡❛❞ ♦❢ f1
dδ(t)
dt ✐♥ ❊q✳ ✭✺✳✺✮✳
✶✶✹
❚♦ ❝❛❧❝✉❧❛t❡ t❤❡ ♦❜s❡r✈❡r ❣❛✐♥s Ko✱ f1✱ f2✱ g1✱ g2 ❛♥❞ g3 ❢♦r t❤✐s str✉❝t✉r❡ ♦❢ ♦❜s❡r✈❡r✱ t❤❡
t❡❝❤♥✐q✉❡ ♣r♦♣♦s❡❞ ❜② ▲✐✉ ❛♥❞ P❡♥❣ ❬✸✸✽❪ ❝❛❧❧❡❞ ✐♥✈❡rs❡✲❞②♥❛♠✐❝s✲❜❛s❡❞ ❯■❖ ❤❛s ❜❡❡♥ ❛♣♣❧✐❡❞✳
■♥ ❬❈✶✺❪✱ ✇❡ s✉❝❝❡ss❢✉❧❧② ✉t✐❧✐③❡❞ t❤✐s t♦ ❡st✐♠❛t❡ t❤❡ ♠❛♥✐♣✉❧❛t✐♦♥ ❢♦r❝❡ ✇✐t❤ ❛ ♣✐❡③♦❡❧❡❝tr✐❝
❛❝t✉❛t♦r✳ ❚❤❡ ♠❛✐♥ ❞✐✣❝✉❧t② ✐♥ ✉s✐♥❣ t❤❡ ♦❜s❡r✈❡r ✐♥ ❊q✳ ✭✺✳✹✮ ❛♥❞ ❊q✳ ✭✺✳✺✮ ✐s t❤❡ ♠♦r❡
❝♦♠♣❧❡① ❝❛❧❝✉❧❛t✐♦♥ ♦❢ t❤❡ ❣❛✐♥s ❛♥❞ t❤❡ ✐♠♣❧❡♠❡♥t❛t✐♦♥✳ ■♥ ❢❛❝t✱ t❤❡ ❣❛✐♥s ❝❛❧❝✉❧❛t❡❞ ✇✐t❤
t❤❡ ♠❡t❤♦❞ ✐♥ ❬✸✸✽❪ r❡q✉✐r❡ ✈❡r② ❧♦✇ s❛♠♣❧✐♥❣ t✐♠❡ ❢♦r t❤❡ ❝❛s❡ ♦❢ ♣✐❡③♦❡❧❡❝tr✐❝ ❛❝t✉❛t♦rs✱
✇❤✐❝❤ ✇✐❧❧ ❞❡♠❛♥❞ ❛ ❤✐❣❤ ♣♦✇❡r ♠❛❝❤✐♥❡ ❢♦r t❤❡ ✐♠♣❧❡♠❡♥t❛t✐♦♥✳ ■t ✐s ❞✐✣❝✉❧t t♦ ✜♥❞ t❤❡
❣❛✐♥s ✇✐t❤ ❝♦♥✈❡♥✐❡♥t s❛♠♣❧✐♥❣ t✐♠❡ ❢r♦♠ t❤❡ ♠♦❞❡❧ ♦❢ t❤❡ ♣✐❡③♦❡❧❡❝tr✐❝ ❛❝t✉❛t♦r✱ ❛❧t❤♦✉❣❤
t❤❡ ❝♦♥❞✐t✐♦♥ ♦♥ t❤❡ s❛♠♣❧✐♥❣ ❛♥❞ ❛❝t✉❛t♦r✬s ❞②♥❛♠✐❝s ✐s r❡s♣❡❝t❡❞✳ ❚❤✐s ♠❛② ❜❡ ❞✉❡ t♦ t❤❡
❤✐❣❤ ◗✲❢❛❝t♦r ♦❢ t❤❡ ❛❝t✉❛t♦r ❜❡❝❛✉s❡✱ ✇❤❡♥ ❡♠♣❧♦②✐♥❣ ❛ ❢❡❡❞❢♦r✇❛r❞ ✈✐❜r❛t✐♦♥s ❝♦♥tr♦❧❧❡r t♦
t❤❡ ❛❝t✉❛t♦r ❜❡❢♦r❡ t❤❡ ♦❜s❡r✈❡r s②♥t❤❡s✐s✱ t❤❡ ❣❛✐♥s ❛r❡ ❢♦✉♥❞ ♠♦r❡ ❡❛s✐❧②✳ ❆♣❛rt ❢r♦♠ t❤✐s
❝❛❧❝✉❧❛t✐♦♥ ❛♥❞ ✐♠♣❧❡♠❡♥t❛t✐♦♥ ❞✐✣❝✉❧t②✱ t❤✐s ♦❜s❡r✈❡r ❝❛♥ tr❛❝❦ ✈❡r② ✇❡❧❧ t❤❡ ❢♦r❝❡ ❜♦t❤ ❛t ❧♦✇
❛♥❞ ❛t ❤✐❣❤ ❢r❡q✉❡♥❝②✱ ✇✐t❤♦✉t ❦♥♦✇✐♥❣ ❛♥② ♣r♦♣❡rt② ♦r ❛♥② ♠♦❞❡❧ ♦❢ t❤❡ ❢♦r❝❡✳ ❆❞❞✐t✐♦♥❛❧❧②
t♦ t❤❡ ❢♦r❝❡✱ t❤❡ ✇❤♦❧❡ st❛t❡ ♦❢ t❤❡ ❛❝t✉❛t♦r ✐s ❛❧s♦ ❡st✐♠❛t❡❞✳ ❚❤❡ ❛♣♣❧✐❝❛t✐♦♥ ♦❢ t❤✐s ❢♦r❝❡
♦❜s❡r✈❡r ✐s ♠✉❧t✐♣❧❡✿ ❢❡❡❞❜❛❝❦ ❝♦♥tr♦❧ ♦❢ t❤❡ ❞✐s♣❧❛❝❡♠❡♥t ✭st❛t❡✲❢❡❡❞❜❛❝❦ ♦r ♦✉t♣✉t ❢❡❡❞❜❛❝❦
s❝❤❡♠❡s✮ ✇✐t❤ ❛ ❞✐s♣❧❛② ♦❢ t❤❡ ❢♦r❝❡✱ ❢♦r❝❡ ❢❡❡❞❜❛❝❦ ❝♦♥tr♦❧✳ ❋✐❣✳ ✺✳✷✲❛ ❞❡♣✐❝ts t❤❡ ♣r✐♥❝✐♣❧❡
s❝❤❡♠❡ ♦❢ t❤❡ ♦❜s❡r✈❡r✳ ■♥ t❤❡ ✜❣✉r❡✱ F (t) ✐s t❤❡ ❢♦r❝❡ ❛♣♣❧✐❡❞ ❜② t❤❡ ♦❜❥❡❝t t♦ t❤❡ ❛❝t✉❛t♦r✱
❛♥❞ Fm(t) = −F (t) ✐s t❤❡ ♠❛♥✐♣✉❧❛t✐♦♥ ❢♦r❝❡✳ ❋✐❣✳ ✺✳✷✲❜ ♣r❡s❡♥ts t❤❡ ♦✉t♣✉t ❞✐s♣❧❛❝❡♠❡♥t
✭♠❡❛s✉r❡❞ ❛♥❞ ❡st✐♠❛t❡✮ ♦❜t❛✐♥❡❞ ✇❤❡♥ ❛ st❡♣ ✐♥♣✉t ✈♦❧t❛❣❡ ✐s ❛♣♣❧✐❡❞ t♦ t❤❡ ♣✐❡③♦❡❧❡❝tr✐❝
❛❝t✉❛t♦r ✐♥✐t✐❛❧❧② ✐♥ ❝❧♦s❡ ❝♦♥t❛❝t ✇✐t❤ ❛♥ ♦❜❥❡❝t✳ ❋✐❣✳ ✺✳✷✲❝ ✐s t❤❡ ❢♦r❝❡ ✭♠❡❛s✉r❡❞ ❛♥❞ ❡st✐♠❛t❡✮
❞✉❡ t♦ t❤❡ ♠♦✈❡♠❡♥t ♦❢ t❤❡ ❛❝t✉❛t♦r t♦✇❛r❞s t❤❡ ♦❜❥❡❝t✳ ■♥ t❤❡s❡ t✇♦ ❝✉r✈❡s✱ t❤❡ ♠❡❛s✉r❡❞
❞✐s♣❧❛❝❡♠❡♥t ❛♥❞ t❤❡ ❢♦r❝❡ ❛r❡ ❡①♣❡r✐♠❡♥t❛❧❧② ♦❜t❛✐♥❡❞ ❢r♦♠ ❛♥ ❡①t❡r♥❛❧ ♦♣t✐❝❛❧ s❡♥s♦r ❛♥❞
❛♥ ❡①t❡r♥❛❧ ❋❡♠t♦t♦♦❧s ❢♦r❝❡ s❡♥s♦r✳ ❚❤❡ ❝♦♠♣❛r✐s♦♥ ♦❢ t❤❡s❡ ❡①♣❡r✐♠❡♥t❛❧ s✐❣♥❛❧s ✇✐t❤ t❤❡
❡st✐♠❛t❡ s✐❣♥❛❧s s❤♦✇ ❛ ❣r❡❛t ❛❣r❡❡♠❡♥t ❜❡t✇❡❡♥ t❤❡♠ ✇❤✐❝❤ ❞❡♠♦♥str❛t❡ t❤❡ ❡✣❝✐❡♥❝② ♦❢ t❤❡
♦❜s❡r✈❡r✳
✺✳✹ ❙❡❧❢✲s❡♥s✐♥❣ t❡❝❤♥✐q✉❡s ✐♥ ♣✐❡③♦❡❧❡❝tr✐❝ ❛❝t✉❛t♦rs
✺✳✹✳✶ ❖✈❡r✈✐❡✇
P✐❡③♦❡❧❡❝tr✐❝ ♠❛t❡r✐❛❧s ❛r❡ ✇❡❧❧ ❦♥♦✇♥ ✐♥ t❤❡ ❞❡✈❡❧♦♣♠❡♥t ♦❢ ❛❝t✉❛t♦rs t❤❛♥❦s t♦ t❤❡ ❝♦♥✈❡rs❡
♣✐❡③♦❡❧❡❝tr✐❝✐t② ❡✛❡❝t✱ ♦r ✐♥ t❤❡ ❞❡✈❡❧♦♣♠❡♥t ♦❢ s❡♥s♦rs t❤❛♥❦s t♦ t❤❡ ❞✐r❡❝t ❡✛❡❝t✳ ◆♦t✇✐t❤✲
st❛♥❞✐♥❣✱ ✐t ✐s ♣♦ss✐❜❧❡ t♦ ❡♠♣❧♦② ♣✐❡③♦❡❧❡❝tr✐❝ ♠❛t❡r✐❛❧s ❛s s❡♥s♦r ❛♥❞ ❛❝t✉❛t♦r s✐♠✉❧t❛♥❡♦✉s❧②✱
❜② ❡①♣❧♦✐t✐♥❣ t❤❡ ❝❤❛r❣❡s t❤❛t ❛♣♣❡❛r ♦♥ t❤❡ ❡❧❡❝tr♦❞❡s ❞✉r✐♥❣ t❤❡ ❞❡❢♦r♠❛t✐♦♥✳ ❚❤✐s ✐s ❝❛❧❧❡❞
t❤❡ s❡❧❢✲s❡♥s✐♥❣✳ ❇② ❞❡✜♥✐t✐♦♥✱ s❡❧❢✲s❡♥s✐♥❣ ✐s ❛♥ ❛♣♣r♦❛❝❤ t❤❛t ❝♦♥s✐sts ✐♥ ✉t✐❧✐③✐♥❣ ❛♥ ❛❝t✉❛t♦r
❛s ❛ s❡♥s♦r ❛t t❤❡ s❛♠❡ t✐♠❡✳
❚❤❡ ✜rst ✉s❡ ♦❢ t❤❡ ✧s❡❧❢✲s❡♥s✐♥❣✧ t❡r♠ ❣♦❡s ❜❛❝❦ t♦ ✶✾✾✷ ✇❤❡♥ ❏✳❏✳ ❉♦s❝❤ ❡t ❛❧✳ ❬✸✸✾❪
s✉❝❝❡ss❢✉❧❧② ❞❛♠♣❡❞ t❤❡ ✈✐❜r❛t✐♦♥s ♦❢ ❛ ♣✐❡③♦❡❧❡❝tr✐❝ ❜❡❛♠ ✇✐t❤♦✉t ✉s✐♥❣ t❤❡ ❛✐❞ ♦❢ ❡①t❡r♥❛❧
s❡♥s♦rs✳ ■♥ t❤❡✐r ✇♦r❦s✱ t❤❡ ✈♦❧t❛❣❡ ♣r♦✈✐❞❡❞ ❢r♦♠ ❛ ❝❛♣❛❝✐t✐✈❡ ❜r✐❞❣❡ ❛♥❞ ❢r♦♠ t❤❡ ❝❤❛r❣❡
❛♠♣❧✐✜❝❛t✐♦♥ ✇❛s ♣r♦❝❡ss❡❞ ✐♥ ❛♥ ❛♥❛❧♦❣ ❝✐r❝✉✐t✱ ❛♠♣❧✐✜❡❞ ❛♥❞ r❡t✉r♥❡❞ ❜❛❝❦ t♦ t❤❡ ♣✐❡③♦❡❧❡❝✲
tr✐❝ ❡❧❡♠❡♥t✳ ■♥ t❤❛t t✐♠❡✱ s❡✈❡r❛❧ ✐♥❞❡♣❡♥❞❡♥t ❛♣♣❧✐❝❛t✐♦♥s ❜❡❣❛♥ t♦ ❡♠❡r❣❡ ❢♦r ❝❛♥t✐❧❡✈❡rs
✈✐❜r❛t✐♦♥s ❝♦♥tr♦❧ ♦r st❛❝❦ ♣✐❡③♦ ❞❡✈✐❝❡s ❢♦r ♠✐❝r♦♣♦s✐t✐♦♥✐♥❣✳ ❙❡✈❡r❛❧ ②❡❛rs ❧❛t❡r ❚✳ ❚❛✐❣❛♠✐
❡t ❛❧✳ ❬✸✹✵❪ ❛♣♣❧✐❡❞ t❤❡ ♠❡t❤♦❞ ❢♦r ❢♦r❝❡ s❡❧❢✲s❡♥s✐♥❣ ❛♥❞ ❢♦r t❤❡ ❝♦♥tr♦❧ ♦❢ ❛ ❧❛r❣❡ s✐③❡ ❜✐♠♦r♣❤
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❋✐❣✉r❡ ✺✳✷✿ ✭❛✮✿ s❝❤❡♠❡ ♦❢ t❤❡ ♦❜s❡r✈❡r ❛♥❞ ♦❢ t❤❡ ♣✐❡③♦❡❧❡❝tr✐❝ s②st❡♠✳ ✭❜✮✿ ♠❡❛s✉r❡❞ ♦✉t♣✉t
❞✐s♣❧❛❝❡♠❡♥t δ(t) ❛♥❞ ✐ts ❡st✐♠❛t❡ δˆ(t)✳ ✭❝✮✿ ♠❡❛s✉r❡❞ ❢♦r❝❡ Fm(t) = −F (t) ❛♥❞ ❡st✐♠❛t❡ ❢♦r❝❡
Fˆm(t) = −Fˆ (t)✳
❛❝t✉❛t♦r ❜② ✉s✐♥❣ ❛ ❤❛❧❢✲❜r✐❞❣❡ ❝✐r❝✉✐t✱ ❛ ✈♦❧t❛❣❡ ❢♦❧❧♦✇❡r ❛♥❞ ❛ ❝♦♠♣✉t❡r ❜❛s❡❞ ❞❛t❛ ❛❝q✉✐✲
s✐t✐♦♥ s②st❡♠✳ ❚❤❡ ❛✉t❤♦rs ❡①♣❡r✐♠❡♥t❛❧❧② ✈❡r✐✜❡❞ t❤❛t t❤❡ st✐✛♥❡ss ♦❢ t❤❡ ❣r❛s♣✐♥❣ ♦❜❥❡❝t
❞♦❡s ♥♦t ❛✛❡❝t t❤❡ ♠❡❛s✉r❡♠❡♥t❀ ❤♦✇❡✈❡r t❤❡ ❡❧❡❝tr♦♥✐❝ s❝❤❡♠❛t✐❝ ❧✐♠✐t❡❞ t❤❡ ❛♣♣❧✐❡❞ ✈♦❧t❛❣❡
r❛♥❣❡ ❛♥❞ t❤❡ ♥♦♥❧✐♥❡❛r✐t✐❡s ✭❤②st❡r❡s✐s ❛♥❞ ❝r❡❡♣✮ ✇❡r❡ ♥♦t ❝♦♠♣❡♥s❛t❡❞✳ ❙✐♥❝❡✱ s❡❧❢✲s❡♥s✐♥❣
✐s ✇✐❞❡❧② ✉s❡❞ ❢♦r ✈✐❜r❛t✐♦♥s ❝♦♥tr♦❧ ♦❢ ✢❡①✐❜❧❡ str✉❝t✉r❡s ❬✸✹✶✕✸✹✻❪✳ ❆❧❧ t❤❡s❡ s❡❧❢✲s❡♥s✐♥❣
✇♦r❦s ❞❡❛❧ ❤♦✇❡✈❡r ✇✐t❤ ❤✐❣❤ ❢r❡q✉❡♥❝② s✐❣♥❛❧s✱ ✇✐t❤ ❛♣♣❧✐❝❛t✐♦♥s t❤❡ ✈✐❜r❛t✐♦♥s ❞❛♠♣✐♥❣✳
❚❤❡② ❛r❡ ♥♦t ❡✣❝✐❡♥t t♦ tr❛❝❦ ❧♦✇ ❢r❡q✉❡♥❝② s✐❣♥❛❧s ♦r t♦ tr❛❝❦ ❝♦♥st❛♥t s✐❣♥❛❧s ❢♦r ❛ ❞✉r❛t✐♦♥
♠♦r❡ t❤❛♥ s❡❝♦♥❞s✳ ■♥ ❢❛❝t✱ ❞✉❡ t♦ t❤❡ ✐♥t❡r♥❛❧ ❝❤❛r❣❡ ❧❡❛❦❛❣❡ ✐♥ t❤❡ ♣✐❡③♦❡❧❡❝tr✐❝ ❞❡✈✐❝❡✱
❛ ❧♦✇ ❢r❡q✉❡♥❝② ♦r ❝♦♥st❛♥t ❞❡❢♦r♠❛t✐♦♥ ❝❛♥ ♥♦t ❜❡ tr❛❝❡❞ ❜❛❝❦✳ ❈♦♥s❡q✉❡♥t❧②✱ t❤❡ ❡①✐st✐♥❣
s❡❧❢✲s❡♥s✐♥❣ t❡❝❤♥✐q✉❡s ❝❛♥ ♥♦t ❜❡ ✉t✐❧✐③❡❞ ✐♥ ♠✐❝r♦♠❛♥✐♣✉❧❛t✐♦♥ ♦r ♠✐❝r♦❛ss❡♠❜❧② ❛♣♣❧✐❝❛t✐♦♥s
✇❤❡r❡ t❤❡ ❞✐s♣❧❛❝❡♠❡♥ts ♦r t❤❡ ❢♦r❝❡ ❝❛♥ ❜❡ ❝♦♥st❛♥t ❞✉r✐♥❣ t❡♥s ♦r ❤✉♥❞r❡❞s ♦❢ s❡❝♦♥❞s✳
❚❤❡ ♠❛✐♥ ❝♦♥tr✐❜✉t✐♦♥ ♦❢ ♦✉r ✇♦r❦s ❧✐❡s ✐♥ t❤❡ ❞❡✈❡❧♦♣♠❡♥t ♦❢ s❡❧❢✲s❡♥s✐♥❣ ❝❛♣❛❜❧❡ ♦❢ ♣r♦✈✐❞✲
✐♥❣ ❛♥ ❡st✐♠❛t❡ ♠❡❛s✉r❡ ♦❢ t❤❡ ❞✐s♣❧❛❝❡♠❡♥t ♦r ♦❢ t❤❡ ❢♦r❝❡ ❜♦t❤ ❛t ❧♦✇ ❛♥❞ ❛t ❤✐❣❤ ❢r❡q✉❡♥❝✐❡s
✐♥ ♦r❞❡r t♦ ❜❡ ❝♦♥❣r✉❡♥t ✇✐t❤ t❤❡ ♥❡❡❞ ✐♥ ♠✐❝r♦♠❛♥✐♣✉❧❛t✐♦♥ ♦r ♠✐❝r♦❛ss❡♠❜❧② ❛♣♣❧✐❝❛t✐♦♥s✳
❚❤❡ ♣r✐♥❝✐♣❧❡✱ ♣✐❝t✉r❡❞ ✐♥ ❋✐❣✳ ✺✳✸✲❛✱ ✐s ❛s ❢♦❧❧♦✇s✳ ❲❤❡♥ ❛ ♣✐❡③♦❡❧❡❝tr✐❝ ❛❝t✉❛t♦r ✐s s✉♣♣❧✐❡❞
❜② ❛ ❞r✐✈✐♥❣ ✈♦❧t❛❣❡ u(t)✱ ✇❡ ♦❜t❛✐♥ ❛ ❞✐s♣❧❛❝❡♠❡♥t δ(t)✳ ■♥ t❤❡ ♠❡❛♥t✐♠❡✱ ❛ ❝❤❛r❣❡ Q(t)
❛♣♣❡❛rs ♦♥ t❤❡ ❛❝t✉❛t♦r✬s ❡❧❡❝tr♦❞❡s✳ ❆♥ ❡❧❡❝tr✐❝❛❧ ❝✐r❝✉✐t ✐s ✉s❡❞ t♦ ❛♠♣❧✐❢② t❤✐s ❝❤❛r❣❡ Q(t)
❛♥❞ t♦ tr❛♥s❢♦r♠ ✐t ✐♥t♦ ❛♥ ❡①♣❧♦✐t❛❜❧❡ ✈♦❧t❛❣❡ uo(t)✳ ❋✐♥❛❧❧②✱ ❛♥ ♦❜s❡r✈❡r ❡①♣❧♦✐ts t❤❡ ❛✈❛✐❧❛❜❧❡
s✐❣♥❛❧s ✭t❤❡ ❞r✐✈✐♥❣ ✈♦❧t❛❣❡ u(t) ❛♥❞ t❤❡ ❡①♣❧♦✐t❛❜❧❡ ✈♦❧t❛❣❡ uo(t)✮ t♦ ♣r♦✈✐❞❡ ❛♥ ❡st✐♠❛t❡ δˆ(t)
♦❢ t❤❡ ❞✐s♣❧❛❝❡♠❡♥t ♦r ❛♥ ❡st✐♠❛t❡ Fˆ (t) ♦❢ t❤❡ ❢♦r❝❡✱ ♦r ❜♦t❤✳ ❇♦t❤ t❤❡ ❡❧❡❝tr✐❝❛❧ ❝✐r❝✉✐t ❛♥❞
t❤❡ ♦❜s❡r✈❡r ❝♦♥st✐t✉t❡ t❤❡ s❡❧❢✲s❡♥s✐♥❣✳ ❚♦ r❡❛❝❤ t❤❡ t❛r❣❡t❡❞ ♣❡r❢♦r♠❛♥❝❡s ✭♠❡❛s✉r❡♠❡♥t ❛t
✶✶✻
❧♦✇ ❛♥❞ ❤✐❣❤ ❢r❡q✉❡♥❝✐❡s✮✱ t❤❡ ♥♦✈❡❧t② ✐♥ ♦✉r ✇♦r❦s ✐s ♠♦st❧② ✐♥ t❤❡ ♦❜s❡r✈❡r✱ ❛♥❞ ❢♦r ❝❡rt❛✐♥
❝❛s❡s ✐♥ t❤❡ ❡❧❡❝tr✐❝❛❧ ❝✐r❝✉✐t✳ ❚❤❡ ♦❜s❡r✈❡r ❥✉❞✐❝✐♦✉s❧② ❛❝❝♦✉♥ts ❢♦r t❤❡ ❧❡❛❦❛❣❡ ✐♥ t❤❡ ❛❝t✉❛t♦r
❛♥❞ t❤❡ ✐♠♣❡r❢❡❝t✐♦♥ ✐♥ t❤❡ ❡❧❡❝tr✐❝❛❧ ❝✐r❝✉✐t t❤❛t ✇❡r❡ s♦✉r❝❡s ♦❢ ❝❤❛r❣❡ ❧❡❛❦❛❣❡ ✇❤✐❝❤ ❞✐❞ ♥♦t
♣❡r♠✐t ❛ ♠❡❛s✉r❡♠❡♥t ❛t ❧♦✇ ❢r❡q✉❡♥❝✐❡s✳ ❚❤❡ ♦❜s❡r✈❡r ✐s t❤✉s ❜❛s❡❞ ♦♥ t❤❡ ♣r❡❝✐s❡ ♠♦❞❡❧ ♦❢
t❤❡ ❛❝t✉❛t♦r ❛♥❞ ♦❢ t❤❡ ❝✐r❝✉✐t ✇✐t❤ ❝♦♥s✐❞❡r❛t✐♦♥ ♦❢ t❤❡s❡ ❧❡❛❦❛❣❡s✳
piezoelectric
system
electrical
circuit
observer
self-sensing
-
+
rC
discR disck
C
electrical circuit
pie
zoe
lec
tric
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uat
or
sign inverter(a) (b)
❋✐❣✉r❡ ✺✳✸✿ ✭❛✮✿ ♣r✐♥❝✐♣❧❡ s❝❤❡♠❡ ♦❢ ❛ s❡❧❢✲s❡♥s✐♥❣✳ ✭❜✮✿ t❤❡ ❡❧❡❝tr✐❝❛❧ ❝✐r❝✉✐t✳
✺✳✹✳✷ ▼♦❞❡❧✐♥❣ t❤❡ ❡❧❡❝tr✐❝❛❧ ❝✐r❝✉✐t ❛♥❞ t❤❡ ❛❝t✉❛t♦r
❚❤❡ ❝❤❛r❣❡ Q(t) t❤❛t ❛♣♣❡❛rs ♦♥ t❤❡ ❛❝t✉❛t♦r✬s ❡❧❡❝tr♦❞❡s ✐s ❝♦♠♣♦s❡❞ ♦❢ t❤❡ ❝❤❛r❣❡ Qu(t) ❞✉❡
t♦ t❤❡ ❞✐❡❧❡❝tr✐❝ ❡✛❡❝t ✭❞✉❡ t♦ u(t)✮ ❛♥❞ ♦❢ t❤❡ ❝❤❛r❣❡ Qδ(t) ❞✉❡ t♦ t❤❡ ❞✐r❡❝t ♣✐❡③♦❡❧❡❝tr✐❝ ❡✛❡❝t
✭❞✉❡ t♦ δ(t)✮✳ ❚❤❡ ♣✐❡③♦❡❧❡❝tr✐❝ ❝❤❛r❣❡ Qδ(t) ✐s ✈❡r② ✇❡❛❦ r❡❧❛t✐✈❡ t♦ t❤❡ ❞✐❡❧❡❝tr✐❝ ❝❤❛r❣❡ Qu(t)
❛♥❞ t❤✐s ♠❛② str♦♥❣❧② ❝♦♠♣r♦♠✐s❡ t❤❡ ❡✣❝✐❡♥❝② ♦❢ t❤❡ s❡❧❢✲s❡♥s✐♥❣ ♠❡❛s✉r❡♠❡♥t✳ ❚♦ ✐♥❝r❡❛s❡
t❤❡ s❡❧❢✲s❡♥s✐♥❣ s❡♥s✐t✐✈✐t②✱ t❤❡ ❡❧❡❝tr✐❝❛❧ ❝✐r❝✉✐t ✜❣✉r❡❞ ✐♥ ❋✐❣✳ ✺✳✸✲❜ ❤❛s ❜❡❡♥ ♣r♦♣♦s❡❞ ❬❏✺❪✳
■♥ t❤❡ ✜❣✉r❡✱ t❤❡ ❡q✉✐✈❛❧❡♥t ❡❧❡❝tr✐❝❛❧ ❝✐r❝✉✐t ❛t ❧♦✇ ❢r❡q✉❡♥❝② ♦❢ t❤❡ ♣✐❡③♦❡❧❡❝tr✐❝ ❛❝t✉❛t♦r
✐s ❛❧s♦ ♣r❡s❡♥t❡❞ ❬✸✹✼❪✳ ▲❡t Cp ❜❡ t❤❡ ❡q✉✐✈❛❧❡♥t ❝❛♣❛❝✐t♦r ♦❢ t❤❡ ❛❝t✉❛t♦r s✉❝❤ t❤❛t t❤❡
❞✐❡❧❡❝tr✐❝ ❝❤❛r❣❡ ✐s✿ Qu(t) = Cpu(t)✳ ■❢ t❤❡ r❡❢❡r❡♥❝❡ ❝❛♣❛❝✐t♦r Cr ✐s ❝❤♦s❡♥ t♦ ❜❡ ❡q✉❛❧ t♦
Cp ✭Cr = Cp✮✱ t❤❡ ❞✐❡❧❡❝tr✐❝ ❡✛❡❝t ✐♥s✐❞❡ Q(t) ✐s ♠✐♥✐♠✐③❡❞ ❛♥❞ t❤✉s t❤❡ s❡♥s✐t✐✈✐t② ♦❢ t❤❡
s❡❧❢✲s❡♥s✐♥❣ ✐s ✐♥❝r❡❛s❡❞✳ ■♥ t❤✐s ❝❛s❡✱ t❤❡ t♦t❛❧ ❝❤❛r❣❡ t❤❛t ✇✐❧❧ ❜❡ ❛♠♣❧✐✜❡❞ ❜② ❛♥ ♦♣❡r❛t✐♦♥❛❧
❛♠♣❧✐✜❡r ✭♦♣✲❛♠♣✮ ✐s✿ Qoa(t) = Q(t)−Cru(t) = Cpu(t)−Cru(t)+Qδ(t) ≈ Qδ(t)✳ ❚❤❡ r❡❧❛t✐♦♥
❜❡t✇❡❡♥ t❤❡ ❝❤❛r❣❡ Qδ(t) ❛♥❞ t❤❡ ♦✉t♣✉t ❞✐s♣❧❛❝❡♠❡♥t δ(t) ✐s ❧✐♥❡❛r ✇❤❡♥ t❤❡ ❡①t❡r♥❛❧ ❢♦r❝❡
✐s ♥✉❧❧✿ Qδ(t) = αδ(t)✱ ✇❤❡r❡ α ✐s t❤❡ ❝❤❛r❣❡✲❞✐s♣❧❛❝❡♠❡♥t ❝♦❡✣❝✐❡♥t✳ ▲❡t Rfp ❜❡ t❤❡ ✐♥t❡r♥❛❧
❧❡❛❦❛❣❡ r❡s✐st♦r ♦❢ t❤❡ ❛❝t✉❛t♦r ❛♥❞ Qda (u(t), t) ❜❡ ✐ts ❞✐❡❧❡❝tr✐❝ ❛❜s♦r♣t✐♦♥✳ ▲❡t ib(t) ❜❡ t❤❡
❜✐❛s ❝✉rr❡♥t ✐♥ t❤❡ ♥♦♥✲✐❞❡❛❧ ♦♣✲❛♠♣ ❛♥❞ C ❜❡ t❤❡ ❝❛♣❛❝✐t♦r ❢♦r t❤❡ ❝❤❛r❣❡ ❛♠♣❧✐✜❝❛t✐♦♥✳ ❚❤❡♥✱
t❛❦✐♥❣ t❤❡ ❝❤❛r❣❡ Qoa(t) ❛♥❞ ❛❝❝♦✉♥t✐♥❣ ❢♦r t❤❡ ❞✐✛❡r❡♥t ❧❡❛❦❛❣❡s✱ ✇❡ ❞❡r✐✈❡ t❤❡ ❡q✉❛t✐♦♥ ♦❢
t❤❡ ♦✉t♣✉t ✈♦❧t❛❣❡ uo(t) ❬❏✺❪✿
uo(t) =
−1
C
(
αδ(t)− (Cp − Cr)u(t)−Qda (u(t), t)−
1
Rfp
∫ t
0
u(t)dt+
∫ t
0
ib(t)dt
)
✭✺✳✻✮
❚❤❡ ❞✐❡❧❡❝tr✐❝ ❛❜s♦r♣t✐♦♥ Qda (u(t), t) ❝❛♥ ❜❡ ❛♣♣r♦①✐♠❛t❡❞ ❜② ❛ ✜rst ♦r❞❡r ❧✐♥❡❛r ♠♦❞❡❧✳
■♥ t❤❡ ▲❛♣❧❛❝❡ ❞♦♠❛✐♥✱ t❤✐s ✐s ❣✐✈❡♥ ❜②✿
Qda (u(s), s) = Qda (s)u(s) =
kda
τs+ 1
u(s) ✭✺✳✼✮
✶✶✼
✇❤❡r❡ Qda(s) =
kda
τs+1 ✐s t❤❡ ❞✐❡❧❡❝tr✐❝ ❛❜s♦r♣t✐♦♥ tr❛♥s❢❡r ❢✉♥❝t✐♦♥✱ kda ❛♥❞ τda ❛r❡ t❤❡
r❡❧❛t❡❞ ❣❛✐♥ ❛♥❞ ❝♦♥st❛♥t t✐♠❡ r❡s♣❡❝t✐✈❡❧②✳
❚❤❡ ♣❛r❛♠❡t❡rs t♦ ❜❡ ✐❞❡♥t✐✜❡❞ ❡①♣❡r✐♠❡♥t❛❧❧② ❛r❡ Cp✱ Rfp✱ kda✱ τde✱ α ❛♥❞ ib✳ ❆ ♣r♦❝❡❞✉r❡
❢♦r t❤❡✐r ✐❞❡♥t✐✜❝❛t✐♦♥ ✐s ❞❡t❛✐❧❡❞ ✐♥ ❬❏✺❪✳ ◆♦t✐❝❡ t❤❛t t❤❡ ❝♦♠♠✉t❛t♦r kdisc ❛♥❞ t❤❡ r❡s✐st♦r
Rdisc ✐♥ ❋✐❣✳ ✺✳✸✲❜ ❛r❡ ✉s❡❞ t♦ ❞✐s❝❤❛r❣❡ t❤❡ ❝❛♣❛❝✐t♦r C ✐❢ t❤❡ ❝✐r❝✉✐t ✐s s❛t✉r❛t❡❞✳
✺✳✹✳✸ ❙t❛t✐❝ s❡❧❢✲s❡♥s✐♥❣
❋r♦♠ t❤❡ ♠♦❞❡❧ ❊q✳ ✭✺✳✻✮✱ t❤❡ ❡st✐♠❛t❡ ❞✐s♣❧❛❝❡♠❡♥t δˆ(t) ✐s ❞❡r✐✈❡❞ ❬❏✺❪✿
δˆ(t) =
1
α
(
(Cp − Cr)u(t) +Qda (u(t), t) +
1
Rfp
∫ t
0
u(t)dt−
∫ t
0
ib(t)dt− Cuo(t)
)
✭✺✳✽✮
❚❤❡ ♦❜s❡r✈❡r ❊q✳ ✭✺✳✽✮ ✐s ✈❛❧✉❛❜❧❡ t♦ ❡st✐♠❛t❡ ❧♦✇ ❢r❡q✉❡♥❝② ♦r ❝♦♥st❛♥t s✐❣♥❛❧ ❜❡❝❛✉s❡ t❤❡
❞②♥❛♠✐❝s ♦❢ t❤❡ ❛❝t✉❛t♦r ✇❛s ♥♦t ❝♦♥s✐❞❡r❡❞ ✐♥ t❤❡ ♠♦❞❡❧ ❊q✳ ✭✺✳✻✮✳ ■♥ ❛❞❞✐t✐♦♥✱ t❤✐s ♦❜s❡r✈❡r
✐s ♦♥❧② ✈❛❧✉❛❜❧❡ ✇❤❡♥ t❤❡ ❛❝t✉❛t♦r ✐s ❢♦r❝❡✲❢r❡❡✱ ✐✳❡✳ t❤❡r❡ ✐s ♥♦ ✐♥t❡r❛❝t✐♦♥ ❢♦r❝❡ F ❜❡t✇❡❡♥ t❤❡
❛❝t✉❛t♦r ❛♥❞ t❤❡ ❡①t❡r♥❛❧✳ ❲❡ ❝❛❧❧ t❤❡ s❡❧❢✲s❡♥s✐♥❣ t❤❛t ✉s❡s t❤✐s ♦❜s❡r✈❡r st❛t✐❝ ❞✐s♣❧❛❝❡♠❡♥t
s❡❧❢✲s❡♥s✐♥❣ t❡❝❤♥✐q✉❡✳ ■t ✐s ✐♠♣♦rt❛♥t t♦ ♥♦t✐❝❡ t❤❛t t❤❡ ♠♦❞❡❧ ❛♥❞ t❤❡ ♦❜s❡r✈❡r ❛r❡ ❧✐♥❡❛r
❜❡❝❛✉s❡ t❤❡ r❡❧❛t✐♦♥ ❜❡t✇❡❡♥ t❤❡ ❝❤❛r❣❡ ❛♥❞ t❤❡ ❞✐s♣❧❛❝❡♠❡♥t ✐s ❧✐♥❡❛r✳
❚♦ ❡st✐♠❛t❡ t❤❡ ❢♦r❝❡✱ t❤❡ r❡❧❛t✐♦♥ ❜❡t✇❡❡♥ t❤❡ ❝❤❛r❣❡ Q(t) ❛♥❞ t❤❡ ❢♦r❝❡ F (t) ❛♣♣❧✐❡❞ t♦
t❤❡ ♣✐❡③♦❡❧❡❝tr✐❝ ❛❝t✉❛t♦r ❜② t❤❡ ❡①t❡r♥❛❧ ✐s ✜rst ❞❡s❝r✐❜❡❞✳ ■t ✐s s❤♦✇♥ t❤❛t t❤✐s r❡❧❛t✐♦♥ ✐s ❛❧s♦
❧✐♥❡❛r✿ QF (t) = βF (t)✳ ❚❤✉s✱ t❤❡ ❝❤❛r❣❡ t❤❛t ✇✐❧❧ ❜❡ ❛♠♣❧✐✜❡❞ ❜② t❤❡ ♦♣✲❛♠♣ ✐s✿ Qoa(t) =
Q(t) − Cru(t) = (Cp − Cr)u(t) + βF (t)✳ ■♥ ❛ s✐♠✐❧❛r ♠❛♥♥❡r t❤❛♥ ✇✐t❤ t❤❡ ❞✐s♣❧❛❝❡♠❡♥t
♠♦❞❡❧✐♥❣ ✐♥ ❊q✳ ✭✺✳✻✮ ❛♥❞ ♦❜s❡r✈❡r ✐♥ ❊q✳ ✭✺✳✽✮✱ ✇❡ ♦❜t❛✐♥ t❤❡ ❡st✐♠❛t❡ ❢♦r❝❡ ❛s ❣✐✈❡♥ ❜② t❤❡
✜rst ❡q✉❛t✐♦♥ ♦❢ ❊q✳ ✭✺✳✾✮✳ ❚❤❡ ❞✐s♣❧❛❝❡♠❡♥t ✐s ❝❛❧❝✉❧❛t❡❞ ❛s t❤❡ ❞✐✛❡r❡♥❝❡ ❜❡t✇❡❡♥ t❤❡ ❢r❡❡✲
❞✐s♣❧❛❝❡♠❡♥t δˆfree(t) ❛❧r❡❛❞② ❞❡s❝r✐❜❡❞ ❜② ❊q✳ ✭✺✳✽✮ ✭❛♥❞ r❡♠✐♥❞❡❞ ✐♥ t❤❡ s❡❝♦♥❞ ❡q✉❛t✐♦♥ ♦❢
❊q✳ ✭✺✳✾✮✮✱ ❛♥❞ t❤❡ ❞✐s♣❧❛❝❡♠❡♥t ❞✉❡ t♦ t❤❡ ❢♦r❝❡✳ ❚❤❡ ♥❡✇ ♦❜s❡r✈❡r t♦ ❡st✐♠❛t❡ ❜♦t❤ t❤❡ ❢♦r❝❡
❛♥❞ t❤❡ ❞✐s♣❧❛❝❡♠❡♥t ✐s ❬❏✻❪✿


Fˆ (t) = 1β
(
(Cp − Cr)u(t) + Γ
F (t) + 1Rfp
∫ t
0 u(t)dt
)
δˆfree(t) = 1α
(
(Cp − Cr)u(t) +Qda (u(t), t) +
1
Rfp
∫ t
0 u(t)dt−
∫ t
0 ib(t)dt− Cuo(t)
)
δˆ(t) = δˆfree(t)− spFˆ (t)
✭✺✳✾✮
✇❤❡r❡ sp ✐s t❤❡ ❝♦♠♣❧✐❛♥❝❡ ♦❢ t❤❡ ❛❝t✉❛t♦r✱ ❛♥❞ ΓF (t) ✐s ❛ ♥♦♥❧✐♥❡❛r ♦♣❡r❛t♦r t❤❛t ✐♥❝❧✉❞❡s
t❤❡ ❤②st❡r❡s✐s ❛♥❞ t❤❡ ❝r❡❡♣ ✐❢ ❡✈❡♥t✉❛❧❧② t❤❡② ❡①✐st ✭t♦ ❜❡ ✈❡r✐✜❡❞ ❡①♣❡r✐♠❡♥t❛❧❧②✮✱ ❜✉t ❛❧s♦
t❤❡ ❞✐❡❧❡❝tr✐❝ ❛❜s♦r♣t✐♦♥ ❛♥❞ t❤❡ ♥♦♥✲✐❞❡❛❧ ❜❡❤❛✈✐♦r ♦❢ t❤❡ ♦♣✲❛♠♣✳
❲❡ ❝❛❧❧ st❛t✐❝ ❢♦r❝❡✲❞✐s♣❧❛❝❡♠❡♥t s❡❧❢✲s❡♥s✐♥❣ t❡❝❤♥✐q✉❡ t❤❡ s❡❧❢✲s❡♥s✐♥❣ t❤❛t ✉s❡s t❤❡ ♦❜✲
s❡r✈❡r ✐♥ ❊q✳ ✭✺✳✾✮✳ ❚❤✐s ✐s ✈❛❧✉❛❜❧❡ t♦ ❡st✐♠❛t❡ ❧♦✇ ❢r❡q✉❡♥❝② ❛♥❞ ❝♦♥st❛♥t ❢♦r❝❡ ❛♥❞ ❞✐s✲
♣❧❛❝❡♠❡♥t✳ ❲❤❡♥ t❤❡ ❢r❡q✉❡♥❝② ♦❢ t❤❡ ❞✐s♣❧❛❝❡♠❡♥t δ(t) ♦r ♦❢ t❤❡ ❢♦r❝❡ F (t) t♦ ❜❡ ❡st✐♠❛t❡❞
✐♥❝r❡❛s❡s✱ t❤❡ ❛❜♦✈❡ ❡st✐♠❛t❡ s✐❣♥❛❧s δˆ(t) ❛♥❞ Fˆ (t) ❛r❡ ❜✐❛s❡❞✳
✶✶✽
✺✳✹✳✹ ❉②♥❛♠✐❝ s❡❧❢✲s❡♥s✐♥❣
❚❤❡ ♣r❡✈✐♦✉s st❛t✐❝ s❡❧❢✲s❡♥s✐♥❣ ♣❡r♠✐ts t♦ ❡st✐♠❛t❡ ❝♦♥st❛♥t s✐❣♥❛❧s ♦r ❧♦✇ ❢r❡q✉❡♥❝② s✐❣♥❛❧s✳
❚❤❡ ❡st✐♠❛t❡❞ s✐❣♥❛❧s ❝❛♥ ♥♦t ❜❡ ✉s❡❞ ✐♥ ❛ ❢❡❡❞❜❛❝❦ ❞②♥❛♠✐❝ ❝♦♥tr♦❧✳ ❋♦r t❤✐s ❛✐♠✱ ✇❡ ♥❡❡❞ t♦
❡①t❡♥❞ t❤❡ ♣r❡✈✐♦✉s s❡❧❢✲s❡♥s✐♥❣ t❡❝❤♥✐q✉❡s ✐♥t♦ ❞②♥❛♠✐❝ s❡❧❢✲s❡♥s✐♥❣✳ ❚❤❡ ♣r✐♥❝✐♣❧❡ ✐s t♦ ❛❞❞ ❛
❞②♥❛♠✐❝ ♦❜s❡r✈❡r ✐♥ ❝❛s❝❛❞❡ ✇✐t❤ t❤❡ ❛❧r❡❛❞② ❞❡✈❡❧♦♣❡❞ st❛t✐❝ ♦❜s❡r✈❡r ❬❇❈✷❪❬❏✷✸❪❬❈✹✶❪❬❈✷✵❪✳
piezoelectric
system
electrical
circuit static
observer
dynamic self-sensing
dynamic
part
❋✐❣✉r❡ ✺✳✹✿ ❉✐❛❣r❛♠ ♦❢ ❛ ❞②♥❛♠✐❝ s❡❧❢✲s❡♥s✐♥❣
✐♥ ❛ ♣✐❡③♦❡❧❡❝tr✐❝ ❛❝t✉❛t♦r✳
❚❤❡ ♥❡✇ s❡❧❢✲s❡♥s✐♥❣ ✐s t❤❡r❡❢♦r❡ s❝❤❡♠❛t❡❞
✐♥ ❋✐❣✳ ✺✳✹✳ ■♥ t❤❡ ✜❣✉r❡✱ δs(t) ❛♥❞ Fs(t) r❡♣✲
r❡s❡♥t t❤❡ st❡❛❞②✲st❛t❡ ❡st✐♠❛t❡ s✐❣♥❛❧s ❛♥❞
❛r❡ ❢r♦♠ t❤❡ st❛t✐❝ ♦❜s❡r✈❡r ✐♥ ❊q✳ ✭✺✳✽✮ ♦r
❊q✳ ✭✺✳✾✮✳ ❚❤❡ st❛t✐❝ ♦❜s❡r✈❡r ❛✉❣♠❡♥t❡❞
✇✐t❤ t❤❡ ❞②♥❛♠✐❝s ♣❛rt ❝♦♥st✐t✉t❡s t❤❡ ❞②✲
♥❛♠✐❝ ♦❜s❡r✈❡r ♦❢ t❤❡ s❡❧❢✲s❡♥s✐♥❣ t❡❝❤♥✐q✉❡✳
❚❤❡ s②♥t❤❡s✐s ♦❢ t❤❡ ❞②♥❛♠✐❝ ♣❛rt ♥❡❝❡ss✐✲
t❛t❡s ❛ ❞②♥❛♠✐❝ ♠♦❞❡❧ ❜❡t✇❡❡♥ t❤❡ ❞r✐✈✐♥❣
✈♦❧t❛❣❡ u(t)✱ t❤❡ ♦✉t♣✉t ❞✐s♣❧❛❝❡♠❡♥t δ(t) ♦r
t❤❡ ❢♦r❝❡ F (t) ❛♥❞ t❤❡ ♦✉t♣✉t st❡❛❞②✲st❛t❡
δs(t) ♦r Fs(t)✳
■♥ ❬❏✷✸❪✱ ✇❡ ❞❡✈❡❧♦♣❡❞ t❤✐s s❝❤❡♠❡ t♦ ❜❡ ❛❜❧❡ t♦ ❡st✐♠❛t❡ ❧♦✇ ❛♥❞ ❤✐❣❤ ❢r❡q✉❡♥❝② ❞✐s♣❧❛❝❡✲
♠❡♥t ❛♥❞ ♦♥❧② ❧♦✇ ❢r❡q✉❡♥❝② ❢♦r❝❡✳ ❚❤❡ s❡❧❢✲s❡♥s✐♥❣ ✇❛s ❛❢t❡r✇❛r❞ ✉s❡❞ ✐♥ ❛ ❢❡❡❞❜❛❝❦ ❝♦♥tr♦❧
♦❢ t❤❡ ❞✐s♣❧❛❝❡♠❡♥t ❜❛s❡❞ ♦♥ t❤❡ st❛♥❞❛r❞ H∞ r♦❜✉st ❝♦♥tr♦❧ t❡❝❤♥✐q✉❡✱ ✇✐t❤ ❛ ❞✐s♣❧❛② ♦❢
t❤❡ ♠❛♥✐♣✉❧❛t✐♦♥ ❢♦r❝❡✳ ▲❡t ∆(s) = δˆ(s)δs(s) ❜❡ t❤❡ tr❛♥s❢❡r ❢✉♥❝t✐♦♥ ♦❢ t❤❡ ❞②♥❛♠✐❝ ♣❛rt ♦❢ t❤❡
♦❜s❡r✈❡r✳ ❚❤✉s✱ t❤❡ ♦❜s❡r✈❡r t❤❛t ♣r♦✈✐❞❡s t❤❡ st❡❛❞②✲st❛t❡ ♦❢ t❤❡ ❢♦r❝❡ ❛♥❞ t❤❡ ❝♦♠♣❧❡t❡
✐♥❢♦r♠❛t✐♦♥ ♦♥ t❤❡ ❞✐s♣❧❛❝❡♠❡♥t ✐s ❬❏✷✸❪✿


Fˆ (t) = Fˆs(t) =
1
β
(
(Cp − Cr)u(t) + Γ
F (t) + 1Rfp
∫ t
0 u(t)dt
)
δˆfrees (t) =
1
α
(
(Cp − Cr)u(t) +Qda (u(t), t) +
1
Rfp
∫ t
0 u(t)dt−
∫ t
0 ib(t)dt− Cuo(t)
)
δˆ(s) = ∆(s)δˆfrees (s)− spFˆ (s)
✭✺✳✶✵✮
✇✐t❤✿
∆(s) =
αdpD(s)(
(Cp − Cr)−
1
Rfps
− ibs −Qda(s)−H(s)
) ✭✺✳✶✶✮
✇❤❡r❡ dp ✐s t❤❡ ♣✐❡③♦❡❧❡❝tr✐❝ ❝♦❡✣❝✐❡♥t ♦❢ t❤❡ ❛❝t✉❛t♦r✱ D(s) ✐s ✐ts ♥♦r♠❛❧✐③❡❞ ❞②♥❛♠✐❝s
♦❢ t❤❡ ❛❝t✉❛t♦r ❛♥❞ H(s) ✐s t❤❡ ❞②♥❛♠✐❝s ❜❡t✇❡❡♥ t❤❡ ❞r✐✈✐♥❣ ✈♦❧t❛❣❡ ❛♥❞ t❤❡ ❡①♣❧♦✐t❛❜❧❡
✈♦❧t❛❣❡ ✭H(s) = uo(s)u(s) ✮✳ ■♥ t❤✐s ❞②♥❛♠✐❝ s❡❧❢✲s❡♥s✐♥❣✱ ✇❡ ❛ss✉♠❡❞ t❤❛t t❤❡ ❛❝t✉❛t♦r ❜❡❤❛✈❡s
❧✐♥❡❛r❧②✿ δ(s) = dpD(s)u(s) + spF (s)✳ ❚❤❡ ♥♦♥❧✐♥❡❛r✐t✐❡s ✭❤②st❡r❡s✐s ❛♥❞ ❝r❡❡♣✮ ♥❡❡❞s t♦ ❜❡
❛❝❝♦✉♥t❡❞ ❢♦r ✐❢ ✇❡ ✇♦✉❧❞ ❧✐❦❡ t♦ ✉s❡ t❤❡ s❡❧❢✲s❡♥s✐♥❣ t♦ ❡st✐♠❛t❡ s✐❣♥❛❧s ✐♥ ❛ ❧❛r❣❡r r❛♥❣❡✳ ❲❡
❛❧s♦ ❛ss✉♠❡❞ t❤❛t t❤❡ ❜✐❛s ❝✉rr❡♥t ib ✇❛s ❝♦♥st❛♥t✳
✶✶✾
❊①♣❡r✐♠❡♥t❛❧ ✐♥✈❡st✐❣❛t✐♦♥ ❤❛s ❜❡❡♥ ❝❛rr✐❡❞ ♦✉t t♦ ❝♦♠♣❛r❡ t❤❡ ❡✣❝✐❡♥❝② ♦❢ t❤❡ ❞②♥❛♠✐❝
s❡❧❢✲s❡♥s✐♥❣ ✇✐t❤ t❤❡ st❛t✐❝ s❡❧❢✲s❡♥s✐♥❣✳ ❚❤❡ ❡①♣❡r✐♠❡♥t❡❞ ❛❝t✉❛t♦r ✐s ❛ ✉♥✐♠♦r♣❤ ♣✐❡③♦❡❧❡❝tr✐❝
❝❛♥t✐❧❡✈❡r ❬❏✷✸❪✳ ❋♦r t❤❛t✱ ❛ st❡♣ ✐♥♣✉t ✈♦❧t❛❣❡ u = 20V ✐s ❛♣♣❧✐❡❞✳ ❋✐❣✳ ✺✳✹✲❛ ❞❡♣✐❝ts t❤❡
❡st✐♠❛t❡ ❞✐s♣❧❛❝❡♠❡♥t δˆ(t) ✇❤❡♥ t❤❡ st❛t✐❝ s❡❧❢✲s❡♥s✐♥❣ ✐s ✉s❡❞✳ ■♥ t❤❡ s❛♠❡ ✜❣✉r❡ ✐s ❛❧s♦
♣✐❝t✉r❡❞ t❤❡ r❡❛❧ ❞✐s♣❧❛❝❡♠❡♥t δ(t) ♠❡❛s✉r❡❞ ✇✐t❤ ❛♥ ❡①t❡r♥❛❧ ♦♣t✐❝❛❧ s❡♥s♦r✳ ❆s ✇❡ ❝❛♥ s❡❡✱
t❤❡ ❡st✐♠❛t❡ ❞✐s♣❧❛❝❡♠❡♥t ✇❡❧❧ tr❛❝❦s t❤❡ st❡❛❞② st❛t❡ ❜✉t ♥♦t t❤❡ tr❛♥s✐❡♥t ♣❛rt ♦❢ t❤❡ r❡❛❧
❞✐s♣❧❛❝❡♠❡♥t✳ ■♥ ❋✐❣✳ ✺✳✺✲❜ ❛r❡ ♣✐❝t✉r❡❞ t❤❡ ❡st✐♠❛t❡ δˆ(t) ❢r♦♠ t❤❡ ❞②♥❛♠✐❝ s❡❧❢✲s❡♥s✐♥❣ ❛♥❞
t❤❡ r❡❛❧ ❞✐s♣❧❛❝❡♠❡♥t δ(t)✳ ❚❤✐s ✜❣✉r❡ s❤♦✇s t❤❛t ❜♦t❤ t❤❡ st❡❛❞②✲st❛t❡ ❛♥❞ t❤❡ tr❛♥s✐❡♥t ♣❛rt
❛r❡ ✇❡❧❧ tr❛❝❦❡❞✳ ❚❤❡s❡ ❡①♣❡r✐♠❡♥ts ❞❡♠♦♥str❛t❡ t❤❛t ✐❢ t❤❡ ♦❜❥❡❝t✐✈❡ ✐s t♦ ♣❡r❢♦r♠ ❛ ❞②♥❛♠✐❝
❝♦♥tr♦❧✱ t❤❡ ❞②♥❛♠✐❝ s❡❧❢✲s❡♥s✐♥❣ ✐s t❤❡ ♠♦st ❛❞❡q✉❛t❡ ❜❡❝❛✉s❡ ✐t ❛❝❝♦✉♥ts ❢♦r t❤❡ ❞②♥❛♠✐❝s ♦❢
t❤❡ ❛❝t✉❛t♦r✳ ❚❤❡ ♣r✐❝❡ ♦❢ ❛ ❞②♥❛♠✐❝ s❡❧❢✲s❡♥s✐♥❣ ✐s ❛ t❤♦r♦✉❣❤ ❛♥❞ ♣r❡❝✐s❡ ❝❤❛r❛❝t❡r✐③❛t✐♦♥ ♦❢
t❤❡ ❞②♥❛♠✐❝s ♦❢ t❤❡ ❛❝t✉❛t♦r ❛♥❞ ♦❢ t❤❡ ❡❧❡❝tr✐❝❛❧ ❝✐r❝✉✐t✳
(a): static self-sensing (b): dynamic self-sensing time[s]time[s]
❋✐❣✉r❡ ✺✳✺✿ ✭❛✮✿ ❡st✐♠❛t✐♦♥ ♦❢ t❤❡ ❞✐s♣❧❛❝❡♠❡♥t ✇✐t❤ t❤❡ st❛t✐❝ s❡❧❢✲s❡♥s✐♥❣✳ ✭❜✮✿ ❡st✐♠❛t✐♦♥ ♦❢
t❤❡ ❞✐s♣❧❛❝❡♠❡♥t ✇✐t❤ t❤❡ ❞②♥❛♠✐❝ s❡❧❢✲s❡♥s✐♥❣✳
✺✳✹✳✺ ❚♦✇❛r❞s ♠✉❧t✐✈❛r✐❛❜❧❡ s❡❧❢✲s❡♥s✐♥❣
❚❤❡ st❛t✐❝ ❛♥❞ ❞②♥❛♠✐❝ s❡❧❢✲s❡♥s✐♥❣ t❡❝❤♥✐q✉❡s ❛❜♦✈❡ ❛r❡ ❝❛❧❧❡❞ ♠♦♥♦✈❛r✐❛❜❧❡ s❡❧❢✲s❡♥s✐♥❣ ❛♥❞
❛♣♣❧② ❢♦r t❤❡ ❡st✐♠❛t✐♦♥ ♦❢ ❞✐s♣❧❛❝❡♠❡♥t ♦r ♦❢ ❢♦r❝❡ ✭♦r ❜♦t❤✮ ❛❧♦♥❣ ♦♥❡ ❛①✐s ✐♥ ♣✐❡③♦❡❧❡❝tr✐❝
❛❝t✉❛t♦rs✳ ■❢ t❤❡ ❛❝t✉❛t♦r ❤❛s s❡✈❡r❛❧ ❞❡❣r❡❡s ♦❢ ❢r❡❡❞♦♠ ✭❉❖❋✮✱ ❛ ♠♦♥♦✈❛r✐❛❜❧❡ s❡❧❢✲s❡♥s✐♥❣
t❡❝❤♥✐q✉❡ ❞♦❡s ♥♦t ❛♣♣❧② ❛♥②♠♦r❡✳
❆ ♠✉❧t✐✲❉❖❋ ♣✐❡③♦❡❧❡❝tr✐❝ ❛❝t✉❛t♦r ❤❛s s❡✈❡r❛❧ s✉♣♣❧②✲❡❧❡❝tr♦❞❡s ❛❞❞✐t✐♦♥❛❧❧② t♦ t❤❡ ❣r♦✉♥❞✲
❡❧❡❝tr♦❞❡✳ ❚❤❡ ❡❧❡❝tr✐❝❛❧ ❝✐r❝✉✐t ♦❢ t❤❡ s❡❧❢✲s❡♥s✐♥❣ t♦ ❜❡ ❞❡s✐❣♥❡❞ ♥❡❡❞s t♦ ❤❛✈❡ s❡✈❡r❛❧ ❝❛♥❛❧s✳
❚❤❡ ♦❜s❡r✈❡r ♥❡❡❞s ❛❧s♦ t♦ ❜❡ ♠✉❧t✐✈❛r✐❛❜❧❡✳ ❆ ♠❛tt❡r ✐♥ ♠✉❧t✐✈❛r✐❛❜❧❡ s❡❧❢✲s❡♥s✐♥❣ ✐s ✇❤❡♥
s❡✈❡r❛❧ ♦❢ t❤❡ s✉♣♣❧②✲❡❧❡❝tr♦❞❡s ❛r❡ s✉♣♣❧✐❡❞ s✐♠✉❧t❛♥❡♦✉s❧②✳ ❚❤✐s ♠❛② ❝❛✉s❡ ❛ ❤✐❣❤ ♣♦t❡♥t✐❛❧s
❞✐✛❡r❡♥❝❡ ❡✈❡♥ ✐❢ t❤❡ ✈♦❧t❛❣❡s ❛r❡ ❧♦✇✱ ❛♥❞ t❤✉s t❤❡ ❡❧❡❝tr✐❝❛❧ ❝✐r❝✉✐t ♠❛② ❜❡ ❞❡str♦②❡❞✳ ■♥ t❤❡
❢r❡♥❝❤ ♣❛t❡♥t ❬P✷❪ ❛♥❞ ✐♥ ✐ts ❡①t❡♥s✐♦♥ ✐♥t♦ ✐♥t❡r♥❛t✐♦♥❛❧ ♣❛t❡♥t ❬P✸❪✱ ✇❡ ♣r❡s❡♥t❡❞ ❛♥ ♦r✐❣✐♥❛❧
❡❧❡❝tr✐❝❛❧ ❝✐r❝✉✐t ❛♥❞ ❛♥ ♦❜s❡r✈❡r ❞❡✈♦t❡❞ t♦ s❡❧❢✲s❡♥s✐♥❣ ✐♥ ♠✉❧t✐✲❉❖❋ ♣✐❡③♦❡❧❡❝tr✐❝ ❛❝t✉❛t♦rs✳
✶✷✵
❚❤❡ ❝❧❛✐♠ ✐♥ t❤❡ ♣❛t❡♥ts ✐s ♠✉❧t✐♣❧❡✳
→ ❆ ♣r♦t❡❝t✐♦♥ ♦❢ t❤❡ ❡❧❡❝tr✐❝❛❧ ❝♦♠♣♦♥❡♥ts ❢r♦♠ ❤✐❣❤ ♣♦t❡♥t✐❛❧s ❞✐✛❡r❡♥❝❡ ✐s ♣r♦♣♦s❡❞✳
❚❤❡ ♣r♦t❡❝t✐♦♥ ✐s ❜❛s❡❞ ♦♥ ❛ ❥✉❞✐❝✐♦✉s s❝❤❡♠❡ ✇✐t❤ ❣r♦✉♥❞✲❡❧❡❝tr♦❞❡s ❛♥❞ ✢♦❛t✐♥❣ ❡❧❡❝tr♦❞❡s✳
❚❤❛♥❦s t♦ t❤✐s ♣r♦t❡❝t✐♦♥✱ t❤❡ ♠✉❧t✐✈❛r✐❛❜❧❡ s❡❧❢✲s❡♥s✐♥❣ ❝❛♥ ❜❡ ✉s❡❞ ♥♦t ♦♥❧② ❢♦r ❧♦✇ ✈♦❧t❛❣❡s
❜✉t ❛❧s♦ ❢♦r ❤✐❣❤ ✈♦❧t❛❣❡s ❛❝t✉❛t♦rs ❧✐❦❡ ♣✐❡③♦t✉❜❡ s❝❛♥♥❡rs ✐♥ s❝❛♥♥✐♥❣ ♣r♦❜❡ ♠✐❝r♦s❝♦♣❡s✳
→ ❚❤❡ s❡❧❢✲s❡♥s✐♥❣ ❛❝❝♦✉♥ts ❢♦r t❤❡ ❝♦✉♣❧✐♥❣s ♦❢ t❤❡ ❛❝t✉❛t♦r ❛♥❞ ❝❛♥ ♣r❡❝✐s❡❧② tr❛❝❦ t❤❡♠
t♦♦✳
✺✳✹✳✻ ❆❝❦♥♦✇❧❡❞❣❡♠❡♥ts
❚❤❡ ✇♦r❦s r❡❣❛r❞✐♥❣ t❤❡ s❡❧❢✲s❡♥s✐♥❣ t❡❝❤♥✐q✉❡s ✇❡r❡ ✇✐t❤✐♥ t❤❡ ♣♦st❞♦❝t♦r❛❧ ❢❡❧❧♦✇s❤✐♣s ♦❢
❉r✳ ■♦❛♥ ❆❧❡①♥❛❞r✉ ■✈❛♥ ❛♥❞ ❉r✳ ❖♠❛r ❆❧ ❏❛♥❛✐❞❡❤✳
✺✳✺ ❈♦♥❝❧✉s✐♦♥s ❛♥❞ ♣❡rs♣❡❝t✐✈❡s
❚❤✐s ❝❤❛♣t❡r ❞❡❛❧t ✇✐t❤ s♦♠❡ ❛♣♣r♦❛❝❤❡s t♦ ❝❛rr② ♦✉t s✐❣♥❛❧ ♠❡❛s✉r❡♠❡♥ts ❛♥❞ ❡st✐♠❛t✐♦♥
✐♥ ♣✐❡③♦❡❧❡❝tr✐❝ s②st❡♠s✳ ❉✉❡ t♦ t❤❡ ❧❛❝❦ ♦❢ ❝♦♥✈❡♥✐❡♥t s❡♥s♦rs t♦ ♠❡❛s✉r❡ t❤❡ ❢♦r❝❡ ♦r t❤❡
❞✐s♣❧❛❝❡♠❡♥t ✐♥ t❤❡s❡ s②st❡♠s✱ ♥♦✈❡❧ t❡❝❤♥✐q✉❡s ❤❛✈❡ ❜❡❡♥ ♣r♦♣♦s❡❞✳ ❚❤❡ ❞❡❛❧ ❝♦♥s✐sts ✐♥ ❝♦♠✲
❜✐♥✐♥❣ ♠❡❛s✉r❡♠❡♥t ❞❡✈✐❝❡s ✭❝♦♠♠❡r❝✐❛❧ ♦r ❞❡✈❡❧♦♣❡❞✮ ✇✐t❤ ❝♦♥tr♦❧ t❤❡♦r② t♦♦❧s t♦ ♣❡r❢♦r♠
♠♦r❡ ♣r❡❝✐s❡✱ ♠♦r❡ ❞②♥❛♠✐❝ ♠❡❛s✉r❡♠❡♥t ♦r t♦ ❡st✐♠❛t❡ t❤❡ ♠✐ss✐♥❣ s✐❣♥❛❧s t❤❛t t❤❡ ❛✈❛✐❧❛❜❧❡
s❡♥s♦rs ♦♥❧② ❝♦✉❧❞ ♥♦t ❞♦✳ ❲❡ ❤❛✈❡ s❤♦✇♥ t❤❛t ♦❜s❡r✈❡rs t♦♦❧s ❛r❡ ✈❡r② ✐♥t❡r❡st✐♥❣ t♦♦❧s t♦
❤❡❧♣ ✉s r❡❛❝❤✐♥❣ t❤✐s t❛r❣❡t✳ ❖♥❡ ♦❢ t❤❡ ❛♣♣r♦❛❝❤ ♣r♦♣♦s❡❞ ❝♦♥s✐sts ✐♥ ❡①♣❧♦✐t✐♥❣ t❤❡ ❝❤❛r❣❡
t❤❛t ❛♣♣❡❛rs ✐♥ t❤❡ ♣✐❡③♦❡❧❡❝tr✐❝ s②st❡♠s ❡❧❡❝tr♦❞❡s ❞✉r✐♥❣ t❤❡✐r ❛❝t✉❛t✐♦♥ ❛♥❞ tr❛❝❦✐♥❣ ♦r ❡s✲
t✐♠❛t✐♥❣ t❤❡✐r ❞✐s♣❧❛❝❡♠❡♥t ♦r ❢♦r❝❡ ❢r♦♠ ✇❡❧❧ ❞❡s✐❣♥❡❞ ♦❜s❡r✈❡r ❛♥❞ ❡❧❡❝tr✐❝❛❧ ❝✐r❝✉✐t✳ ❈❛❧❧❡❞
s❡❧❢✲s❡♥s✐♥❣✱ t❤✐s ❛♣♣r♦❛❝❤ ✐s ✈❡r② ❛ttr❛❝t✐✈❡ ❜❡❝❛✉s❡ ♦❢ t❤❡ ❤✐❣❤ ❧❡✈❡❧ ♦❢ ♣❛❝❦❛❣✐♥❣ ✐t ♦✛❡rs✳
❙❡✈❡r❛❧ t❡sts ♦❢ ❞✐✛❡r❡♥t ❝❛s❡s ✭✶✲❉❖❋ ♦r ♠✉❧t✐✲❉❖❋ ♣✐❡③♦❡❧❡❝tr✐❝ ❛❝t✉❛t♦r✱ ❢♦r❝❡ ♦r ❞✐s♣❧❛❝❡✲
♠❡♥t s✐❣♥❛❧s✱ st❛t✐❝ ❛♥❞ ❞②♥❛♠✐❝s✮ ❤❛✈❡ ❜❡❡♥ ❝❛rr✐❡❞ ♦✉t t♦ ✈❛❧✐❞❛t❡ t❤❡ ❛♣♣r♦❛❝❤✳ ❍♦✇❡✈❡r✱
t❤❡ ❧✐♠✐t❛t✐♦♥ ♦❢ t❤❡ s❡❧❢✲s❡♥s✐♥❣ ✐s t❤❡ ❢❛❝t t❤❛t t❤❡ ♦❜s❡r✈❡rs ❛r❡ ✧♦♣❡♥✲❧♦♦♣✧ ✭♥♦ ❝♦rr❡❝t✐♦♥
❣❛✐♥✮✳ ❚❤✉s t❤❡ s❡❧❢✲s❡♥s✐♥❣ ♠❛② ❜❡ s❡♥s✐t✐✈❡ t♦ ♠♦❞❡❧s ✉♥❝❡rt❛✐♥t✐❡s✳ ❋✉rt❤❡r♠♦r❡✱ ✐t ❝❛♥♥♦t
❛❝❝♦✉♥t ❢♦r t❤❡ ❡①t❡r♥❛❧ ♣❡rt✉r❜❛t✐♦♥ ✭t❡♠♣❡r❛t✉r❡ ✈❛r✐❛t✐♦♥✱ ✳✳✳✮ t❤❛t ♠❛② ❛✛❡❝t t❤❡ ♠♦❞❡❧s
♣❛r❛♠❡t❡rs ❞✉r✐♥❣ t❤❡ ❢✉♥❝t✐♦♥✐♥❣ ❛♥❞ ❛✛❡❝t t❤❡ ♣r❡❝✐s✐♦♥ ♦❢ t❤❡ ♠❡❛s✉r❡♠❡♥t✴❡st✐♠❛t✐♦♥✳
❆♥ ✐♥t❡r❡st✐♥❣ ❡①t❡♥s✐♦♥ ♦❢ t❤❡ s❡❧❢✲s❡♥s✐♥❣ ❝♦♥s✐sts ✐♥ ♠❡❛s✉r✐♥❣ t❤❡ t❡♠♣❡r❛t✉r❡ ✈❛r✐❛t✐♦♥
❛❞❞✐t✐♦♥❛❧❧② t♦ t❤❡ ❢♦r❝❡ ❛♥❞ t♦ t❤❡ ❞✐s♣❧❛❝❡♠❡♥t✳ ❆s t❤❡ t❡♠♣❡r❛t✉r❡ ✈❛r✐❛t✐♦♥ r❡s✉❧ts ✐♥ ❛
❞❡❢♦r♠❛t✐♦♥ ♦❢ t❤❡ ❛❝t✉❛t♦r t♦♦ ✇❤✐❝❤ t❤❡r❡❢♦r❡ ②✐❡❧❞s ❛♥ ❛❞❞✐t✐♦♥❛❧ ❝❤❛r❣❡✱ ❛ ❢❡❛t✉r❡ ✐s t♦
s②♥t❤❡s✐③❡ ❛♥ ♦❜s❡r✈❡r t❤❛t ✇✐❧❧ ♣r♦✈✐❞❡ t❤❡ ❡st✐♠❛t❡ ♦❢ t❤❡ ❞✐s♣❧❛❝❡♠❡♥t✱ ♦❢ t❤❡ ❢♦r❝❡ ❛♥❞ ❛♥❞
♦❢ t❤❡ t❡♠♣❡r❛t✉r❡✳
✶✷✶
✶✷✷
❈❤❛♣t❡r ✻
●❡♥❡r❛❧ ❝♦♥❝❧✉s✐♦♥s ❛♥❞ ♣❡rs♣❡❝t✐✈❡s
❚
❤✐s ❝❤❛♣t❡r ❡♥❞s t❤❡ t❤❡s✐s ❜② s②♥t❤❡s✐③✐♥❣ t❤❡ ❝♦♥tr✐❜✉t✐♦♥ ♦❢ t❤❡ ✇♦r❦s ❝❛rr✐❡❞ ♦✉t ❛♥❞ ❜②
♣r❡s❡♥t✐♥❣ s♦♠❡ ♣♦ss✐❜❧❡ ♣❡rs♣❡❝t✐✈❡s ❡①♣❧♦r❛❜❧❡ ✐♥ t❤❡ ♠❡❞✐✉♠ ❛♥❞ ✐♥ t❤❡ ❧♦♥❣ t❡r♠s✳ ❲❤✐❧st
t❤❡ ✇♦r❦s ❝♦♥tr✐❜✉t✐♦♥ ❧✐❡❞ ✐♥ t❤❡ ♣r❡❝✐s❡ ❛♥❞ ❤✐❣❤ ❞②♥❛♠✐❝s ♣♦s✐t✐♦♥✐♥❣ ❝♦♥t❡①t✱ t❤❡ ♣❡rs♣❡❝t✐✈❡s
❛r❡ ♦♣❡♥❡❞ t♦ ♦t❤❡r ❦✐♥❞s ♦❢ ❛♣♣❧✐❝❛t✐♦♥s✳
❈♦♥t❡♥ts
✻✳✶ ●❡♥❡r❛❧ ❝♦♥❝❧✉s✐♦♥s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✷✸
✻✳✷ ●❡♥❡r❛❧ ♣❡rs♣❡❝t✐✈❡s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✷✻
✻✳✷✳✶ ●♦✐♥❣ ❢✉rt❤❡r ✐♥ t❤❡ ♠✐♥✐❛t✉r✐③❛t✐♦♥ ♦❢ ❤✐❣❤ ♣❡r❢♦r♠❛♥❝❡s ❛♥❞ ❤✐❣❤
❞❡①t❡r✐t② ♣✐❡③♦❡❧❡❝tr✐❝ s②st❡♠s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✷✼
✻✳✷✳✷ ❚♦✇❛r❞s ❤✐❣❤❧② ❛✉t♦♥♦♠♦✉s ❛♥❞ s♠❛rt ♠✐♥✐❛t✉r✐③❡❞ s②st❡♠s ✳ ✳ ✳ ✳ ✶✷✾
✻✳✷✳✸ ❋r♦♠ ▼❊▼❙ ❤❛r✈❡st❡rs t♦ ♠❛tt❡rs ❤❛r✈❡st❡rs ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✸✺
✻✳✶ ●❡♥❡r❛❧ ❝♦♥❝❧✉s✐♦♥s
❚
❤❡ ❝♦♥t❡①t ♦❢ t❤❡ ✇♦r❦s r❡♣♦rt❡❞ ✐♥ t❤✐s t❤❡s✐s ✐s t❤❡ ♣♦s✐t✐♦♥✐♥❣ ✐♥ ♠✐❝r♦♠❛♥✐♣✉❧❛t✐♦♥✱
♠✐❝r♦❛ss❡♠❜❧② ❛♥❞ ♠❡❞✐❝❛❧ ❛♣♣❧✐❝❛t✐♦♥s✳ ❚❤❡s❡ ❛♣♣❧✐❝❛t✐♦♥s r❡q✉✐r❡ ❛ ❤✐❣❤ ♣r❡❝✐s✐♦♥ ✭♠✐✲
❝r♦♠❡tr✐❝ ♦r s✉❜♠✐❝r♦♠❡tr✐❝✮ ❛♥❞ ❛ ❤✐❣❤ ❞②♥❛♠✐❝s✳ ▼✐♥✐❛t✉r✐③❡❞ s②st❡♠s ❛r❡ ❝♦♥s✐❞❡r❡❞ ❛s t❤❡
❜❡st ❝❛♥❞✐❞❛t❡s t♦ ❡①❡❝✉t❡ t❤❡s❡ ❤✐❣❤ ♣r❡❝✐s✐♦♥ ❛♥❞ ❤✐❣❤ ❞②♥❛♠✐❝s ♣♦s✐t✐♦♥✐♥❣ t❛s❦s✳ ❚❤❡② ❝❛♥
♦✛❡r ❛ ✈❡r② ❤✐❣❤ r❡s♦❧✉t✐♦♥ ❛♥❞ ❜❡❝❛✉s❡ ♦❢ ♦t❤❡r ❛♣♣r❡❝✐❛❜❧❡ ♣r♦♣❡rt✐❡s s✉❝❤ ❛s ❧♦✇ ❝♦♥s✉♠♣✲
t✐♦♥✱ r❡❧❛t✐✈❡❧② ❧♦✇ ❝♦sts ❛♥❞ s♠❛❧❧ s✐③❡s✳ ❚❤❡r❡ ❤❛✈❡ ❜❡❡♥ ❞✐✛❡r❡♥t ♣r✐♥❝✐♣❧❡s ❛♥❞ ❛❝t✉❛t✐♦♥
t❡❝❤♥✐q✉❡s t♦ ❞❡✈❡❧♦♣ ♠✐♥✐❛t✉r✐③❡❞ s②st❡♠s✱ ❜✉t ♣✐❡③♦❡❧❡❝tr✐❝ ❛❝t✉❛t✐♦♥ ✐s ♦♥❡ ♦❢ t❤❡ ♠♦st ❡♠✲
♣❧♦②❡❞✳ ❚❤✐s r❡❝♦❣♥✐t✐♦♥ ✐s t❤❛♥❦s t♦ ✐ts ♥❛♥♦♠❡tr✐❝ r❡s♦❧✉t✐♦♥✱ ❤✐❣❤ ❜❛♥❞✇✐❞t❤ ✭t❡♥s ♦❢ ❦❍③✮
❛♥❞ ❡❛s❡ ♦❢ ✐♥t❡❣r❛t✐♦♥ ❛♥❞ ♣♦✇❡r✐♥❣✳ ❚❤❡ ❝♦♥tr✐❜✉t✐♦♥ ♦❢ t❤✐s t❤❡s✐s ✐♥ t❤❡ ❝♦♥t❡①t ✐s t❤❡
❞❡✈❡❧♦♣♠❡♥t ♦❢ ♥♦✈❡❧ ♣✐❡③♦❡❧❡❝tr✐❝ ❞❡✈✐❝❡s✱ t❤❡✐r ♠♦❞❡❧✐♥❣ ❛♥❞ ❝♦♥tr♦❧✱ ❛♥❞ t❤❡ ❡st✐♠❛t✐♦♥ ❛♥❞
♠❡❛s✉r❡♠❡♥t ♦❢ s✐❣♥❛❧s ✐♥ t❤❡♠ ❢♦r ♣r❡❝✐s❡ ❛♥❞ ❤✐❣❤ ❞②♥❛♠✐❝s ♣♦s✐t✐♦♥✐♥❣✳
P✐❡③♦❡❧❡❝tr✐❝ ❝❛♥t✐❧❡✈❡r ❛❝t✉❛t♦rs ✇✐t❤ r❡❝t❛♥❣✉❧❛r s❡❝t✐♦♥ ✭✇❡ ❝❛❧❧ ♠✉❧t✐♠♦r♣❤✮ ❛r❡ s✐♠♣❧❡
str✉❝t✉r❡s t❤❛t ❛r❡ ✐♥✈♦❧✈❡❞ ✐♥ ♠❛♥② st✉❞✐❡s ❛♥❞ ✐♥ ♠❛♥② ❛♣♣❧✐❝❛t✐♦♥s✿ s✇✐t❝❤❡s✱ ♠✐❝r♦❣r✐♣♣❡rs✱
✶✷✸
♠✐❝r♦✲✈❛❧✈❡s✱ ♠✐❝r♦✲❛✐r✲✈❡❤✐❝❧❡s✱ t✐♣s ✐♥ ❛t♦♠✐❝ ❢♦r❝❡ ♠✐❝r♦s❝♦♣❡s✳ ❚✇♦ ❝♦♥❝❧✉s✐♦♥s ❛r❡ r❛✐s❡❞
r❡❣❛r❞✐♥❣ t❤❡✐r ❞❡s✐❣♥ ❛♥❞ ❞❡✈❡❧♦♣♠❡♥t✳ ❚❤❡ ✜rst ❝♦♥❝❧✉s✐♦♥ ✐s t❤❛t t❤❡② ❝❛♥ ❜❡ ❡①♣❧♦✐t❡❞
t♦ ❞❡✈❡❧♦♣ ♠♦r❡ ♣❡r❢♦r♠❛♥t ♦r ♠♦r❡ ❝♦♠♣❧❡① str✉❝t✉r❡❞ s②st❡♠s✳ ❆♥ ❡①❛♠♣❧❡ ❝♦♥s✐sts ✐♥
❥✉❞✐❝✐♦✉s❧② ❝♦♠❜✐♥✐♥❣ ♠✉❧t✐♠♦r♣❤ ❛❝t✉❛t♦rs ✇✐t❤ t❤❡ t❤❡r♠❛❧ ❛❝t✉❛t✐♦♥ ♣r✐♥❝✐♣❧❡ t♦ r❡s✉❧t ✐♥
❛ ❤✐❣❤ r❡s♦❧✉t✐♦♥✱ ❤✐❣❤ ❜❛♥❞✇✐❞t❤ ❛♥❞ ❤✐❣❤ r❛♥❣❡ ♦❢ ♣♦s✐t✐♦♥✐♥❣ ❛❝t✉❛t♦r✱ ❝❛❧❧❡❞ ❤②❜r✐❞ t❤❡r✲
♠♦♣✐❡③♦❡❧❡❝tr✐❝ ❛❝t✉❛t♦r✳ ❆♥♦t❤❡r ❡①❛♠♣❧❡ ❞❡❛❧s ✇✐t❤ t❤❡ ❞❡✈❡❧♦♣♠❡♥t ♦❢ ❛ ❝♦♠♣❛❝t✱ ❤✐❣❤
r❡s♦❧✉t✐♦♥✱ ❤✐❣❤ r❛♥❣❡ ❛♥❞ ❤✐❣❤ ❜❛♥❞✇✐❞t❤ t✇♦ ❞❡❣r❡❡s ♦❢ ❢r❡❡❞♦♠ ✭✷✲❉❖❋✮ s②st❡♠ ❞❡✈♦t❡❞
t♦ ❧❛s❡r ♣❤♦♥♦♠✐❝r♦s✉r❣❡r②✳ ■♥ t❤✐s✱ t❤❡ s✐♠♣❧❡ ❜❡♥❞✐♥❣s ♦❢ ✇❡❧❧ ✐♥t❡r❝♦♥♥❡❝t❡❞ ❝❛♥t✐❧❡✈❡r
❛❝t✉❛t♦rs ❛r❡ tr❛♥s❢♦r♠❡❞ ✐♥t♦ ❤✐❣❤ r❛♥❣❡ ♦❢ ♦r✐❡♥t❛t✐♦♥ ✐♥ t✇♦ ❞✐r❡❝t✐♦♥s✳ ■♥ t❤❡ s❡❝♦♥❞ ❝♦♥✲
❝❧✉s✐♦♥✱ ✇❡ ❤❛✈❡ ♦❜s❡r✈❡❞ t❤❛t t❤❡ ❧❡✈❡❧ ♦❢ ♠✐♥✐❛t✉r✐③❛t✐♦♥ ♦❢ ♣✐❡③♦❡❧❡❝tr✐❝❛❧❧② ❛❝t✉❛t❡❞ s②st❡♠s
✐s st✐❧❧ ❧✐♠✐t❡❞✳ ■♥ ❢❛❝t✱ ❛❝t✉❛t❡❞ ▼❊▼❙✶ ❜❛s❡❞ ♦♥ ♣✐❡③♦❡❧❡❝tr✐❝ ♠❛t❡r✐❛❧s ❛r❡ ♠♦st❧② ❜❛s❡❞
♦♥ ❛❧✉♠✐♥✉♠ ♥✐tr✐❞❡ ✭❆❧◆✮✳ ❚❤❡ ❝❧❡❛♥✲r♦♦♠ ♣r♦❝❡ss ❛♥❞ t❤❡ ♠❛❝❤✐♥✐♥❣ ♦❢ t❤❡s❡ ♣✐❡③♦❡❧❡❝tr✐❝
♠❛t❡r✐❛❧s ❛r❡ ✇❡❧❧ ❢✉r♥✐s❤❡❞ ✐♥ t❤❡ ❧✐tt❡r❛t✉r❡ ✇❤✐❝❤ ♣❡r♠✐ts t♦ ❢❛❜r✐❝❛t❡ ✈❡r② ♠✐♥✐❛t✉r✐③❡❞
s②st❡♠s✳ ❍♦✇❡✈❡r✱ ❆❧◆ ♠❛t❡r✐❛❧s ❤❛✈❡ ✈❡r② ✇❡❛❦ ❝♦✉♣❧✐♥❣ ❢❛❝t♦rs ✭❧❡ss t❤❛♥ 15%✮ ❛♥❞ ❛r❡
♥♦t t❤❡ ❣♦♦❞ s♦❧✉t✐♦♥ t♦ ❞❡✈❡❧♦♣ ❤✐❣❤ ❞✐s♣❧❛❝❡♠❡♥t ❛♥❞ ❤✐❣❤ t♦rq✉❡ ❛❝t✉❛t♦rs✳ ■♥ ❝♦♥tr❛r②✱
P❩❚ ✭❧❡❛❞ ③✐r❝♦♥❛t❡ t✐t❛♥❛t❡✮ ♣✐❡③♦❡❧❡❝tr✐❝ ❜✉❧❦s ❛r❡ ❝♦♠♠❡r❝✐❛❧❧② ❛✈❛✐❧❛❜❧❡ ❛t ❧♦✇ ❝♦sts ❛♥❞
❤❛✈❡ ✈❡r② r❡♠❛rq✉❛❜❧❡ ♣r♦♣❡rt✐❡s ✭❝♦✉♣❧✐♥❣ ❢❛❝t♦rs ❛r♦✉♥❞ 50%✮✱ ❛♥❞ t❤✉s ✇❡❧❧ ❛❞❛♣t❡❞ ❢♦r
❤✐❣❤ ♣❡r❢♦r♠❛♥t ❛❝t✉❛t✐♦♥✳ ❍♦✇❡✈❡r t❤❡✐r ♠✐❝r♦❢❛❜r✐❝❛t✐♦♥ ♣r♦❝❡ss ✐s ♥♦t ✇❡❧❧ s❡tt❧❡❞✳ ❲❡
❤❛✈❡ s❤♦✇♥ t❤❛t ❛ ♣♦ss✐❜❧❡ ✇❛② t♦ ❜②♣❛ss t❤✐s ❧✐♠✐t❛t✐♦♥ ✐s ✉s✐♥❣ ❧♦✇ t❡♠♣❡r❛t✉r❡ ❜♦♥❞✐♥❣
❛♥❞ t❤✐♥♥✐♥❣ ♣r♦❝❡ss t♦ P❩❚ ❜✉❧❦s✳ ❚❤✐s ✇❛② ♣❡r♠✐ts t♦ ❣♦ ❢✉rt❤❡r ♦♥ t❤❡ ♠✐♥✐❛t✉r✐③❛t✐♦♥ ♦❢
❧♦✇ ❝♦sts✱ ❤✐❣❤ r❛♥❣❡ ♦❢ ❞✐s♣❧❛❝❡♠❡♥t✱ ❤✐❣❤ t♦rq✉❡✱ ❤✐❣❤ r❡s♦❧✉t✐♦♥ ❛♥❞ ❤✐❣❤ ❜❛♥❞✇✐❞t❤ s②st❡♠s✳
❆♥♦t❤❡r ✐♠♣♦rt❛♥t ♠❛tt❡r t♦ s✉❝❝❡ss ♣r❡❝✐s❡ ❛♥❞ ❤✐❣❤ ❞②♥❛♠✐❝s ♣♦s✐t✐♦♥✐♥❣ ✐s t❤❡ ❝♦♥✲
tr♦❧ ♦❢ t❤❡ s②st❡♠s ✉s❡❞ t♦ ❡①❡❝✉t❡ t❤❡ t❛s❦s✳ ❚❤❡r❡ ❛r❡ t✇♦ ✇❡❧❧✲❦♥♦✇♥ ❝❤❛❧❧❡♥❣❡s✿ t❤❡ ❧❛❝❦
♦❢ ❝♦♥✈❡♥✐❡♥t s❡♥s♦rs✱ ❛♥❞ t❤❡ ♦✈❡r❛❧❧ ❤✐❣❤ s❡♥s✐t✐✈✐t② t♦ t❤❡ ❡♥✈✐r♦♥♠❡♥t✳ ❆❞❞✐t✐♦♥❛❧❧② t♦
t❤❡s❡✱ ♣✐❡③♦❡❧❡❝tr✐❝ ❜❛s❡❞ ♣♦s✐t✐♦♥✐♥❣ s②st❡♠s ❛r❡ ❝❤❛r❛❝t❡r✐③❡❞ ❜② ♥♦♥❧✐♥❡❛r✐t✐❡s ✭❤②st❡r❡s✐s
❛♥❞ ❝r❡❡♣✮ ❛♥❞ ❜② ❜❛❞❧② ❞❛♠♣❡❞ ✈✐❜r❛t✐♦♥s ✇❤✐❝❤ str♦♥❣❧② ❝♦♠♣r♦♠✐s❡ t❤❡ ♣r❡❝✐s✐♦♥ ❛♥❞ t❤❡
st❛❜✐❧✐t② ♦❢ t❤❡ t❛s❦s✳ ❈♦♥s❡q✉❡♥t❧② ❡✣❝✐❡♥t ❝♦♥tr♦❧❧❡rs ❛♥❞ ♥♦✈❡❧ t❡❝❤♥✐q✉❡s ♦❢ ♠❡❛s✉r❡♠❡♥ts
❝❛♣❛❜❧❡ t♦ tr❛❝❦ t❤❡ s✐❣♥❛❧s s❤♦✉❧❞ ❜❡ st✉❞✐❡❞✳ ❘❡❣❛r❞✐♥❣ t❤❡ ♠♦❞❡❧✐♥❣ ♦❢ ♣✐❡③♦❡❧❡❝tr✐❝ ❝❛♥✲
t✐❧❡✈❡r ❛❝t✉❛t♦rs✱ t❤❡ ❝❧❛ss✐❝❛❧ ❧✐♥❡❛r ♠♦❞❡❧ ✭❇❛❧❧❛s ♠♦❞❡❧✮ ✐s ♥♦t ❛♥②♠♦r❡ ✉s❛❜❧❡ ❜❡❝❛✉s❡ ✐t
❝❛♥♥♦t tr❛❝❦ t❤❡ ♥♦♥❧✐♥❡❛r✐t✐❡s ❛♥❞ t❤❡ s❡♥s✐t✐✈✐t② t♦ t❤❡ ❡♥✈✐r♦♥♠❡♥t✳ ❖♥❡ ♦❢ t❤❡ ❝♦♥tr✐❜✉✲
t✐♦♥ ♦❢ t❤❡ ✇♦r❦s r❡♣♦rt❡❞ ✐♥ t❤❡ t❤❡s✐s ❝♦♥s✐st❡❞ t❤❡r❡❢♦r❡ ✐♥ ❣❡♥❡r❛❧✐③✐♥❣ t❤❡ ♠♦❞❡❧ ✐♥ ♦r❞❡r
t♦ ❛❝❝♦✉♥t ❢♦r t❤❡ ♥♦♥❧✐♥❡❛r ♣❤❡♥♦♠❡♥❛ ❛♥❞ ❢♦r t❤❡ ❛♠❜✐❡♥t t❡♠♣❡r❛t✉r❡ ❡✛❡❝t✳ ❆ ♠❛❥♦r
❛❞✈❛♥t❛❣❡ ♦❢ t❤✐s ♠♦❞❡❧ ✐s t❤❛t ✐t ✐s t❤❡ ❜❛s✐s ❢♦r t❤❡ ♠♦❞❡❧✐♥❣ ♦❢ ♠♦r❡ ❝♦♠♣❧❡① str✉❝t✉r❡s✱
❢♦r t❤❡ ❝♦♥tr♦❧❧❡rs s②♥t❤❡s✐s✱ ❛♥❞ ❢♦r t❤❡ ❞❡✈❡❧♦♣♠❡♥t ♦❢ ♠❡❛s✉r❡♠❡♥t t❡❝❤♥✐q✉❡s ❛♥❞ r❡❧❛t❡❞
♦❜s❡r✈❡rs ✐♥ ♠❛♥② ✇♦r❦s r❡♣♦rt❡❞ ✐♥ t❤✐s t❤❡s✐s✳ ❲✐t❤ r❡❣❛r❞s t♦ t❤❡ ❝♦♥tr♦❧✱ t❤❡ ♠❛✐♥ ❣✉✐❞❡✲
❧✐♥❡ ✐s t♦ ❞❡✈❡❧♦♣ ❡❛s② t♦ ✐♠♣❧❡♠❡♥t ❛♥❞ s✐♠♣❧❡ ❝♦♥tr♦❧❧❡rs ✇❤✐❝❤ ❛r❡ ❝❛♣❛❜❧❡ ♦❢ ❡♥s✉r✐♥❣ t❤❡
r❡q✉✐r❡❞ ♣❡r❢♦r♠❛♥❝❡s ✭❤✐❣❤ ❛❝❝✉r❛❝②✱ ❤✐❣❤ ❞②♥❛♠✐❝s✱ ♥♦ ♦✈❡rs❤♦♦ts✳✳✳✮✱ ❦♥♦✇✐♥❣ t❤❡ ❛❜♦✈❡
♥❡❣❛t✐✈❡ ♣r♦♣❡rt✐❡s ✭♥♦♥❧✐♥❡❛r✐t✐❡s✱✳✳✳✮✳ ❚✇♦ ❝♦♥tr♦❧ ❛r❝❤✐t❡❝t✉r❡s ❤❛✈❡ ❜❡❡♥ ♣r♦♣♦s❡❞✳ ❚❤❡
✜rst ❛r❝❤✐t❡❝t✉r❡ ✐s ❢❡❡❞❢♦r✇❛r❞ ✇❤✐❝❤ ✐s ✇❡❧❧ ❛❞❛♣t❡❞ t♦ ♠✐♥✐❛t✉r✐③❡❞ s②st❡♠s ✇❤❡r❡ t❤❡r❡
✐s ❛ ❣r❡❛t ❧❛❝❦ ♦❢ ❝♦♥✈❡♥✐❡♥t s❡♥s♦rs t♦ ♠❛❦❡ ❢❡❡❞❜❛❝❦✳ ❚❤❡ ❝❤❛❧❧❡♥❣❡s ♣♦s❡❞ ✐♥ ❢❡❡❞❢♦r✇❛r❞
❝♦♥tr♦❧ ❝♦♥s✐st❡❞ ✐♥ ❛❝❝♦✉♥t✐♥❣ ❢♦r t❤❡ ♥♦♥❧✐♥❡❛r✐t✐❡s ❛♥❞ ❢♦r t❤❡ ✈✐❜r❛t✐♦♥s✳ ■♥ ♣r✐♥❝✐♣❧❡✱ t❤❡✐r
✶▼❊▼❙✿ ▼✐❝r♦❊❧❡❝tr♦▼❡❝❤❛♥✐❝❛❧ ❙②st❡♠s✳
✶✷✹
❝♦♠♣❡♥s❛t✐♦♥ ❝❛♥ ❜❡ ♣❡r❢♦r♠❡❞ ❜② ♠♦❞❡❧s ✐♥✈❡rs✐♦♥ ❜✉t t❤✐s r❡q✉✐r❡s s♦♠❡ ❝♦♥❞✐t✐♦♥s ✐♥ t❤❡
♠♦❞❡❧s✳ ■♥ ♦✉r ❛♣♣r♦❛❝❤✱ t❤❡ ✐♥✈❡rs❡ ♠✉❧t✐♣❧✐❝❛t✐✈❡ str✉❝t✉r❡ ✇❛s ❡①♣❧♦✐t❡❞ ❛♥❞ ❝♦♠❜✐♥❡❞ ✇✐t❤
t❤❡ ♠♦❞❡❧s t♦ ❝♦♥str✉❝t t❤❡ ❝♦♠♣❡♥s❛t♦rs ✭❝♦♥tr♦❧❧❡rs✮✳ ❚❤❡ ❛❞✈❛♥t❛❣❡ ✐s ❞♦✉❜❧❡✿ ✐✮ t❤❡ ❝♦♥❞✐✲
t✐♦♥s ♦♥ t❤❡ ♠♦❞❡❧s ❛r❡ ❛✈♦✐❞❡❞✱ ✐✐✮ ❛♥❞ t❤❡ ❝❛❧❝✉❧❛t✐♦♥ ♦❢ t❤❡ ❝♦♠♣❡♥s❛t♦rs ✐s ❛✈♦✐❞❡❞ ❜❡❝❛✉s❡
❛s s♦♦♥ ❛s ❛ ♠♦❞❡❧ ✐s ✐❞❡♥t✐✜❡❞✱ ❛ ❝♦♠♣❡♥s❛t♦r ✐s ②✐❡❧❞❡❞ ❜② str✉❝t✉r❡✳ ❋❡❡❞❢♦r✇❛r❞ ❝♦♥tr♦❧
❛r❝❤✐t❡❝t✉r❡ s✉✛❡rs ❤♦✇❡✈❡r ❢r♦♠ t❤❡ ❧❛❝❦ ♦❢ r♦❜✉st♥❡ss ❢❛❝❡ t♦ ♠♦❞❡❧s ✉♥❝❡rt❛✐♥t✐❡s ❛♥❞ t♦
❡①t❡r♥❛❧ ❞✐st✉r❜❛♥❝❡s✳ ❚♦ ❞❡❛❧ ✇✐t❤ t❤✐s ❧❛❝❦✱ ❢❡❡❞❜❛❝❦ ❛r❝❤✐t❡❝t✉r❡ ❤❛s ❛❧s♦ ❜❡❡♥ t❛❝❦❧❡❞✳
H∞ r♦❜✉st ❝♦♥tr♦❧ t❡❝❤♥✐q✉❡ ❛♥❞ ✐ts ❞❡r✐✈❛t✐✈❡ ❛r❡ t❤❡ ❝❧❛ss✐❝❛❧ ❛♥❞ ❡✣❝✐❡♥t ✇❛② t♦ ❤❛♥❞❧❡
✉♥❝❡rt❛✐♥t✐❡s ❛♥❞ ❞✐st✉r❜❛♥❝❡s✳ ❍♦✇❡✈❡r t❤❡② ♦❢t❡♥ ②✐❡❧❞ ❤✐❣❤ ♦r❞❡r ❝♦♥tr♦❧❧❡rs✱ ✇❤✐❝❤ ❛r❡
♥♦t ❝♦♥❣r✉❡♥t ✇✐t❤ t❤❡ ❣✉✐❞❡❧✐♥❡ ❤❡r❡✳ ❚♦ r❡s✉❧t ✐♥ ❧♦✇ ♦r❞❡rs ❝♦♥tr♦❧❧❡rs✱ ✇❡ ❝♦♠❜✐♥❡❞ t❤❡
H∞ t❡❝❤♥✐q✉❡ ✇✐t❤ ❛ ♣r♦♣♦s❡❞ ♣❧✉r✐❧✐♥❡❛r ♠♦❞❡❧ ✐♥ ✇❤✐❝❤ t❤❡ ♥♦♥❧✐♥❡❛r✐t✐❡s ❛r❡ ❛♣♣r♦①✐♠❛t❡❞
❜② ❛ ❧✐♥❡❛r ♠♦❞❡❧✱ ✉♥❝❡rt❛✐♥t✐❡s ❛♥❞ ✜❝t✐✈❡ ❡①t❡r♥❛❧ ❞✐st✉r❜❛♥❝❡s✳ ❚❤❡ ❞✐✛❡r❡♥t ❡①♣❡r✐♠❡♥ts
❞❡♠♦♥str❛t❡ t❤❛t t❤❡ ♣r♦♣♦s❡❞ ❝♦♠❜✐♥❛t✐♦♥ ♣❡r♠✐tt❡❞ t♦ r❡❛❝❤ t❤❡ ♣❡r❢♦r♠❛♥❝❡s r❡q✉✐r❡❞ ✐♥
♠✐❝r♦♠❛♥✐♣✉❧❛t✐♦♥ ❛♥❞ ♠✐❝r♦❛ss❡♠❜❧② ❛♣♣❧✐❝❛t✐♦♥s ✉♥❞❡r ❞✐✛❡r❡♥t s✐t✉❛t✐♦♥s ✭✇✐t❤ ♦r ✇✐t❤♦✉t
♠❛♥✐♣✉❧❛t❡❞ ♦❜❥❡❝ts✱ ✇✐t❤ ♦r ✇✐t❤♦✉t t❤❡r♠❛❧ ❞✐st✉r❜❛♥❝❡s✱ ✳✳✳✮✳ ❆ ♣❛r❛❧❧❡❧ st✉❞② ✐♥ ❢❡❡❞❜❛❝❦
❛r❝❤✐t❡❝t✉r❡ t❤❛t ✇❡ ❤❛✈❡ ❛❧s♦ ✐♥✈❡st✐❣❛t❡❞ ✐s t❤❡ ❝♦♠❜✐♥❛t✐♦♥ ♦❢ ✐♥t❡r✈❛❧s ✇✐t❤ ❝♦♥tr♦❧ t❤❡♦r②✳
❲❡ s❤♦✇ t❤❛t ❜② ❞♦✐♥❣ s♦✱ ✐t ✐s ♣♦ss✐❜❧❡ t♦ ❞❡✈❡❧♦♣ ✈❡r② s✐♠♣❧❡ ❜✉t r♦❜✉st ❝♦♥tr♦❧❧❡rs ✇❤❡r❡
t❤❡ ♦r❞❡rs ❝❛♥ ❜❡ ♠✉❝❤ ❧♦✇❡r t❤❛♥ t❤❡ ♦r❞❡rs ♦❢ t❤❡ ♠♦❞❡❧s✳ ❆♥ ❛❞❞✐t✐♦♥❛❧ ❛❞✈❛♥t❛❣❡ ♦❢ t❤❡
♣r♦♣♦s❡❞ ✐♥t❡r✈❛❧ ❝♦♥tr♦❧ t❡❝❤♥✐q✉❡s ✐s t❤❡ ❡❛s❡ ♦❢ ♠♦❞❡❧✐♥❣ ♦❢ t❤❡ ♣❛r❛♠❡tr✐❝ ✉♥❝❡rt❛✐♥t✐❡s
❜② ❥✉st ❜♦✉♥❞✐♥❣ t❤❡♠✳ ❚❤❡s❡ ❝♦♥tr♦❧ t❡❝❤♥✐q✉❡s ❤❛✈❡ ❜❡❡♥ t❡st❡❞ ✇✐t❤ ❧❛❜♦r❛t♦r② s❡♥s♦rs
✇❤✐❝❤ ❛r❡ ❜✉❧❦② ❛♥❞ ❡①♣❡♥s✐✈❡✳ ❚❤❡ ❧❛st ♣❛rt ♦❢ t❤❡ t❤❡s✐s ❞❡❛❧t t❤❡r❡❢♦r❡ ✐♥ t❤❡ st✉❞② ♦❢ ♥♦✈❡❧
♠❡❛s✉r❡♠❡♥t t❡❝❤♥✐q✉❡s ❞❡✈♦t❡❞ t♦ ♠✐♥✐❛t✉r✐③❡❞ ♣✐❡③♦❡❧❡❝tr✐❝ s②st❡♠s ✐♥ ♦r❞❡r t♦ ♠❛❦❡ t❤❡
❢❡❡❞❜❛❝❦ ❝♦♥tr♦❧ t❡❝❤♥✐q✉❡s ♣♦ss✐❜❧❡ ❛t ❧♦✇ ❝♦sts ❛♥❞ ❛t ❛ ❤✐❣❤ ❧❡✈❡❧ ♦❢ ♣❛❝❦❛❣❡❛❜✐❧✐t②✳ ❘♦✉❣❤❧②
s♣❡❛❦✐♥❣✱ t❤❡ ❝♦r❡ ♦❢ t❤❡ ✇♦r❦s ❝❛rr✐❡❞ ♦✉t ♣r♦♣♦s❡❞ t✇♦ ♠❛✐♥ ❛♥❞ ✐♥t❡r❡st✐♥❣ ❞✐r❡❝t✐♦♥s✿ ✐✮
❡①♣❧♦✐t✐♥❣ ♦❜s❡r✈❡rs t❡❝❤♥✐q✉❡s✱ ✐✐✮ ❛♥❞ ❡①♣❧♦✐t✐♥❣ t❤❡ s❡♥s✐♥❣ ❝❛♣❛❜✐❧✐t② ♦❢ ♣✐❡③♦❡❧❡❝tr✐❝ ♠❛t❡✲
r✐❛❧s t♦ ❞❡✈❡❧♦♣ s❡❧❢✲s❡♥s✐♥❣ ❛❝t✉❛t♦rs✱ ✐✳❡✳ t❤❡ ❛❝t✉❛t♦r ✐s ❛❧s♦ s❡♥s♦r✳ ❖❜s❡r✈❡rs ❛r❡ ❡ss❡♥t✐❛❧
❝♦♠♣❧❡♠❡♥t❛r② t♦♦❧s ✐♥ t❤❡s❡ ♠✐♥✐❛t✉r✐③❡❞ s②st❡♠s ✇❤❡r❡ t❤❡ ❝♦♥✈❡♥✐❡♥t s❡♥s♦rs ❝❛♣❛❜❧❡ t♦
tr❛❝❦ t❤❡ r❡q✉✐r❡❞ s✐❣♥❛❧s ❛r❡ ✈❡r② ❧✐♠✐t❡❞✳ ❋✐♥❛❧❧②✱ s❡❧❢✲s❡♥s✐♥❣ ❢❡❛t✉r❡s ❛ ❤✐❣❤ ♣❛❝❦❛❣✐♥❣ ❧❡✈❡❧
t♦ ♠❡❛s✉r❡ s✐❣♥❛❧s ✐♥ ♣✐❡③♦❡❧❡❝tr✐❝ ❛❝t✉❛t♦rs✳ ■♥✐t✐❛❧❧② ❛❞❛♣t❡❞ t♦ ✈✐❜r❛t✐♦♥s ❞❛♠♣✐♥❣✱ ✇❡ s❤♦✇
❤❡r❡ t❤❛t t❤✐s ❛♣♣r♦❛❝❤ ❝❛♥ ❛❧s♦ ❜❡ ❛❞❛♣t❡❞ t♦ ♠✐❝r♦♠❛♥✐♣✉❧❛t✐♦♥ ❛♥❞ ♠✐❝r♦❛ss❡♠❜❧② ❛♣♣❧✐✲
❝❛t✐♦♥s✳
❚❡♠♣♦r❛❧❧②✱ t❤❡ ✇♦r❦s ❝❛rr✐❡❞ ♦✉t s✐♥❝❡ ✷✵✵✻ ❛r❡ ✐♥ ❛ ❝♦♥t✐♥✉❛❧ ❡✈♦❧✉t✐♦♥✳ ❲❡ st❛rt❡❞
✇✐t❤ s✐♠♣❧❡ ♣✐❡③♦❡❧❡❝tr✐❝ ♠✉❧t✐♠♦r♣❤✱ ✐✳❡✳ ♠♦♥♦✈❛r✐❛❜❧❡ s②st❡♠s✳ ❚❤❡✐r ♠♦❞❡❧✐♥❣ ❛♥❞ ❝♦♥tr♦❧
❛♥❞ t❤❡ s✐❣♥❛❧ ♠❡❛s✉r❡♠❡♥t ❛♥❞ ❡st✐♠❛t✐♦♥ ✐♥ t❤❡♠ ❤❛✈❡ ❜❡❡♥ ❡①t❡♥s✐✈❡❧② ✐♥✈❡st✐❣❛t❡❞ ❛♥❞
❧❡❞ t♦ ✐♠♣♦rt❛♥t r❡s✉❧ts r❡❝♦❣♥✐③❡❞ ❛t t❤❡ ✐♥t❡r♥❛t✐♦♥❛❧ ❧❡✈❡❧✳ ❖✈❡r t❤❡ t✐♠❡✱ t❤❡s❡ ❞✐✛❡r❡♥t
❝♦♥tr✐❜✉t✐♦♥s ❤❛✈❡ ❜❡❡♥ ❜❡✐♥❣ ❣r❛❞✉❛❧❧② ❡①t❡♥❞❡❞ t♦ ♠✉❧t✐✈❛r✐❛❜❧❡ ❞✉❡ t♦ t❤❡ r❛✐s❡ ♦❢ ♠✉❧t✐✲
❉❖❋ ♣✐❡③♦❡❧❡❝tr✐❝ s②st❡♠s✳ ❋✐♥❛❧❧②✱ t❤❡s❡ ❧❛st ②❡❛rs✱ ✇❡ ❤❛✈❡ st❛rt❡❞ t♦ ✐♥✈❡st✐❣❛t❡ ♦♥ ❡✈❡♥
♠♦r❡ ♠✐♥✐❛t✉r✐③❡❞✱ ❤✐❣❤❧② ♣❡r❢♦r♠❛♥t✱ ❤✐❣❧② ❞❡①t❡r♦✉s ❛♥❞ ❧♦✇ ❝♦sts ♣✐❡③♦❡❧❡❝tr✐❝ ▼❊▼❙✳
✶✷✺
✻✳✷ ●❡♥❡r❛❧ ♣❡rs♣❡❝t✐✈❡s
P✐❡③♦❡❧❡❝tr✐❝ ❛❝t✉❛t♦rs ❜r✐♥❣ ❤✐❣❤ r❡s♦❧✉t✐♦♥✱ ❤✐❣❤ ❜❛♥❞✇✐❞t❤ ❛♥❞ ❡❛s❡ ♦❢ ✐♥t❡r❣r❛t✐♦♥ ✐♥ ♣r❡❝✐s❡
❛♥❞ ❤✐❣❤ ❞②♥❛♠✐❝s ♣♦s✐t✐♦♥✐♥❣ t❛s❦s✳ ❈♦♥tr♦❧ t❤❡♦r② ❝♦♥tr✐❜✉t❡s t♦ t❤❡ ❞❡s✐❣♥ ♦♣t✐♠✐③❛t✐♦♥ ♦❢
t❤❡ s②st❡♠s✱ ❜r✐♥❣s ♣❡r❢♦r♠❛♥❝❡s ❡♥❤❛♥❝❡♠❡♥t ❛♥❞ r♦❜✉st♥❡ss ♦❢ t❤❡ t❛s❦s t❤❛♥❦s t♦ t❤❡ ❝♦♥✲
tr♦❧❧❡rs✱ ❛♥❞ ♣❛rt✐❝✐♣❛t❡s t♦ t❤❡ ♣❛❝❦❛❣✐♥❣ ❛♥❞ t♦ t❤❡ ❡✣❝✐❡♥❝② ♦❢ t❤❡ ♠❡❛s✉r❡♠❡♥t t❤❛♥❦s t♦
♦❜s❡r✈❡rs✳ ▼✐❝r♦t❡❝❤♥♦❧♦❣✐❡s ❛♥❞ r❡❧❛t❡❞ t❡❝❤♥✐q✉❡s ♣❡r♠✐t t♦ ♠✐♥✐❛t✉r✐③❡ t❤❡ s②st❡♠s✳ ❆s ❞❡✲
s❝r✐❜❡❞ ✐♥ t❤✐s t❤❡s✐s✱ t❤❡ ❝♦♠❜✐♥❛t✐♦♥ ♦❢ ❝♦♥tr♦❧ t❤❡♦r② ❛♥❞ P❩❚ ♣✐❡③♦❡❧❡❝tr✐❝ ♠❛t❡r✐❛❧s ❜❛s❡❞
❝❛♥t✐❧❡✈❡r ❛❝t✉❛t♦rs ❤❛✈❡ ❜❡❡♥ ♣r♦✈❡❞ t♦ ♣r♦✈✐❞❡ ✉♥r✐✈❛❧❧❡❞ ❤✐❣❤ ♣r❡❝✐s✐♦♥ ❛♥❞ ❤✐❣❤ ❞②♥❛♠✐❝s
♠✐♥✐❛t✉r✐③❡❞ ♣♦s✐t✐♦♥✐♥❣ s②st❡♠s ✉t✐❧✐③❛❜❧❡ ✐♥ tr❡♠✉❧♦✉s ❛♣♣❧✐❝❛t✐♦♥s ❧✐❦❡ ♠✐❝r♦♠❛♥✐♣✉❧❛t✐♦♥✱
♠✐❝r♦❛ss❡♠❜❧② ❛♥❞ ♣❤♦♥♦♠✐❝r♦s✉r❣❡r②✳ ❍♦✇❡✈❡r✱ t❤❡r❡ ✐s st✐❧❧ ❛♥ ♦♣❡♥ s♣❛❝❡ ✐♥ ❛❧❧ t❤❡s❡ ❞❡✈❡❧✲
♦♣♠❡♥ts✳ ❆♥ ❡ss❡♥t✐❛❧ ♣❛rt ✐♥ t❤✐s ♦♣❡♥ s♣❛❝❡ ❞❡❛❧s ✇✐t❤ ❣♦✐♥❣ ❢✉rt❤❡r ♦♥ t❤❡ ♠✐♥✐❛t✉r✐③❛t✐♦♥
♦❢ ❤✐❣❤ ♣❡r❢♦r♠❛♥❝❡s ❛♥❞ ❞❡①t❡r♦✉s s②st❡♠s✳ ❲❡ ✇✐❧❧ ❞✐s❝✉ss ❛❜♦✉t t❤✐s ❛s♣❡❝t ✐♥ ❙❡❝t✐♦♥✳ ✻✳✷✳✶✳
❆♥ ❡ss❡♥t✐❛❧ ❝♦♥❝❡r♥ ✇❤❡♥ ❞❡✈❡❧♦♣✐♥❣ s♠❛❧❧❡r ❛♥❞ s♠❛❧❧❡r ❢✉♥❝t✐♦♥❛❧ s②st❡♠s r❡❧❛t❡s t♦
t❤❡✐r ♣♦✇❡r✐♥❣✳ ❖♥ t❤❡ ♦♥❡ ❤❛♥❞✱ ✉s✐♥❣ ❡①t❡r♥❛❧ ❡❧❡❝tr✐❝❛❧ ❣❡♥❡r❛t♦rs t♦ ♣♦✇❡r t❤❡ ♠✐♥✐❛✲
t✉r✐③❡❞ s②st❡♠s str♦♥❣❧② ❧✐♠✐ts t❤❡ ✢❡①✐❜✐❧✐t② ❛♥❞ t❤❡ ♣♦rt❛❜✐❧✐t② ✐♥ t❤❡✐r ✉t✐❧✐③❛t✐♦♥✳ ❖♥ t❤❡
♦t❤❡r ❤❛♥❞✱ t❤❡ ❛❝t✉❛❧ ❜❛tt❡r✐❡s ❛r❡ ✈❡r② ❧✐♠✐t❡❞ ✐♥ ❛✉t♦♥♦♠②✳ ❚❤❡ s❡❝♦♥❞ ♣❡rs♣❡❝t✐✈❡ t❤❛t ✇❡
✇✐❧❧ ❞✐s❝✉ss ✐♥ ❙❡❝t✐♦♥✳ ✻✳✷✳✷ ❡✈✐❞❡♥t❧② ❞❡❛❧s ✇✐t❤ t❤❡ ♣♦✇❡r✐♥❣ ❛♥❞ t❤❡ ❛✉t♦♥♦♠② ♦❢ ♠✐♥✐❛t✉r✲
✐③❡❞ s②st❡♠s✳ ❚❤❡ ✉♥❞❡♥✐❛❜❧❡ s♦❧✉t✐♦♥ ✐s t❤❡ ❡♥❡r❣② ❤❛r✈❡st✐♥❣✳ ❆s ✇❡ ✇✐❧❧ s❡❡✱ ♣✐❡③♦❡❧❡❝tr✐❝
❜❛s❡❞ ❡♥❡r❣② ❤❛r✈❡st✐♥❣✱ ②❡t ✇❡❧❧ st✉❞✐❡❞✱ ❝❛♥ ❧❛r❣❡❧② ❜❡ r❡♥❞❡r❡❞ ♠♦r❡ ❡✣❝✐❡♥t ❛♥❞ ❤✐❣❤❧②
❛✉t♦♥♦♠♦✉s ❜② ❣♦✐♥❣ ❜❡②♦♥❞ t❤❡ s✐♠♣❧❡ ❝❛♥t✐❧❡✈❡rs✲♠❛ss s②st❡♠ ❛s ❝❧❛ss✐❝❛❧❧② ❡♠♣❧♦②❡❞✳ ❚❤❡
❝♦♥❝❡♣t ✇✐❧❧ ✐♥✈♦❧✈❡ s❡✈❡r❛❧ ❞✐s❝✐♣❧✐♥❛r✐❡s✱ ❛♠♦♥❣ ✇❤✐❝❤ ❝♦♥tr♦❧ t❤❡♦r② ❛♥❞ ♠✐❝r♦❢❛❜r✐❝❛t✐♦♥
❤❛✈❡ ♥♦t❛❜❧❡ ♣♦s✐t✐♦♥s✳
■♥ t❤❡ ❧❛st ♣❡rs♣❡❝t✐✈❡✱ ❛ q✉❡st✐♦♥ ♦r t✇♦ ✐s ♣r♦♣♦s❡❞✿ ❝❛♥ ♠❛❝r♦s②st❡♠s ❜❡ ❞❡✈❡❧♦♣❡❞ ❢r♦♠
▼❊▼❙❄ ❲❤❛t ✐s t❤❡ ❣❛✐♥❄ ❆♥ ❡①❛♠♣❧❡ ✇❤✐❝❤ ❧✐❡s ✐♥ t❤✐s ❞✐r❡❝t✐♦♥ ✐s t❤❡ ▲❆❇❊❳ ❆❈❚■❖◆
♣r♦❥❡❝t ❬✸✺✵❪ t❤❛t ❞❡❛❧s ✇✐t❤ t❤❡ ❞❡✈❡❧♦♣♠❡♥t ♦❢ ✐♥t❡❧❧✐❣❡♥t ♠❛tt❡rs ❢r♦♠ ✐♥t❡❧❧✐❣❡♥t ▼❊▼❙✳ ■♥
t❤❡ ❧♦♥❣✲t❡r♠ ♣❡rs♣❡❝t✐✈❡ t❤❛t ✇✐❧❧ ❜❡ ❞✐s❝✉ss❡❞ ✐♥ ❙❡❝t✐♦♥✳ ✻✳✷✳✸✱ ✇✐t❤ t❤❡ s❛♠❡ ❢❛s❤✐♦♥ t❤❛♥
✐♥t❡❧❧✐❣❡♥t ♠❛tt❡rs✱ t❤❡r❡ ✐s ❛♥ ✐♥t❡r❡st✐♥❣ s❝♦♣❡ t♦ ❡①♣❧♦r❡ ✐♥ ❤❛r✈❡st✐♥❣ ♠❛tt❡rs ❞❡✈❡❧♦♣❡❞
❢r♦♠ ❤❛r✈❡st✐♥❣ ▼❊▼❙✳ ❚❤❡ ❦❡② ✐❞❡❛ ❝♦♥s✐sts ✐♥ ❡①♣❧♦✐t✐♥❣ t❤❡ ❤✐❣❤ ❡✣❝✐❡♥❝② ❛♥❞ ❤✐❣❤ ❛✉✲
t♦♥♦♠② ❤❛r✈❡st✐♥❣ ▼❊▼❙ ❡①♣❧♦r❡❞ ✐♥ ❙❡❝t✐♦♥✳ ✻✳✷✳✷ ❛s ❜❛s✐s ♦❢ t❤❡ ❤❛r✈❡st✐♥❣ ♠❛tt❡r✱ ✇❤✐❝❤
t❤❡r❡❢♦r❡ ❢❡❛t✉r❡s ❛ ❤✐❣❤ ❡♥❡r❣② ❞❡♥s✐t②✱ ♠♦r❡ ✢❡①✐❜✐❧✐t②✱ ❤✐❣❤ ❛✉t♦♥♦♠② ❛♥❞ ❧♦✇ ❝♦sts ♠❛❦✐♥❣
t❤❡ ❞✐✛❡r❡♥❝❡ r❡❧❛t✐✈❡ t♦ t❤❡ ❛❝t✉❛❧ ❣r❡❡♥ ❡♥❡r❣②✳
▼❛♥② ♦❢ t❤❡ ❣❡♥❡r❛❧ ♣❡rs♣❡❝t✐✈❡s ❞❡s❝r✐❜❡❞ ❤❡r❡ ❛r❡ ❛❧s♦ ❢r♦♠ t❤❡ ❢r✉✐t❢✉❧ ❡①❝❤❛♥❣❡s ❛♥❞
❞✐s❝✉ss✐♦♥s ✇✐t❤ ❝♦❧❧❡❛❣✉❡s ♦r ❛❝q✉❛✐♥t❛♥❝❡s✱ ❛t t❤❡ ❧♦❝❛❧ ❧❡✈❡❧ ✭❋❊▼❚❖✲❙❚✮✱ ❛t t❤❡ ♥❛t✐♦♥❛❧
❛♥❞ ❛t t❤❡ ✐♥t❡r♥❛t✐♦♥❛❧ ❧❡✈❡❧✱ s♦♠❡ ♦❢ ✇❤♦♠ ❛r❡ ♥♦t ✐♥ t❤❡ ❞♦♠❛✐♥ ♦❢ ♣✐❡③♦❡❧❡❝tr✐❝✐t②✱ ♦❢ ❝♦♥tr♦❧
t❤❡♦r②✱ ♦❢ ♠✐♥✐❛t✉r✐③❡❞ s②st❡♠s ♦r ♦❢ ♣r❡❝✐s❡ ❛♥❞ ❤✐❣❤ ❞②♥❛♠✐❝s ♣♦s✐t✐♦♥✐♥❣✳
✶✷✻
✻✳✷✳✶ ●♦✐♥❣ ❢✉rt❤❡r ✐♥ t❤❡ ♠✐♥✐❛t✉r✐③❛t✐♦♥ ♦❢ ❤✐❣❤ ♣❡r❢♦r♠❛♥❝❡s ❛♥❞ ❤✐❣❤
❞❡①t❡r✐t② ♣✐❡③♦❡❧❡❝tr✐❝ s②st❡♠s
❚❤❡ ❤✐❣❤ ❝♦✉♣❧✐♥❣ ❢❛❝t♦rs ♦❢ P❩❚ ✭▲❡❛❞ ③✐r❝♦♥❛t❡ t✐t❛♥❛t❡✮ ❜✉❧❦s ♠❛t❡r✐❛❧s ❝♦♠♣❛r❡❞ t♦ t❤❡
♦t❤❡r ♣✐❡③♦❡❧❡❝tr✐❝ ♠❛t❡r✐❛❧s ♠❛❦❡s t❤❡♠ ✈❡r② ✇❡❧❧ ❛♣♣r❡❝✐❛t❡❞ ✐♥ t❤❡ ❞❡✈❡❧♦♣♠❡♥t ♦❢ ❤✐❣❤
❡✣❝✐❡♥❝② ♠✐♥✐❛t✉r✐③❡❞ ❛❝t✉❛t♦rs✳ ❚❤❡ ♣✐❡③♦❡❧❡❝tr✐❝ ♠❛t❡r✐❛❧ ❛❞♠✐tt❡❞ t♦ ❜❡ ❝♦♠♣❡t✐t✐✈❡ ❢❛❝❡
t♦ P❩❚ ✐s t❤❡ s✐♥❣❧❡ ❝r②st❛❧ P▼◆✲P❚ ✭❧❡❛❞ ♠❛❣♥❡s✐✉♠ t✐t❛♥✐✉♠ ♥✐♦❜✐✉♠ ♦①②❞❡ ❝r②st❛❧✮ ♦❢
✇❤✐❝❤ t❤❡ ❤✐❣❤ ❝♦✉♣❧✐♥❣ ❢❛❝t♦rs ❝❛♥ r❡❛❝❤ 90%✳ ❍♦✇❡✈❡r✱ P▼◆✲P❚ ❛r❡ ♥♦t ②❡t ♠❛t✉r❡✱ st✐❧❧ ✐♥
r❡s❡❛r❝❤ ♣❤❛s❡✱ r❛r❡ ❛♥❞ ❡①♣❡♥s✐✈❡ ✉♥❧✐❦❡ P❩❚ ✇❤✐❝❤ ❛r❡ ❝♦♠♠❡r❝✐❛❧❧② ❛✈❛✐❧❛❜❧❡ ❛t ❧♦✇ ❝♦sts✳
❚❤✐s ✜♥❛❧❧② ♣❧❛❝❡s P❩❚ ♦♥ t❤❡ ✜rst st❡♣ ♦❢ t❤❡ ♣♦❞✐✉♠✳ ■♥ ❝♦✉♥t❡r♣❛rt P❩❚ ❜✉❧❦s s✉✛❡r
❢r♦♠ t❤❡ ❧❛❝❦ ♦❢ ✇❡❧❧ ❡st❛❜❧✐s❤❡❞ ♣r♦❝❡ss ♦❢ ♠✐❝r♦❢❛❜r✐❝❛t✐♦♥ ✐♥ ❝❧❡❛♥ r♦♦♠ ✇❤✐❝❤ ❧✐♠✐ts t❤❡
❧❡✈❡❧ ♦❢ ♠✐♥✐❛t✉r✐③❛t✐♦♥ ✇✐t❤ t❤❡♠✳ ❖♥❡ ♦❢ t❤❡ ♣❡rs♣❡❝t✐✈❡s ✐♥ ♠✐♥✐❛t✉r✐③❛t✐♦♥ ❞❡❛❧s t❤❡r❡❢♦r❡
✇✐t❤ t❤❡ ♣r♦❝❡ss❡s ♦❢ ♠✐❝r♦❢❛❜r✐❝❛t✐♦♥✳ ❚❤❡ ❡✛♦rts t❤❛t ❤❛✈❡ ❜❡❡♥ st❛rt❡❞ ✭s❡❡ ❙❡❝t✐♦♥✳ ✷✳✺✮
r❡❣❛r❞✐♥❣ t❤❡ r♦♦♠ t❡♠♣❡r❛t✉r❡ ♠❡t❛❧✲P❩❚ ❜♦♥❞✐♥❣ ❛♥❞ t❤✐♥♥✐♥❣ ❛♥❞ t❤❛t ♣❡r♠✐tt❡❞ t♦ ❣♦
t♦✇❛r❞s P❩❚✲▼❊▼❙✱ ✐✳❡✳ ✈❡r② ♠✐♥✐❛t✉r✐③❡❞ P❩❚ ❞❡✈✐❝❡s✱ ❛r❡ t♦ ❜❡ ❝♦♥t✐♥✉❡❞ ❛♥❞ t♦ ❜❡ ❡①✲
♣❧♦✐t❡❞✳ ❨❡t t❤❡ ♣r♦♦❢✲♦❢✲❝♦♥❝❡♣t ❤❛s ❜❡❡♥ ✈❛❧✐❞❛t❡❞ t❤r♦✉❣❤ t❤❡ s✉❝❝❡ss ❢❛❜r✐❝❛t✐♦♥ ♦❢ P❩❚
❝❛♥t✐❧❡✈❡r str✉❝t✉r❡s ✇✐t❤♦✉t ❞✐sr✉♣t✐♥❣ t❤❡ ♣r♦♣❡rt✐❡s ♦❢ t❤❡ ♠❛t❡r✐❛❧s✱ t❤❡ ❢❛❜r✐❝❛t✐♦♥ ♦❢ ♠♦r❡
❝♦♠♣❧❡① str✉❝t✉r❡s ❤❛s t♦ ❜❡ t❛❝❦❧❡❞✱ ✐♥ ♣❛rt✐❝✉❧❛r ✸❉ str✉❝t✉r❡s ❛♥❞ ❤②❜r✐❞ str✉❝t✉r❡s✳ ❋♦r
❤②❜r✐❞ str✉❝t✉r❡s✱ ✇❤✐❝❤ ❛r❡ t❤❡ ❝♦♠❜✐♥❛t✐♦♥ ♦❢ t✇♦ ♦r s❡✈❡r❛❧ ❞✐✛❡r❡♥t ♣r✐♥❝✐♣❧❡s ♦❢ ❛❝t✉❛t✐♦♥
✭t❤❡r♠❛❧ ❛♥❞ ♣✐❡③♦✱ ❡❧❡❝tr♦st❛t✐❝ ❛♥❞ ♣✐❡③♦✱ ❡❧❡❝tr♦❛❝t✐✈❡ ♣♦❧②♠❡rs ❛♥❞ ♣✐❡③♦✱✳✳✳✮✱ ❛♥ ❛❞❞✐t✐♦♥❛❧
❝❤❛❧❧❡♥❣❡ ✐s ♣♦s❡❞ ✐❢ t❤❡ ♣r♦❝❡ss ❛♥❞ t❤❡ ♠❛t❡r✐❛❧s ♣❧❛②❡❞ ✐♥t♦ r♦❧❡ ❛r❡ ♥♦t ❝♦♠♣❛t✐❜❧❡✳
❲❡ ❛ss✐st❡❞ t♦ t❤❡ r❛✐s❡ ♦❢ ♠✉❧t✐✲❉❖❋ ▼❊▼❙ ✇✐t❤ ✐♥t❡❣r❛t❡❞ ❛❝t✉❛t✐♦♥ t❤❡s❡ ❧❛st ②❡❛rs✳
❉✉❡ t♦ t❤❡ ❧✐♠✐t❛t✐♦♥ ♦❢ t❤❡ ♠✐❝r♦❢❛❜r✐❝❛t✐♦♥ t❡❝❤♥♦❧♦❣✐❡s✱ t❤❡ ♥✉♠❜❡r ♦❢ ❞❡❣r❡❡s ♦❢ ❢r❡❡❞♦♠
❛r❡ ❣❡♥❡r❛❧❧② t✇♦ ♦r t❤r❡❡✳ ◆❡✈❡rt❤❡❧❡ss✱ t❤❡r❡ ❛r❡ ✐♠♣♦rt❛♥t ❜❡♥❡✜ts ✐♥ t❤❡ ❝❛♣❛❜✐❧✐t② t♦
❞❡✈❡❧♦♣ ❤✐❣❤❡r ❞❡❣r❡❡s ♦❢ ❢r❡❡❞♦♠✿ ✇❡ ❣❛✐♥ ♠♦r❡ ❞❡①t❡r✐t② ❛♥❞ ♠♦r❡ ✢❡①✐❜✐❧✐t② ✐♥ ♣♦s✐t✐♦♥✐♥❣
❛♣♣❧✐❝❛t✐♦♥s✱ ✇❡ ✐♠♣r♦✈❡ t❤❡ ❡✣❝✐❡♥❝② ✐♥ ❡♥❡r❣② ❤❛r✈❡st✐♥❣ ❛♣♣❧✐❝❛t✐♦♥s ✭s❡❡ ❙❡❝t✐♦♥✳ ✻✳✷✳✷✮✳✳✳
❚✇♦ ♥♦♥✲❡①❧✉s✐✈❡ s♦❧✉t✐♦♥s ❛r❡ ♣♦ss✐❜❧❡✳ ■♥ t❤❡ ✜rst s♦❧✉t✐♦♥✱ t❤❡ ❞❡✈❡❧♦♣♠❡♥t ♦❢ t❤❡s❡ ❤✐❣❤❧②
❞❡①t❡r♦✉s ▼❊▼❙ ❝❛♥ ❜❡ t❛❝❦❧❡❞ ❜② ❡♠♣❧♦②✐♥❣ ♥♦t ♦♥❧② ❝❧❡❛♥ r♦♦♠ t❡❝❤♥♦❧♦❣✐❡s ❜✉t ❛❧s♦
♠✐❝r♦❛ss❡♠❜❧② t❛s❦s t♦ ♠❛❦❡ t❤❡ ❢❛❜r✐❝❛t✐♦♥✳ ❚❤✐s t❡❝❤♥✐q✉❡ ❤❛s ❜❡❡♥ ✇✐❞❡❧② ✉s❡❞ ❛t t❤❡
❞❡♣❛rt♠❡♥t✱ ✐♥ t❤❡ ♥❛t✐♦♥❛❧ ❛♥❞ ✐♥ t❤❡ ✐♥t❡r♥❛t✐♦♥❛❧ ❝♦♠♠✉♥✐t② ♦❢ ♠✐❝r♦r♦❜♦t✐❝s ✐♥ ♦r❞❡r
t♦ r❡❛❧✐s❡ ❝♦♠♣❧❡① ♥♦♥✲❛❝t✉❛t❡❞ ♠✐❝r♦str✉❝t✉r❡s✳ ❍❡r❡ ✇❡ ❝❛♥ ❡①♣❧♦✐t t❤❡ t❡❝❤♥✐q✉❡ t♦ r❡❛❧✐s❡
❝♦♠♣❧❡① ❛♥❞ ❞❡①t❡r♦✉s ❛❝t✉❛t❡❞ ♣✐❡③♦❡❧❡❝tr✐❝ ▼❊▼❙✳ ■♥ t❤❡ s❡❝♦♥❞ s♦❧✉t✐♦♥ t❤❛t ✐s ❝♦♥s✐❞❡r❡❞
❛s ❛ ♣❡rs♣❡❝t✐✈❡ ♦❢ r❡s❡❛r❝❤ ✱ ✇❡ ♣r♦♣♦s❡ t♦ ❡①♣❧♦r❡ t❤❡ ❤②❜r✐❞✐③❛t✐♦♥ t❡❝❤♥✐q✉❡ t♦ ❝♦♠❜✐♥❡
♣✐❡③♦❡❧❡❝tr✐❝ ❛❝t✉❛t✐♦♥ ✇✐t❤ ♦t❤❡r ♣r✐♥❝✐♣❧❡s✳ ❍❡♥❝❡ ✇❡ ❝❛♥ ❝r❡❛t❡ t❤❡ ❛❞❞✐t✐♦♥❛❧ ❞❡❣r❡❡s ♦❢
❢r❡❡❞♦♠ t❤❛t t❤❡ ♣✐❡③♦❡❧❡❝tr✐❝ ❛❝t✉❛t✐♦♥ ♦♥❧② ❝♦✉❧❞ ♥♦t ♣r♦✈✐❞❡✳ ❚♦ s✉♠♠❛r✐③❡✱ ❤②❜r✐❞✐③❛t✐♦♥
✇✐❧❧ ❜❡ ✉s❡❞ t♦ ✐♥❝r❡❛s❡ t❤❡ ♣❡r❢♦r♠❛♥❝❡s ♦❢ t❤❡ ✜♥❛❧ ❛❝t✉❛t❡❞ s②st❡♠s ✭s❡❡ t❤❡ ♣r♦♦❢ ♦❢ ❝♦♥❝❡♣t
✐♥ ❙❡❝t✐♦♥✳ ✷✳✸✮ ❛♥❞ t♦ ❜r✐♥❣ ❛❞❞✐t✐♦♥❛❧ ❞❡①t❡r✐t②✳
❚❤❡ ❝♦♥tr✐❜✉t✐♦♥ ♦❢ t❤❡ ❝♦♥tr♦❧ t❤❡♦r② ✐♥ ♣r❡❝✐s❡ ❛♥❞ ❤✐❣❤ ❞②♥❛♠✐❝s ♣♦s✐t✐♦♥✐♥❣ s②st❡♠s ✐s
✉♥❞❡♥✐❛❜❧❡✳ ❉❡s✐❣♥✐♥❣ t❤❡s❡ s②st❡♠s t❤❛♥❦s t♦ t♦♦❧s ❢r♦♠ t❤✐s ❞✐s❝✐♣❧✐♥❛r② ✐s ✈❡r② ❢❡✇ ✐♥ t❤❡
❧✐tt❡r❛t✉r❡✱ t❤♦✉❣❤✱ s✉❝❤ ❢♦r♠❛❧ ♠❡t❤♦❞s ❝❛♥ ❜r✐♥❣ ❛♥ ❡❛s❡ ♦❢ ❞❡s✐❣♥ ❛♥❞ ❛ ❣✉❛r❛♥t❡❡ ✐♥ t❤❡
r❡s✉❧ts✳ ❚❤❡ ❝♦♠❜✐♥❛t✐♦♥ ♦❢ ✐♥t❡r✈❛❧ t❡❝❤♥✐q✉❡s ❛♥❞ ❝♦♥tr♦❧ t♦♦❧s t♦ ❞❡s✐❣♥ ♣❡r♠✐ts t♦ ❞❡✈❡❧♦♣
❛❝t✉❛t❡❞ str✉❝t✉r❡s ✇✐t❤ ❣✉❛r❛♥t❡❡❞ st❛t✐❝ ❛♥❞ ❞②♥❛♠✐❝❛❧ ♣❡r❢♦r♠❛♥❝❡s✳ ❲❡ ❤❛✈❡ ♣r♦✈❡❞ t❤❡
✶✷✼
❝♦♥❝❡♣t t❤r♦✉❣❤ t❤❡ ❞❡s✐❣♥ ♦❢ ♣✐❡③♦❡❧❡❝tr✐❝ ❛❝t✉❛t♦rs t❤❛t ❤❛✈❡ s✐♠♣❧❡ ❝❛♥t✐❧❡✈❡r str✉❝t✉r❡s✳
❆ ♣❡rs♣❡❝t✐✈❡ ✐♥ t❤✐s ❞✐r❡❝t✐♦♥ ❝♦♥s✐sts ✐♥ ❡①t❡♥❞✐♥❣ t❤❡ ❛♣♣r♦❛❝❤ t♦ ❞❡s✐❣♥ ♠♦r❡ ❝♦♠♣❧❡①✱
❤②❜r✐❞✱ ♠✉❧t✐✲❉❖❋ ❛♥❞ ❞❡①t❡r♦✉s ♠✐♥✐❛t✉r✐③❡❞ s②st❡♠s ❢r♦♠ ✇❤✐❝❤ t❤❡ s♣❡❝✐✜❡❞ ♣❡r❢♦r♠❛♥❝❡s
❛r❡ ❣✉❛r❛♥t❡❡❞✳ ❚❤❡ ❡①t❡♥s✐♦♥ ♠❛② ✐♥✈♦❧✈❡ ♥❡✇ ♣r♦❜❧❡♠s s✉❝❤ ❛s✿ ❡①✐st❡♥❝❡ ♦❢ s♦❧✉t✐♦♥s ✐♥
t❤❡ r❡s❡❛r❝❤ ❞♦♠❛✐♥✱ ♦♣t✐♠❛❧ s♦❧✉t✐♦♥s ❛♠♦♥❣ t❤❡ r❡s✉❧ts✱ ✳✳✳
❘❡❣❛r❞✐♥❣ t❤❡ ❝♦♥tr♦❧ ❛♥❞ t❤❡ s✐❣♥❛❧s ♠❡❛s✉r❡♠❡♥t✴❡st✐♠❛t✐♦♥✱ t❤❡r❡ ✐s st✐❧❧ ❛ ❧♦t t♦ ❞♦
✐♥ t❤❡✐r st✉❞② ❢♦r ♣✐❡③♦❡❧❡❝tr✐❝ s②st❡♠s ❛♥❞ ❢♦r ♠✐♥✐❛t✉r✐③❡❞ s②st❡♠s ✐♥ ❣❡♥❡r❛❧✳ ●♦✐♥❣ ❢✉r✲
t❤❡r ✐♥ t❤❡ ♠✐♥✐❛t✉r✐③❛t✐♦♥ ❛♥❞ ✐♥❝r❡❛s✐♥❣ t❤❡ ♥✉♠❜❡r ♦❢ ❉❖❋ ♦❢ t❤❡ ♣✐❡③♦❡❧❡❝tr✐❝ s②st❡♠s
❞♦✉❜t❧❡ss❧② ❛✉❣♠❡♥t t❤❡ ❝❤❛❧❧❡♥❣❡s ✐♥ t❤❡ ❝♦♥tr♦❧❧❡rs s②♥t❤❡s✐s✳ ❆s t❤❡ s②st❡♠s ❛r❡ ❞♦✇♥s❝❛❧❡❞✿
t❤❡✐r s❡♥s✐t✐✈✐t② t♦ t❤❡ ❡♥✈✐r♦♥♠❡♥t ✭s✉rr♦✉♥❞✐♥❣ ✈✐❜r❛t✐♦♥s✱ t❤❡r♠❛❧ ♥♦✐s❡✱ ❛♠❜✐❡♥t t❡♠♣❡r✲
❛t✉r❡✱ ❛❞❤❡s✐♦♥ ❢♦r❝❡s✳✳✳✮ ❛r❡ ✐♥❝r❡❛s❡❞✱ t❤❡✐r ♠♦❞❡❧s ❛r❡ ♠♦r❡ ❛♥❞ ♠♦r❡ ✉♥❝❡rt❛✐♥ ❛♥❞ t❤❡
❝r♦ss✲❝♦✉♣❧✐♥❣s ❛r❡ str♦♥❣❡r✳ ❘♦❜✉st ❝♦♥tr♦❧ t❡❝❤♥✐q✉❡s ✭✐♥t❡r✈❛❧s✱ H∞✱ ♥♦♥❧✐♥❡❛r r♦❜✉st t❡❝❤✲
♥✐q✉❡s✱✳✳✳✮ ❛r❡ t❤❡r❡❢♦r❡ t♦ ❜❡ ✉s❡❞ ✐♥ t❤❛t ❝❛s❡✳ ❆❞❛♣t✐✈❡ r♦❜✉st t❡❝❤♥✐q✉❡s ✭❣❛✐♥✲s❝❤❡❞✉❧❡❞
H∞✱ ▲P❱✱ ◆▲P❱✱ ✳✳✳✮ ✇♦✉❧❞ ❜❡ t❤❡ ✐❞❡❛❧ ♣r♦♣♦s✐t✐♦♥ ✇❤❡♥ t❤❡ ✉♥❝❡rt❛✐♥t✐❡s ❛r❡ t♦♦ ❧❛r❣❡✱
❤♦✇❡✈❡r t❤❡ ❧❛❝❦ ♦❢ ♣❡r❢♦r♠❛♥t ❛♥❞ ❝♦♥✈❡♥✐❡♥t s❡♥s♦rs ❢♦r ♠✐♥✐❛t✉r❡ s②st❡♠s ♠❛❦❡ ✐♠♣♦ss✐❜❧❡
t❤❡✐r ✉s❡ ❜❡❝❛✉s❡ t❤❡ t❡❝❤♥✐q✉❡s r❡q✉✐r❡ ❛ r❡❛❧t✐♠❡ ♠❡❛s✉r❡♠❡♥t ♦❢ ❞❡✜♥❡❞ s✐❣♥❛❧s ♦r ♦❢ ❞❡✜♥❡❞
♣❛r❛♠❡t❡rs✳ ❋✐♥❛❧❧②✱ t❤❡ ♠❡❛s✉r❡♠❡♥t ♦❢ s✐❣♥❛❧s ✐♥ s♠❛❧❧❡r ❛♥❞ s♠❛❧❧❡r ❛❝t✉❛t❡❞ s②st❡♠s ✐s
❛ ❣r❡❛t ❝❤❛❧❧❡♥❣❡✳ P✐❡③♦❡❧❡❝tr✐❝ s②st❡♠s ❤❛✈❡ t❤❡ ❛❞✈❛♥t❛❣❡ ♦❢ s❡♥s✐♥❣ ❝❛♣❛❜✐❧✐t② ✇❤✐❝❤ ❛r❡
♣♦t❡♥t✐❛❧❧② ♣r♦✜t❛❜❧❡ ❤❡r❡✳ ❇✉t ❛❞✈❛♥❝❡❞ st✉❞✐❡s s❤♦✉❧❞ ❜❡ ❝❛rr✐❡❞ ♦✉t ✐♥ s❡❧❢✲s❡♥s✐♥❣ ❢♦r t❤❡s❡
♠✐♥✐❛t✉r✐③❡❞ ❛♥❞ ♠✉❧t✐✲❉❖❋ s②st❡♠s ✐♥ ♦r❞❡r t♦ ❡♥s✉r❡ t❤❡ ♣r❡❝✐s✐♦♥ ❛♥❞ t❤❡ ❞②♥❛♠✐❝s ✐♥
t❤❡ ♠❡❛s✉r❡♠❡♥t ❛❣❛✐♥st t❤❡ ♠♦❞❡❧s ✉♥❝❡rt❛✐♥t✐❡s ❛♥❞ t❤❡ ❤✐❣❤ s❡♥s✐t✐✈✐t② t♦ t❤❡ ❡♥✈✐r♦♥♠❡♥t
✇❤✐❝❤ ❛r❡ ❤✐❣❤❡r✳ ❍②❜r✐❞✐③✐♥❣ t❤❡ ♠❡❛s✉r❡♠❡♥t ❝❛♥ ❛❧s♦ ❜❡ ❛♥♦t❤❡r s♦❧✉t✐♦♥✳ ■❢ ✇❡ ❤②❜r✐❞✐③❡
t❤❡ ❛❝t✉❛t✐♦♥ ✭s❡❡ ❛❜♦✈❡ ❞✐s❝✉ss✐♦♥✮✱ ✇❡ ❝❛♥ ❡♠♣❧♦② t❤❡s❡ ❞✐✛❡r❡♥t tr❛♥s❞✉❝❡rs t♦ ❛❧s♦ ♣❡r❢♦r♠
t❤❡ ♠❡❛s✉r❡♠❡♥t ✐♥ ❛ s❡❧❢✲s❡♥s✐♥❣ ❢❛s❤✐♦♥ ✭❛❧❧ t❤❡ tr❛♥s❞✉❝❡rs ❛r❡ ❛❝t✉❛t♦rs ❛♥❞ s❡♥s♦rs✮✱ ♦r
✐♥ ❛ s✇✐t❝❤❡❞ ❢❛s❤✐♦♥ ✭s♦♠❡ tr❛♥s❞✉❝t✐♦♥s ❛r❡ ❢♦r t❤❡ s❡♥s✐♥❣ ❛♥❞ s♦♠❡ ❢♦r t❤❡ ❛❝t✉❛t✐♦♥✮✳
❚♦ s✉♠♠❛r✐③❡✱ ❣♦✐♥❣ ❢✉rt❤❡r ✐♥ t❤❡ ♠✐♥✐❛t✉r✐③❛t✐♦♥ ♦❢ ❤✐❣❤ ♣❡r❢♦r♠❛♥❝❡s ❛♥❞ ❤✐❣❤ ❞❡①t❡r✐t②
♣✐❡③♦❡❧❡❝tr✐❝ s②st❡♠s ✇✐t❤ t❤❡ ❛❝t✉❛❧ ♣❡r❢♦r♠❛♥t ❛♥❞ ❧♦✇ ❝♦sts ♣✐❡③♦❡❧❡❝tr✐❝ ♠❛t❡r✐❛❧s ✭P❩❚✮
✐♠♣❧✐❡s t❤❡ ✐♠♣r♦✈❡♠❡♥t ❛♥❞ t❤❡ ♠❛t✉r❛t✐♦♥ ♦❢ t❤❡ ♠✐❝r♦❢❛❜r✐❝❛t✐♦♥ ♣r♦❝❡ss❡s✱ t❤❡ ✐♥✈♦❧✈❡♠❡♥t
♦❢ ♦t❤❡r ♠❡t❤♦❞ ✐♥ t❤❡ ❢❛❜r✐❝❛t✐♦♥ ✭♠✐❝r♦❛ss❡♠❜❧②✮✱ t❤❡ ✐♥tr♦❞✉❝t✐♦♥ ♦❢ ♥♦✈❡❧ ♣r✐♥❝✐♣❧❡ ♦❢
❛❝t✉❛t✐♦♥ ✭s✉❝❤ ❛s ❤②❜r✐❞✐③❛t✐♦♥✮ t❤❛t ♣❡r♠✐ts t♦ ❣❛✐♥ ✐♥ ♣❡r❢♦r♠❛♥❝❡s ❛♥❞ ✐♥ ❞❡①t❡r✐t②✱ ❛♥❞
t❤❡ str♦♥❣ ✐♥✈♦❧✈❡♠❡♥t ♦❢ ❝♦♥tr♦❧ t❤❡♦r② ❛t ❞✐✛❡r❡♥t st❛❣❡s ✭❞❡s✐❣♥✱ s✐❣♥❛❧s ❡st✐♠❛t✐♦♥✱ ❛♥❞
❝♦♥tr♦❧✮✳ ❲❡ ♣❧❛❝❡ t❤✐s t❛r❣❡t ❛s ♠❡❞✐✉♠ t❡r♠ ♣❡rs♣❡❝t✐✈❡✳
✶✷✽
✻✳✷✳✷ ❚♦✇❛r❞s ❤✐❣❤❧② ❛✉t♦♥♦♠♦✉s ❛♥❞ s♠❛rt ♠✐♥✐❛t✉r✐③❡❞ s②st❡♠s
✻✳✷✳✷✳✶ ❚❤❡ ❦❡② ♠♦t✐✈❛t✐♦♥
❋✐❣✉r❡ ✻✳✶✿ ❚♦✇❛r❞s ❛✉t♦♥♦♠♦✉s ❛♥❞ s♠❛rt
♠✐♥✐❛t✉r✐③❡❞ ❞❡✈✐❝❡s✳
❲❤❡♥ ✇❡ ❣♦ ❢✉rt❤❡r ✐♥ t❤❡ ♠✐♥✐❛t✉r✐③❛t✐♦♥✱
❛♥ ❡ss❡♥t✐❛❧ q✉❡st✐♦♥ ❝♦♥❝❡r♥s t❤❡ ♣♦✇❡r
s✉♣♣❧②✳ ❊♠♣❧♦②✐♥❣ ❡①t❡r♥❛❧ ❣❡♥❡r❛t♦rs ✇✐❧❧
❧✐♠✐t t❤❡ ✢❡①✐❜✐❧✐t② ❛♥❞ t❤❡ ♣♦rt❛❜✐❧✐t② ♦❢ t❤❡
♠✐♥✐❛t✉r✐③❡❞ s②st❡♠s✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱
t❤❡ ❛❝t✉❛❧ ❜❛tt❡r✐❡s ❛r❡ ❧✐♠✐t❡❞ ✐♥ ❛✉t♦♥♦♠②✳
❚❤❡ ❛✐♠ ✐♥ t❤✐s ♠❡❞✐✉♠✴❧♦♥❣ t❡r♠ ♣❡rs♣❡❝✲
t✐✈❡ ❝♦♥s✐sts ✐♥ ✐♥✈❡st✐❣❛t✐♥❣ ❡♥❡r❣② ❤❛r✈❡st✲
✐♥❣ t❡❝❤♥✐q✉❡s t♦ r❡♥❞❡r ❤✐❣❤❧② ❛✉t♦♥♦♠♦✉s
♠✐♥✐❛t✉r✐③❡❞ s②st❡♠s✳ ❚❤❡ ❦❡② ♠♦t✐✈❛t✐♦♥ ✐s
t♦ r❡s✉❧t ✐♥ ❛✉t♦♥♦♠♦✉s ❛♥❞ s♠❛rt ♣❛❝❦❛❣❡❞
❞❡✈✐❝❡s t❤❛t ❝♦♥t❛✐♥✿ t❤❡ ❡♥❡r❣② ❣❡♥❡r❛t✐♦♥
❜❛s❡❞ ♦♥ ❡♥❡r❣② ❤❛r✈❡st❡rs✱ t❤❡ ❢✉♥❝t✐♦♥❛❧✲
✐t②✱ t❤❡ ❝♦♥❞✐t✐♦♥✐♥❣ ❡❧❡♠❡♥ts ✭❡❧❡❝tr♦♥✐❝ ❝✐r✲
❝✉✐ts✮ ❛♥❞ t❤❡ ✐♥t❡❧❧✐❣❡♥❝② s✉❝❤ ❛s ❝♦♥tr♦❧ ❛♥❞
s✐❣♥❛❧s tr❡❛t♠❡♥ts ✐♥ ■❈ ✭✐♥t❡❣r❛t❡❞ ❝✐r❝✉✐ts✮✱
❛❧❧ ♣❛❝❦❛❣❡❞ ✇✐t❤✐♥ ❧❡ss t❤❛♥ s♦♠❡ ❝✉❜✐❝ ❝❡♥✲
t✐♠❡t❡rs ❛s ❞❡♣✐❝t❡❞ ✐♥ ❋✐❣✳ ✻✳✶✳ ■♥ t❤❡ ✜❣✉r❡✱
P✐❊❍ ♠❡❛♥s ♣✐❡③♦❡❧❡❝tr✐❝ ❤②❜r✐❞ ❡♥❡r❣② ❤❛r✲
✈❡st❡r✳ ❚❤❡ ❡♥t✐r❡ ♣❛❝❦❛❣❡ ✐s ❝♦♠♣♦s❡❞ ♦❢ t❤❡
❢✉♥❝t✐♦♥❛❧ ▼❊▼❙✱ t❤❡ ❤❛r✈❡st❡r ♠❡❝❤❛♥✐❝❛❧ str✉❝t✉r❡✱ ❛♥❞ ❛♥ ❡❧❡❝tr♦♥✐❝s ❢♦r t❤❡ ❤❛r✈❡st❡r ❛♥❞
❢♦r t❤❡ ✐♥t❡❧❧✐❣❡♥❝② ♠❛♥❛❣❡♠❡♥t ✭♠❡♠♦r② ❛♥❞ ♠✐❝r♦♣r♦❝❡ss♦r✳✳✳✮✳ ❆❧❧ t❤❡s❡ ❝♦♠♣♦♥❡♥ts ❝❛♥ ❜❡
♣❧❛❝❡❞ ✐♥ ❛ ♣❧❛♥❛r ❢❛s❤✐♦♥ ✭❋✐❣✳ ✻✳✶✲❛✮ ♦r ✐♥ ❛ ✈❡rt✐❝❛❧ ❛rr❛♥❣❡♠❡♥t ✭❋✐❣✳ ✻✳✶✲❜✮✳ ■♥ t❤❡ ✜❣✉r❡✱
t❤❡ ❢✉♥❝t✐♦♥❛❧ ▼❊▼❙ ❝❛♥ ❜❡ ❛ ♣r❡❝✐s❡ ♣♦s✐t✐♦♥❡r✱ ❛ s❝❛♥♥❡rs ❢♦r ♠❡❞✐❝❛❧ ♦r ♦♣t✐❝❛❧ ❛♣♣❧✐❝❛✲
t✐♦♥s✱ ❛ s②st❡♠ ❢♦r ✢❛♣♣✐♥❣✲✇✐♥❣s ✐♥ ✢②✐♥❣ ♠✐❝r♦r♦❜♦t✱ ❛ ✇✐r❡❧❡ss s❡♥s♦r✱✳✳✳ ❚❤r❡❡ ❛♣♣❧✐❝❛t✐♦♥s
r❡❧❛t❡❞ t♦ s❡♥s♦rs ✐♥ ❛✉t♦♠♦t✐✈❡s✱ ❛♥✐♠❛❧s tr❛❝❦✐♥❣ ❞❡✈✐❝❡s✱ ❛♥❞ ♠❡❞✐❝❛❧ ♠✐❝r♦r♦❜♦ts ✇✐❧❧ ❜❡
❞✐s❝✉ss❡❞ ❧❛tt❡r✳ ▲❡t ✉s ✜rst ❞✐s❝✉ss ❛❜♦✉t t❤❡ ❡♥❡r❣② ❤❛r✈❡st✐♥❣ ✐ts❡❧❢✳
✻✳✷✳✷✳✷ ❙t✉❞② ♦❢ ♥♦✈❡❧ ❤✐❣❤ ❛✉t♦♥♦♠② ❛♥❞ ❤✐❣❤ ❡✣❝✐❡♥❝② ❡♥❡r❣② ❤❛r✈❡st❡rs
❊♥❡r❣② ❤❛r✈❡rst✐♥❣ ❝♦♥s✐sts t♦ s❝❛✈❡♥❣❡ t❤❡ ❡♥❡r❣② ❢r♦♠ t❤❡ ❛♠❜✐❡♥t ❜❛❝❦❣r♦✉♥❞✱ t❤✐s ❡♥❡r❣②
❜❡✐♥❣ ❢r❡❡ ❛♥❞ ❝♦♥s✐❞❡r❡❞ ❧♦st ✐❢ ♥♦t ❡①♣❧♦✐t❡❞✳ ❚❤❡ ❞✐✛❡r❡♥t s♦✉r❝❡s ♦❢ ❜❛❝❦❣r♦✉♥❞ ❡♥❡r❣②
❛r❡✿ s♦❧❛r✱ t❤❡r♠❛❧✱ ✇✐♥❞✱ ✇❛✈❡s✱ s♦✉♥❞s✱ ❛♠❜✐❡♥t ✈✐❜r❛t✐♦♥s✳✳✳ ❊①❛♠♣❧❡ ♦❢ ❝♦♠♠❡r❝✐❛❧❧② ❛♥❞
✇❡❧❧ s❡tt❧❡❞ ❡♥❡r❣② ❤❛r✈❡st❡rs ❛r❡ ♣❤♦t♦✈♦❧t❛✐❝ s♦❧❛r ♣❛♥❡❧s ❛♥❞ ✇✐♥❞ ❡♥❡r❣② ❣❡♥❡r❛t♦rs✳ ❱✐✲
❜r❛t✐♦♥❛❧ ❡♥❡r❣② ❤❛r✈❡st✐♥❣ ❝❛♥ ❜❡ ❡✛❡❝t✉❛t❡❞ ✇✐t❤ ♣✐❡③♦❡❧❡❝tr✐❝ ♠❛t❡r✐❛❧s✳ ❚❤❡ ♣r✐♥❝✐♣❧❡ ❧✐❡s
✐♥ t❤❡ ❡①♣❧♦✐t❛t✐♦♥ ♦❢ t❤❡ ❛♠❜✐❡♥t ✈✐❜r❛t✐♦♥s t♦ ❡①❝✐t❡ ❛♥❞ ❞❡❢♦r♠ t❤❡ ♣✐❡③♦❡❧❡❝tr✐❝ ❞❡✈✐❝❡s
✇❤✐❝❤ ♣❡r♠✐ts t♦ ❣❡♥❡r❛t❡ ❡❧❡❝tr✐❝❛❧ ❝❤❛r❣❡ t❤❛♥❦s t♦ t❤❡ ❞✐r❡❝t ♣✐❡③♦❡❧❡❝tr✐❝ ❡✛❡❝t✳ ❱✐❜r❛✲
t✐♦♥❛❧ ♣✐❡③♦❡❧❡❝tr✐❝ ❡♥❡r❣② ❤❛r✈❡st✐♥❣ ❤❛s r❛✐s❡❞ ♠❛♥② st✉❞✐❡s ❛♥❞ ♣r♦❥❡❝ts ❛t t❤❡ ♥❛t✐♦♥❛❧✱
❡✉r♦♣❡❛♥ ❛♥❞ ✐♥t❡r♥❛t✐♦♥❛❧ ❧❡✈❡❧s✳ ❚❤❡ ❧✐tt❡r❛t✉r❡ ✐s ❞❡♥s❡ ✐♥ t❤❡ s✉❜❥❡❝t✳ ❈❛♥t✐❧❡✈❡rs✲♠❛ss
str✉❝t✉r❡s ❤❛✈❡ ❜❡❡♥ ❡①t❡♥s✐✈❡❧② ❡♠♣❧♦②❡❞ ✐♥ t❤❡s❡ st✉❞✐❡s ❛♥❞ ♣r♦✈❡❞ t❤❡ ❝♦♥❝❡♣t ♦❢ ✐♥❡r✲
t✐❛❧ ✭✈✐❜r❛t✐♦♥❛❧✮ ♣✐❡③♦❡❧❡❝tr✐❝ ❡♥❡r❣② ❤❛r✈❡rst✐♥❣ ✇✐t❤ ❝♦♠♣❛❝t ❞❡✈✐❝❡s✳ ❚❤❛♥❦s t♦ t❤❡ s♠❛❧❧
✶✷✾
s✐③❡s✱ t❤❡② ❛r❡ ❝♦♠♣❛t✐❜❧❡ ✇✐t❤ ♠✐♥✐❛t✉r✐③❡❞ s②st❡♠s✳ ❚❤❡ ♣♦✇❡r✲❡✣❝✐❡♥❝② ✐♥ t❤✐s tr❛❞✐t✐♦♥❛❧
t❡❝❤♥♦❧♦❣② ✐s ❤♦✇❡✈❡r ❧✐♠✐t❡❞✳ ❆♥ ❛❝t✉❛❧ tr❡♥❞ t♦ ✐♥❝r❡❛s❡ t❤❡ ♣♦✇❡r✲❡✣❝✐❡♥❝② ✐♥ ✐♥t❡r✐❛❧
♣✐❡③♦❡❧❡❝tr✐❝ ❤❛r✈❡rst✐♥❣ ✐s t❤❡ ❤②❜r✐❞ ♣✐❡③♦❡❧❡❝tr✐❝ ❤❛r✈❡st❡rs ✭s❡❡ ❢♦r ✐♥st❛♥❝❡ ❬✸✺✷❀ ✸✺✸❪ ❛♥❞
r❡❢❡r❡♥❝❡s ❤❡r❡✐♥✮✳ ❚❤❡ ♣r✐♥❝✐♣❧❡ ✐s ❜❛s❡❞ ♦♥ t❤❡ ✐♥tr♦❞✉❝t✐♦♥ ♦❢ ❛❞❞✐t✐♦♥❛❧ tr❛♥s❞✉❝❡rs ✐♥ t❤❡
s❛♠❡ ♣❛❝❦❛❣❡✳ ❚❤✐s t❡❝❤♥✐q✉❡ ✐s ❡✣❝✐❡♥t ❜✉t t❤❡ ❝♦♠♣❧❡①✐t② ♦❢ t❤❡ ❝♦♥❞✐t✐♦♥✐♥❣ ❡❧❡❝tr♦♥✐❝s
❛♥❞ t❤❡ ✈♦❧✉♠❡ ♦❢ t❤❡ ✜♥❛❧ ❞❡✈✐❝❡ ❛r❡ ✐♥❝r❡❛s❡❞✳
❚❤❡ ♣♦t❡♥t✐❛❧ ♣❡rs♣❡❝t✐✈❡ ✐♥ ♣✐❡③♦❡❧❡❝tr✐❝ ❡♥❡r❣② ❤❛r✈❡st❡rs ✇❤✐❝❤ ✐s ♣r♦♣♦s❡❞ ❤❡r❡ t♦ r❡❛❝❤
t❤❡ ❡♥❞❡❛✈♦r s❝❤❡♠❛t❡❞ ✐♥ ❋✐❣✳ ✻✳✶ ✐s ❞✐st✐♥❣✉✐s❤❡❞ ❜② ❢♦✉r ❜r❡❛❦t❤r♦✉❣❤s✿ ❤✐❣❤ ♠✐♥✐❛t✉r✐③❛✲
t✐♦♥✱ ✢❡①✐❜✐❧✐t②✱ ✈❡r② ❤✐❣❤ ❛✉t♦♥♦♠②✱ ❛♥❞ ✈❡r② ❤✐❣❤ ❡✣❝✐❡♥❝② ❡♥❡r❣② ❤❛r✈❡st✐♥❣✳ ❚❤❡ ❡♥❞❡❛✈♦r
❝❛♥ ♦♥❧② ❜❡ r❡❛❝❤❡❞ ❜② ♣✉tt✐♥❣ ✐♥ ✐♥t❡r❛❝t✐♦♥ s❡✈❡r❛❧ ❞✐s❝✐♣❧✐♥❛r✐❡s✿ ♠❛t❡r✐❛❧s s❝✐❡♥❝❡✱ ♠✐❝r♦✲
❢❛❜r✐❝❛t✐♦♥✱ s②st❡♠s ❞❡s✐❣♥ ❛♥❞ ❝♦♥tr♦❧ t❤❡♦r②✱ ❡❧❡❝tr✐❝❛❧ ❡♥❣✐♥❡❡r✐♥❣✱ ❛♥❞ ♣❛❝❦❛❣✐♥❣✳ ❚❤❡ ♣❡r✲
s♣❡❝t✐✈❡ ✇✐❧❧ ✐♥❡✈✐t❛❜❧② ✐♥✈♦❧✈❡ s❡✈❡r❛❧ ❞✐✛❡r❡♥t ❞❡♣❛rt♠❡♥ts ✐♥tr❛✲❋❊▼❚❖✲❙❚ ♦r ❡✈❡♥ ♦t❤❡r
❧❛❜♦r❛t♦r✐❡s ✐♥ ❋r❛♥❝❡ ♦r ❛❜r♦❛❞✳ ❚❤❡ ❝♦♥tr✐❜✉t✐♦♥ ✐♥ ❡❛❝❤ ❞✐s❝✐♣❧✐♥❛r② ✐s ❞✐s❝✉ss❡❞ ❜❡❧♦✇✳
▼❛t❡r✐❛❧s s❝✐❡♥❝❡ ✲ P❩❚ ❝♦♥t❛✐♥s ❧❡❛❞✲❡❧❡♠❡♥t ✭t②♣✐❝❛❧❧② ❛❜♦✈❡ 60 ✇❡✐❣❤t ♣❡r❝❡♥t ❧❡❛❞
✐♥ ❝♦♠♠❡r❝✐❛❧ ♣r♦❞✉❝ts✮ ❞✐r❡❝t❧② ❛ss♦❝✐❛t❡❞ t♦ ❤❡❛❧t❤ ❛♥❞ ❡♥✈✐r♦♥♠❡♥t❛❧ ♣r♦❜❧❡♠s ❞✉❡ t♦ ✐ts
❤❛r♠❢✉❧ ❡✛❡❝ts✳ ❚❤❡ ❊✉r♦♣❡❛♥ ❙t❛♥❞❛r❞✐s❛t✐♦♥ ❖r❣❛♥✐③❛t✐♦♥ r❛♥❦s P❩❚ ❛s ❛ ❝❤❡♠✐❝❛❧ ❡❧❡✲
♠❡♥t ♦❢ ✇❤✐❝❤ t❤❡ q✉❛♥t✐t✐❡s s❤♦✉❧❞ ❜❡ r❡❞✉❝❡❞ ♦r r❡♣❧❛❝❡❞ ✐♥ ✐ts ❧❡❣✐s❧❛t✐♦♥ ❛s ❤❛③❛r❞♦✉s
s✉❜st❛♥❝❡s s✐♥❝❡ 2003✳ ◆♦✈❡❧ ♠❛t❡r✐❛❧s ❛r❡ ♥♦✇ ✉♥❞❡r st✉❞✐❡s t♦ r✐✈❛❧ t❤❡ P❩❚✳ ❙✐♥❣❧❡ ❝r②st❛❧
♥✐♦❜❛t❡ ❧✐t❤✐✉♠ ✐s ♦♥❡ ♦❢ t❤❡s❡ ♣♦t❡♥t✐❛❧ ♠❛t❡r✐❛❧s t❤❛t ❤❛✈❡ tr❛♥s❞✉❝t✐♦♥ ♣❡r❢♦r♠❛♥❝❡s ❛♥❞
❝♦sts ✇❤✐❝❤ ❝❛♥ ❝♦♠♣❡t❡ t❤♦s❡ ♦❢ P❩❚✳ ❈♦❧❧❡❛❣✉❡s ✐♥ ❛♥♦t❤❡r ❞❡♣❛rt♠❡♥t ❛t ❋❊▼❚❖✲❙❚ ❛r❡
❢♦❝✉s✐♥❣ ✐♥ t❤❡ s②♥t❤❡s✐s ❛♥❞ ✐♠♣r♦✈❡♠❡♥t ♦❢ t❤✐s ♥♦✈❡❧ ♠❛t❡r✐❛❧✳ ❚❤❡r❡ ✐s ❛ ❣r❡❛t ❣❛✐♥ t♦
❡♠♣❧♦② t❤✐s ♠❛t❡r✉❛❧ t♦ t❤❡ ❞❡✈❡❧♦♣♠❡♥t ♦❢ s❛❢❡ ❛♥❞ ❤❛r♠❧❡ss ♠✐♥✐❛t✉r✐③❡❞ ❞❡✈✐❝❡s✳
▼✐❝r♦❢❛❜r✐❝❛t✐♦♥ ✲ ▼✐❝r♦❢❛❜r✐❝❛t✐♦♥ t❡❝❤♥♦❧♦❣✐❡s ❛r❡ t❤❡ t♦♦❧s t❤❛t ♣❡r♠✐t t♦ ♠❛❝❤✐♥❡
❛♥❞ t♦ ❢❛❜r✐❝❛t❡ ♠✐♥✐❛t✉r✐③❡❞ str✉❝t✉r❡s ❢r♦♠ ♠❛t❡r✐❛❧s✳ ❆❝❝♦r❞✐♥❣ t♦ t❤❡ ❞❡s✐❣♥s ♦❢ t❤❡ ❡♥❡r❣②
❤❛r✈❡st✐♥❣ ❞❡✈✐❝❡s ❛♥❞ t♦ t❤❡ ♠❛t❡r✐❛❧s ❡♠♣❧♦②❡❞ ✭♣✐❡③♦ ♦♥❧②✱ ❤②❜r✐❞✱✳✳✳✮✱ ♥❡✇ ♠✐❝r♦❢❛❜r✐❝❛t✐♦♥
♣r♦❝❡ss❡s ♠❛② ❜❡ ♥❡❝❡ss❛r②✳ ❚❤✉s ♠♦r❡ ❡✛♦rts s❤♦✉❧❞ ❛❧s♦ ❜❡ ❣✐✈❡♥ t♦ t❤❡ ❞❡✈❡❧♦♣♠❡♥t ♦❢
t❤❡s❡ ♥❡✇ ♣r♦❝❡ss❡s✳ ❋❊▼❚❖✲❙❚ ❤❛s ❛ ♠✐❝r♦❢❛❜r✐❝❛t✐♦♥ t❡❝❤♥♦❧♦❣② ❝❡♥tr❛❧ ✭t❤❡ ❧❛r❣❡ ❝❧❡❛♥
r♦♦♠ ▼■▼❊◆❚❖✮ t❤❛t ✐s ♣❛rt ♦❢ t❤❡ ♥❛t✐♦♥❛❧ ♥❡t ♦❢ ❧❛r❣❡ ❝❡♥tr❛❧s ✭❘❚❇✮✳
❙tr✉❝t✉r❡s ❞❡s✐❣♥ ❛♥❞ ❝♦♥tr♦❧ t❤❡♦r② ✲ ❚❤❡ ♠❛✐♥ t❡❝❤♥✐❝❛❧ ❛♥❞ s❝✐❡♥t✐✜❝ ❝♦♥tr✐❜✉t✐♦♥
♦❢ ❆❙✷▼ ❞❡♣❛rt♠❡♥t ✐♥ t❤✐s ❧❛r❣❡ ♣❡rs♣❡❝t✐✈❡ ❞❡❛❧s ✇✐t❤ t❤❡ ❞❡s✐❣♥ ❛♥❞ ❞❡✈❡❧♦♣♠❡♥t ♦❢ t❤❡
str✉❝t✉r❡s ✐♥ ♦r❞❡r t♦ ♠❛①✐♠✐③❡ t❤❡ ❤❛r✈❡st✐♥❣ ❡✣❝✐❡♥❝② ❛♥❞ t❤❡ ❛✉t♦♥♦♠②✱ ♦r ✐♥ ♦r❞❡r t♦ ❡♥✲
s✉r❡ s♦♠❡ ♣r❡❞❡✜♥❡❞ ♣❡r❢♦r♠❛♥❝❡s ✇✐t❤ ♠✐♥✐♠❛❧ ❞✐♠❡♥s✐♦♥s✳ ❋♦✉r ♠❛❥♦r t❤❡♠❡s ❛r❡ ♣r♦♣♦s❡❞
❢♦r t❤❛t✿ ✐✮ ❤②❜r✐❞✐③❛t✐♦♥ ♦❢ t❤❡ ❤❛r✈❡st✐♥❣✱ ✐✐✮ ♠✉❧t✐♣❧❡ ❞❡❣r❡❡s ♦❢ ❢r❡❡❞♦♠ ✭♠✉❧t✐✲❉❖❋✮ ❛♥❞
♠✉❧t✐✲♠♦❞❛❧ ♦❢ t❤❡ ❤❛r✈❡st❡rs str✉❝t✉r❡s✱ ✐✐✐✮ t✇♦ ♠♦❞❡s ♦❢ ❢✉♥❝t✐♦♥✐♥❣ ✭r❡❝❤❛r❣❡ ♠♦❞❡ ❛♥❞
❛✉t♦♥♦♠♦✉s ♠♦❞❡✮✱ ✐✈✮ ❛♥❞ ♦♣t✐♠❛❧ ❛♥❞ r♦❜✉st ❞❡s✐❣♥ ♦❢ t❤❡ str✉❝t✉r❡s✳
✐✮ ❈❧❛ss✐❝❛❧ ❤②❜r✐❞ ♣✐❡③♦❡❧❡❝tr✐❝ ❤❛r✈❡st❡rs ✉t✐❧✐③❡❞ s❡✈❡r❛❧ tr❛♥s❞✉❝❡rs ✐♥ ♦♥❡ ♣❛❝❦❛❣❡✳ ❚❤✐s
t❡❝❤♥✐q✉❡ ✐s ❡✣❝✐❡♥t ❜✉t ❧❡❛❞s t♦ ❧❛r❣❡ ✈♦❧✉♠❡ ❛♥❞ ❝♦♠♣❧❡① ❝♦♥❞✐t✐♦♥✐♥❣ ❡❧❡❝tr♦♥✐❝s✳ ❲❡ ♣r♦✲
♣♦s❡ ❤❡r❡ t♦ ❡♠♣❧♦② ♦♥❡ tr❛♥s❞✉❝❡r ❛s ❜❛s✐s ♦❢ t❤❡ ❤②❜r✐❞ ❤❛r✈❡st✐♥❣✳ ❇② ✉s✐♥❣ ❛ ♣✐❡③♦❡❧❡❝tr✐❝
♠❛t❡r✐❛❧✱ ❞❡♣♦s✐t❡❞ ♦r ❜♦♥❞❡❞ ♦♥ ♠❡t❛❧✱ ✇❡ ✇✐❧❧ ❡①♣❧♦✐t t❤❡ t❤❡r♠❛❧ ❡✛❡❝ts ✭♣②r♦❡❧❡❝tr✐❝✐t②
✶✸✵
❛♥❞ t❤❡r♠❛❧ ❡①♣❛♥s✐♦♥✮ ❛♥❞ t❤❡ ✈✐❜r❛t✐♦♥s ❛s s♦✉r❝❡s ♦❢ ❡♥❡r❣② t♦ ❜❡ s❝❛✈❡♥❣❡❞✿ ❛ ❤②❜r✐❞
t❤❡r♠❛❧✴✈✐❜r❛t✐♦♥❛❧ ♣✐❡③♦❡❧❡❝tr✐❝ ❤❛r✈❡st❡r✳ ❚❤✐s ❤②❜r✐❞✐③❛t✐♦♥ ❤❛s ❜❡❡♥ ❞❡♠♦♥str❛t❡❞ t♦ ❜❡
❡✣❝✐❡♥t ✐♥ t❤❡ ❞❡s✐❣♥ ♦❢ ❛❝t✉❛t♦rs ✭s❡❡ ❙❡❝t✐♦♥✳ ✷✳✸✮ ❛♥❞ ✐s ❡①♣❧♦✐t❡❞ ❤❡r❡ ❢♦r ❤❛r✈❡st✐♥❣✳ ■ts
♠❛✐♥ ❛❞✈❛♥t❛❣❡ ✐s✱ ✐❢ t❤❡ str✉❝t✉r❡s ❛r❡ ✇❡❧❧ ❞❡s✐❣♥❡❞✱ t❤❡ ❧✐♠✐t❡❞ ❡✣❝✐❡♥❝② ♦❢ ✈✐❜r❛t✐♦♥❛❧ ❡♥✲
❡r❣② ❤❛r✈❡st✐♥❣ ♦♥❧② ✇✐❧❧ ❜❡ ❤✐❣❤❧② ❛♠♣❧✐✜❡❞ ✇✐t❤ t❤❡ ❤②❜r✐❞ ❡♥❡r❣② ❤❛r✈❡st✐♥❣ ✇✐t❤✐♥ ❝♦♠♣❛❝t
s✐③❡s✳
✐✐✮ ▼✉❧t✐✲❉❖❋ ❛♥❞ ♠✉❧t✐✲♠♦❞❛❧ str✉❝t✉r❡s ♣❡r♠✐t t♦ ✐♥❝r❡❛s❡ t❤❡ s❡♥s✐t✐✈✐t② ♦❢ t❤❡ ❤❛r✲
✈❡st❡rs✳ ❋✐rst✱ ✇❤❛t❡✈❡r t❤❡ ❞✐r❡❝t✐♦♥s ♦❢ t❤❡ ✈✐❜r❛t✐♦♥s✱ ❛♥❞ t❤✉s ✇❤❛t❡✈❡r t❤❡ ♦r✐❡♥t❛t✐♦♥
❛♥❞ ❡♠♣❧❛❝❡♠❡♥t ♦❢ t❤❡ ❤❛r✈❡st❡rs ✐♥ ✐ts ✇♦r❦✐♥❣ ❡♥✈✐r♦♥♠❡♥t✱ t❤❡ ♦✉t♣✉t ❡♥❡r❣② ✐s ❛❧✇❛②s
♠❛①✐♠✐③❡❞ ❛♥❞ ❝♦♥s❡q✉❡♥t❧② t❤❡ ❛✉t♦♥♦♠② ✐s ✐♥❝r❡❛s❡❞✳ ❲❡ ❝❛❧❧ t❤✐s t❤❡ s♣❛t✐❛❧ s❡♥s✐t✐✈✐t②✳
■♥ t❤❡ s❡❝♦♥❞ ✐♥t❡r❡st ✇❤✐❝❤ ✇❡ ❝❛❧❧ t❤❡ ♠♦❞❛❧ s❡♥s✐t✐✈✐t②✱ t❤❡ ❤❛r✈❡st❡rs ❝❛♥ ❜❡ ❞❡s✐❣♥❡❞ t♦
✧❝❛♣t✧ ♠❛♥② ❢r❡q✉❡♥❝✐❡s ❝♦♥t❛✐♥❡❞ ✐♥ ♦♥❡ ✈✐❜r❛t✐♦♥❛❧ ❡♥✈✐r♦♥♠❡♥t✳ ❆s t❤❡ ❡♥✈✐r♦♥♠❡♥t ✐s ♥♦t
♦♥❧② t②♣✐✜❡❞ ❜② ✐ts ❢✉♥❞❛♠❡♥t❛❧ ❢r❡q✉❡♥❝②✱ ❜✉t ❛❧s♦ ❜② ❛❞❞✐t✐♦♥❛❧ ♥♦✐s❡ ❛♥❞ ✧❤❛r♠♦♥✐❝s✧✱ ✇❡
❝❛♥ ❡①♣❧♦✐t ❛❧❧ t❤❡s❡ t♦ ✐♥❝r❡❛s❡ t❤❡ ❡✣❝✐❡♥❝②✳ ❋✐♥❛❧❧②✱ ♠✉❧t✐✲♠♦❞❛❧ ❤❛r✈❡st❡rs ❝❛♥ ❜❡ ✉s❡❞ ✐♥
❞✐✛❡r❡♥t ✈✐❜r❛t✐♦♥❛❧ ❡♥✈✐r♦♥♠❡♥ts t❤❛t ❛r❡ ❝❤❛r❛❝t❡r✐③❡❞ ❜② ❞✐✛❡r❡♥t ❢✉♥❞❛♠❡♥t❛❧ ❢r❡q✉❡♥❝✐❡s✳
✐✐✐✮ ❆♥ ✐♥t❡r❡st✐♥❣ ♣r✐♥❝✐♣❧❡ t❤❛t ❝❛♥ ❜❡ t❛❦❡♥ ❢r♦♠ ❞❛✐❧②✲❧✐❢❡ ❛♣♣❧✐❝❛t✐♦♥s ✭❢♦r ❡❣✳ ❝❡❧❧
♣❤♦♥❡s✮ ✐s t♦ ❤❛✈❡ t✇♦ ♠♦❞❡s✿ r❡❝❤❛r❣❡ ♠♦❞❡ ❛♥❞ ✉t✐❧✐③❛t✐♦♥ ♠♦❞❡✳ ❲❡ ♣r♦♣♦s❡ ❤❡r❡ t♦
✐♥tr♦❞✉❝❡ t❤❡ r❡❝❤❛r❣❡ ♠♦❞❡ ❛❞❞✐t✐♦♥❛❧❧② t♦ t❤❡ ❛✉t♦♥♦♠② ♠♦❞❡ ♦❢ t❤❡ ❤❛r✈❡st❡rs✳ ❲❤✐❧st
t❤❡ ❛✉t♦♥♦♠② ♠♦❞❡ ✐s ❜❛s❡❞ ♦♥ t❤❡ ✈✐❜r❛t✐♦♥s ❛♥❞ t❤❡ t❡♠♣❡r❛t✉r❡ t❤❛t s✉rr♦✉♥❞s t❤❡ ❤❛r✲
✈❡st❡rs✱ t❤❡ r❡❝❤❛r❣❡ ♠♦❞❡ ✐s ❢r♦♠ ❢♦r❝❡❞ ✈✐❜r❛t✐♦♥s✳ ▼♦r❡ ♣r❡❝✐s❡❧②✱ ✇❡ ♣r♦♣♦s❡ t♦ ♠❛❦❡
♣♦ss✐❜❧❡ ❛ q✉✐❝❦ r❡❝❤❛r❣❡ ♦❢ t❤❡ ✇❤♦❧❡ ❡♥❡r❣② ❤❛r✈❡st❡rs ✭❛♥❞ ♦❢ t❤❡ ♠✐♥✐❛t✉r✐③❡❞ s②st❡♠s t❤❛t
❡♥❝♦♠♣❛ss❡ t❤❡ ❤❛r✈❡st❡rs✮ t❤❛♥❦s t♦ ❛ ❝♦♥✈❡♥✐❡♥t❧② ❞❡s✐❣♥❡❞ ✧❝❤❛r❣❡r✧ t❤❛t ❡①❝✐t❡s ❛t ❤✐❣❤
❢r❡q✉❡♥❝②✳ ❚❤❡ r❡❝❤❛r❣❡ ♠♦❞❡ ❛❧❧♦✇s t♦ ❣✐✈❡ ✐♥✐t✐❛❧ ❡♥❡r❣② t♦ t❤❡ ♣❛❝❦❛❣❡❞ s②st❡♠s ❜❡❢♦r❡
t❤❡② ❛r❡ ❧❡❢t ❢♦r ❛✉t♦♥♦♠♦✉s ❢✉♥❝t✐♦♥✐♥❣✳ ❚♦ ❤❛✈❡ ❛ ❤✐❣❤ ❢r❡q✉❡♥❝② ♦❢ ✈✐❜r❛t✐♦♥❛❧ ❡①❝✐t❛t✐♦♥✱
t❤❡ ❝❤❛r❣❡r ❝❛♥ ❜❡ ❜❛s❡❞ ♦♥ ✉❧tr❛s♦♥✐❝ ♦r ♠❛❣♥❡t✐❝ ♣r✐♥❝✐♣❧❡s✳
✐✈✮ ❚♦ t❛❝❦❧❡ t❤❡ ♠❡❝❤❛♥✐❝❛❧ str✉❝t✉r❡s ❞❡s✐❣♥ ❛♥❞ t♦ r❡❛❝❤ ♦r t♦ ❣✉❛r❛♥t❡❡ t❤❡ s♣❡❝✐✜❡❞
♣❡r❢♦r♠❛♥❝❡s ❢r♦♠ t❤❡ ❤❛r✈❡st✐♥❣✱ ✇❡ ♣r♦♣♦s❡ t♦ ❡♠♣❧♦② ❝♦♥tr♦❧ t❤❡♦r② t♦♦❧s ✭♦♣t✐♠❛❧✐t②✱ r♦✲
❜✉st♥❡ss✱ ❞②♥❛♠✐❝❛❧ ♠♦❞❡❧✐♥❣✱ ✉♥❝❡rt❛✐♥t✐❡s ♠♦❞❡❧✐♥❣✱ ✐♥t❡r✈❛❧ t♦♦❧s✱✳✳✳✮✳ ❨❡t✱ t❤❡s❡ t♦♦❧s ❤❛✈❡
❜❡❡♥ ❞❡♠♦♥str❛t❡❞ t♦ ♣r♦✈✐❞❡ r♦❜✉st ♦r ♦♣t✐♠❛❧ ♣❡r❢♦r♠❛♥❝❡s ✐♥ t❤❡ ❞❡s✐❣♥ ♦❢ ♣✐❡③♦❡❧❡❝tr✐❝
❛❝t✉❛t♦rs ✐♥ t❤❡ ♣❛st ✭s❡❡ ❢♦r ✐♥st❛♥❝❡ ❙❡❝t✐♦♥✳ ✷✳✻ ❛♥❞ r❡❢❡r❡♥❝❡s ❤❡r❡✐♥✮✳ ❋♦r ✐♥st❛♥❝❡✱ ✐❢ t❤❡
❤❛r✈❡st❡rs ❤❛✈❡ ❜❡❡♥ ❞❡s✐❣♥❡❞ t♦ tr❛❝❦ ❛ ❢r❡q✉❡♥❝② f ♦❢ ✈✐❜r❛t✐♦♥s✱ ❛♥❞ ✐❢ ✐♥ t❤❡ r❡❛❧ s✐t✉❛t✐♦♥s
t❤❡ ❢r❡q✉❡♥❝② ✐s f + ∆f ✇❤❡r❡ ∆f ✐s t❤❡ ❞✐✛❡r❡♥❝❡ ♦r ❡rr♦r✱ t❤❡ r♦❜✉st ❞❡s✐❣♥ s❤♦✉❧❞ st✐❧❧
❡♥s✉r❡ t❤❡ s♣❡❝✐✜❡❞ ♦✉t♣✉t✲❡♥❡r❣②✳
❊❧❡❝tr♦♥✐❝s ✲ ❊❧❡❝tr✐❝❛❧ ❝✐r❝✉✐ts ❛r❡ r❡q✉✐r❡❞ t♦ tr❛♥s❢♦r♠ t❤❡ ❝❤❛r❣❡ ❢✉r♥✐s❤❡❞ ❜② t❤❡
♣✐❡③♦❡❧❡❝tr✐❝ tr❛♥s❞✉❝❡r ❞✉r✐♥❣ t❤❡ ❤❛r✈❡st✐♥❣ ✐♥t♦ ❡①♣❧♦✐t❛❜❧❡ ✈♦❧t❛❣❡s✳ ▼❛♥② ✇♦r❦s ❤❛✈❡ ❜❡❡♥
r❛✐s❡❞ ✐♥ t❤❡s❡ ❝✐r❝✉✐ts ✐♥ ♦r❞❡r t♦ ❤❛✈❡ r❡❣✉❧❛t❡❞ ♦✉t♣✉t ✈♦❧t❛❣❡s✳ ■♥ t❤❡ ♣r♦♣♦s❡❞ ♣❡rs♣❡❝✲
t✐✈❡ ❤❡r❡✱ ❝❤❛❧❧❡♥❣❡s ❛r❡ ♣♦s❡❞ ✐♥ t❤❡ ❞❡s✐❣♥ ♦❢ t❤❡ ❡❧❡❝tr♦♥✐❝s t♦ ♠❛✐♥t❛✐♥ r❡❣✉❧❛t❡❞ ✈♦❧t❛❣❡s
❜❡❝❛✉s❡ ♦❢ t❤❡ ❤②❜r✐❞ t❤❡r♠❛❧✴✈✐❜r❛t✐♦♥❛❧ ♣r✐♥❝✐♣❧❡✱ ♠✉❧t✐✲❉❖❋ ❞❡❢♦r♠❛t✐♦♥ ♦❢ t❤❡ str✉❝t✉r❡s
❛♥❞ ♠✉❧t✐✲♠♦❞❛❧ ❢✉♥❝t✐♦♥✐♥❣✳ ❋✉rt❤❡r♠♦r❡✱ ✐♥ ♦r❞❡r t♦ ♠❛✐♥t❛✐♥ ❛♥ ✉♥r✐✈❛❧❧❡❞ ❛✉t♦♥♦♠② ♦❢
t❤❡ ✇❤♦❧❡ ♠✐♥✐❛t✉r✐③❡❞ s②st❡♠s✱ t❤❡ ❡❧❡❝tr♦♥✐❝s s❤♦✉❧❞ ❢❡❛t✉r❡ ❧♦✇ ❝♦♥s✉♠♣t✐♦♥✳ ❉✐s❝✉ss✐♦♥s
✶✸✶
❤❛✈❡ ❜❡❡♥ ❧❛✉♥❝❤❡❞ ✇✐t❤ s♦♠❡ s♣❡❝✐❛❧✐③❡❞ ❧❛❜♦r❛t♦r✐❡s ✐♥ ❋r❛♥❝❡ ✭✐♥❝❧✉❞✐♥❣ ▲●❊❋ ■◆❙❆ ▲②♦♥✮
❢♦r t❤✐s ❛s♣❡❝t✳
P❛❝❦❛❣✐♥❣ ✲ P❛❝❦❛❣✐♥❣ ❝♦♥s✐sts ✐♥ st✉❞②✐♥❣ ❤♦✇ t♦ r❛ss❡♠❜❧❡ t❤❡s❡ ❞✐✛❡r❡♥t r❡s✉❧ts ✐♥t♦
♦♥❡ t❡❝❤♥♦❧♦❣✐❝❛❧ ♣❛❝❦❛❣❡✳ ❚❤✐s ❞✐s❝✐♣❧✐♥❛r② ✐s ♦❢ ❣r❡❛t ✐♥t❡r❡st ✐❢ t❤❡r❡ ✐s ❛♥ ♦❜❥❡❝t✐✈❡ ♦❢ ❜❛t❝❤
❞❡✈❡❧♦♣♠❡♥t ♦r ♦❢ ✐♥❞✉str✐❛❧✐③❛t✐♦♥✳ ❲❤✐❧st t❤❡r❡ ❛r❡ r❡s❡❛r❝❤ ❧❛❜♦r❛t♦r✐❡s s♣❡❝✐❛❧✐③❡❞ ♦♥ ♣❛❝❦✲
❛❣✐♥❣✱ ✐♥❞✉str✐❛❧ ♣❛rt♥❡rs ♠❛② ❜❡ t❤❡ t❤❡ ♠♦st ❛♣♣r♦♣r✐❛t❡ t♦ ❞♦ t❤✐s✱ ✐♥ ♦r❞❡r t♦ ❜❡♥❡✜t ❢r♦♠
t❤❡✐r ♣♦✐♥t ♦❢ ✈✐❡✇ ♦♥ ✐♥❞✉str✐❛❧✐③❛❜❧❡ ❞❡✈✐❝❡s✳
❖t❤❡r ❞✐s❝✐♣❧✐♥❛r✐❡s ✲ ❚❤❡ ❢✉♥❝t✐♦♥❛❧✐t② ♦❢ t❤❡ s♠❛rt ▼❊▼❙ ❛♥❞ t❤❡ ❡①♣❡❝t❡❞ ❛♣♣❧✐❝❛✲
t✐♦♥s ❢♦r t❤❡ ❡♥t✐r❡ ♠✐♥✐❛t✉r✐③❡❞ ❞❡✈✐❝❡s ❝❡rt❛✐♥❧② ✐♥✈♦❧✈❡ ♦t❤❡r ❞✐s❝✐♣❧✐♥❛r✐❡s✳ ❋♦r ✐♥st❛♥❝❡✱ ✐❢
t❤❡ ❢✉♥❝t✐♦♥❛❧ ▼❊▼❙ ✐s ❛ s❡♥s♦r t❤❛t ❡♠✐ts ❛♥❛❧♦❣✐❝❛❧ ♦r ❞✐❣✐t❛❧ s✐❣♥❛❧ ✇✐r❡❧❡ss❧②✱ t❡❧❡❝♦♠♠✉✲
♥✐❝❛t✐♦♥ ❛♥❞ s❡♥s♦rs ❞✐s❝✐♣❧✐♥❛r✐❡s ✇✐❧❧ ❜❡ ✐♥✈♦❧✈❡❞✳
❘❡♠❛r❦ ✲ ❆♥♦t❤❡r ❝♦♥tr✐❜✉t✐♦♥ ♦❢ ❝♦♥tr♦❧ t❤❡♦r② ❞❡❛❧s ✇✐t❤ t❤❡ ❞❡s✐❣♥ ❛♥❞ t❤❡ ❝♦♥tr♦❧
♦❢ t❤❡ ❢✉♥❝t✐♦♥❛❧ ▼❊▼❙ ✐ts❡❧❢✳ ❋✐rst✱ ✇❡ ❝❛♥ ❡♠♣❧♦② ❝♦♥tr♦❧ t❤❡♦r② t♦♦❧s ✭♦♣t✐♠❛❧✐t②✱ r♦❜✉st✲
♥❡ss✱ ✐♥t❡r✈❛❧s✳✳✳✮ t♦ ❞❡s✐❣♥ t❤❡ ▼❊▼❙ t♦ ❤❛✈❡ ♠✐♥✐♠❛❧ ❝♦♥s✉♠♣t✐♦♥ ❜② st✐❧❧ ♠❛✐♥t❛✐♥✐♥❣ t❤❡
♠❛①✐♠❛❧ ♣❡r❢♦r♠❛♥❝❡s✳ ❚❤✐s ✐s ❛ ❞✉❛❧ ♣r♦❜❧❡♠ ♦❢ t❤❡ ❞❡s✐❣♥ ♦❢ t❤❡ ❤❛r✈❡st❡rs✱ ✇❤❡r❡ ✇❡ ✉t✐❧✐③❡
❝♦♥tr♦❧ t❤❡♦r② t♦♦❧s t♦ ❞❡s✐❣♥ t❤❡✐r str✉❝t✉r❡ ❢♦r ❛ ♠❛①✐♠❛❧ ♦✉t♣✉t✲❡♥❡r❣② ✇✐t❤ r❡❞✉❝❡❞ s✐③❡s✳
❙❡❝♦♥❞✱ ✐❢ t❤❡ ❢✉♥❝t✐♦♥❛❧ ▼❊▼❙ ♥❡❡❞s ❝♦♥tr♦❧❧❡rs✱ t❤❡s❡ ❧❛tt❡r ❝❛♥ ❜❡ s②♥t❤❡s✐③❡❞ s✉❝❤ t❤❛t
t❤❡ ❡❧❡❝tr✐❝❛❧ ❝♦♥s✉♠♣t✐♦♥ ✐s ❛❧s♦ r❡❞✉❝❡❞ ✭✇✐t❤ ♦♣t✐♠❛❧ ❝♦♥tr♦❧❧❡rs ❞❡✐s❣♥✱✳✳✳✮✳
✻✳✷✳✷✳✸ ❆♣♣❧✐❝❛t✐♦♥s t❤❛t ❛r❡ ✐♥ t❤❡ ❧♦♦♣✱ ♦r ❛❧♠♦st
❚❤r❡❡ ❛♣♣❧✐❝❛t✐♦♥s ❛r❡ ♣r♦♣♦s❡❞ ❤❡r❡✳ ❚❤❡ ✜rst ❛♣♣❧✐❝❛t✐♦♥ ❞❡❛❧s ✇✐t❤ s❡♥s♦rs ✐♥ ❛✉t♦♠♦t✐✈❡s
❛♥❞ ❛ ♥❛t✐♦♥❛❧ ❆◆❘ ♣r♦❥❡❝t ❤❛s ❥✉st ❜❡❡♥ s✉❜♠✐tt❡❞ ❢♦r t❤❛t✳ ❚❤❡ s❡❝♦♥❞ ❛♣♣❧✐❝❛t✐♦♥ ✭❛♥✐♠❛❧
tr❛❝❦✐♥❣✮ ✇❛s t❤❡ r❡s✉❧t ♦❢ ❢r✉✐t❢✉❧ ❞✐s❝✉ss✐♦♥s ✇✐t❤ s♦♠❡ ❛ss♦❝✐❛t✐♦♥s ✐♥ t❤❡ ❋r❛♥❝❤❡✲❈♦♠té
r❡❣✐♦♥ ❛♥❞ ❢❛r♠❡rs ❛♥❞ r❡s❡❛r❝❤❡rs ✐♥ ❆✉str❛❧✐❛✱ ✇❤❡♥ ■ ❤❛✈❡ ❜❡❡♥ ✈✐s✐t✐♥❣ r❡s❡❛r❝❤❡r t❤❡r❡✳
◆♦ ♣r♦❥❡❝t ✐s ✐♥ t❤❡ ❧♦♦♣ ❜✉t t❤✐s ❝❛♥ ❜❡ ❛ ❣♦♦❞ ❛♣♣❧✐❝❛t✐✈❡ ♣❡rs♣❡❝t✐✈❡✳ ❚❤❡ ❧❛st ❛♣♣❧✐❝❛t✐♦♥ ✐s
❧✐♥❦❡❞ t♦ ♠❡❞✐❝❛❧ ♠✐❝r♦r♦❜♦t✐❝s t❤❛t ✐s ❝❛rr✐❡❞ ♦✉t ❜② t❤❡ ▼■◆❆❘❖❇ t❡❛♠ ❛t t❤❡ ❞❡♣❛rt♠❡♥t
♦❢ ❆❙✷▼ ❛♥❞ ✐s ❢r♦♠ ❞✐s❝✉ss✐♦♥s ✇✐t❤ r❡❧❛t❡❞ ❝♦❧❧❡❛❣✉❡s✳
❋✐rst ❛♣♣❧✐❝❛t✐♦♥✿ ❡♥❡r❣② ❤❛r✈❡st✐♥❣ ❢♦r ✢❡①✐❜❧❡ ❛♥❞ ❛✉t♦♥♦♠♦✉s s❡♥s♦rs
✐♥ ❛✉t♦♠♦t✐✈❡s
❆ ♠♦❞❡r♥ ❝❛r ❝♦♥t❛✐♥s ♦✈❡r 100 ❞✐✛❡r❡♥t s❡♥s♦rs✳ ❙❡♥s♦rs ❛♥❞ ❛❝t✉❛t♦rs ❜❛s❡❞ ♦♥ ▼❊▼❙
❛r❡ ✉s❡❞ t♦ ❝♦♥tr♦❧ ✈❛r✐♦✉s ❡❧❡♠❡♥ts ♦❢ ❛✉t♦♠♦❜✐❧❡s ❛♥❞ ❛✐r❝r❛❢ts✱ s✉❝❤ ❛s t❤❡ ♣♦✇❡rtr❛✐♥ ❛♥❞
❝❤❛ss✐s ❝♦♥tr♦❧✱ ❛❞✈❛♥❝❡❞ ❛r❡❛s ♦❢ ❞r✐✈❡r ❛ss✐st❛♥❝❡ s②st❡♠s ❛♥❞ t❡❧❡♠❛t✐❝s ❛♣♣❧✐❝❛t✐♦♥s✱ s❡❡
❋✐❣✳ ✻✳✷ ❬✸✺✹❪✳ ▼❊▼❙ s❡♥s♦rs ♦✛❡r ❤✐❣❤ ❛❝❝✉r❛❝②✱ ♣r♦❞✉❝❡ ❛ ❞✐❣✐t❛❧ s✐❣♥❛❧ ♦♥ t❤❡✐r ♦✇♥ ❛♥❞ ❛r❡
r♦❜✉st ✐♥ t❤❡ t❡♠♣❡r❛t✉r❡ ❛♥❞ ♣r❡ss✉r❡ r❛♥❣❡s ✉s❡❞ ✐♥ ❛✉t♦♠♦❜✐❧❡s✳ ▲♦✇✲♣♦✇❡r ▼❊▼❙ s❡♥s♦rs✱
❜❛s❡❞ ♦♥ s✐❧✐❝♦♥ t❡❝❤♥♦❧♦❣②✱ ❜❡❝❛♠❡ t❤❡ ❞❡✈✐❝❡s ♦❢ ❝❤♦✐❝❡ ♦✛❡r✐♥❣ ❝♦st ❡✛❡❝t✐✈❡ s♦❧✉t✐♦♥s ❛♥❞
❤✐❣❤ ②✐❡❧❞ ✐♥ ❛✉t♦♠♦t✐✈❡ ❛♥❞ ❛❡r♦s♣❛❝❡ ✐♥❞✉str② ❬✸✺✹❪✳ ❚❤❡s❡ s❡♥s♦rs ❛r❡ ❛❧❧ ♦♣❡r❛t❡❞ ❜②
❡❧❡❝tr✐❝❛❧ ♣♦✇❡r✳ ❚❤✉s✱ t❤❡ s✐❣♥❛❧ tr❛♥s❢❡r ❛♥❞ ❛❧✐♠❡♥t❛t✐♦♥ ♦❢ t❤❡ ❜✐❣ ♥✉♠❜❡r ♦❢ s❡♥s♦rs
✐♥ ❛ ✈❡❤✐❝❧❡ ✐♥tr♦❞✉❝❡ ❛ ❝♦♠♣❧❡① ♥❡t✇♦r❦ ♦❢ ✇✐r❡s✳ ❚♦ ♠✐♥✐♠✐③❡ ❝♦sts✱ ❛✉t♦♠♦t✐✈❡ s❡♥s♦rs
✶✸✷
♠❛② ♥♦t ❤❛✈❡ ♠♦r❡ t❤❛♥ t❤r❡❡ ❝♦♥♥❡❝t❡❞ ✇✐r❡s ❬✸✺✺❪✳ ❚❤❡ ❝♦♥♥❡❝t✐♥❣ ❝❛❜❧❡s ❤❛✈❡ q✉✐t❡ ❛♥
✐♠♣❛❝t ♦♥ t❤❡ ♠❛ss ♦❢ ✈❡❤✐❝❧❡s ✭✉♣ t♦ 50kg✱ s❡✈❡r❛❧ km ✐♥ ❧❡♥❣t❤✮ ❛♥❞ ❛❞❞ ❝♦♠♣❧❡①✐t② ❛♥❞
❝♦sts t♦ ✐♥st❛❧❧❛t✐♦♥ ❛♥❞ ♠❛✐♥t❡♥❛♥❝❡ ❞✐❛❣♥♦st✐❝s ❬✸✺✻❪✳ ▼♦r❡♦✈❡r✱ t❤❡ ✇✐r❡ ❝♦♥♥❡❝t✐♦♥s ❤❛✈❡
t♦ ❜❡ ♣r♦t❡❝t❡❞ ❢r♦♠ ❤❡❛t ❝❧♦s❡ t♦ s♦❧❞❡r ♣♦✐♥ts✱ ♦r ❤♦t ♣❧❛❝❡s ♥❡❛r t❤❡ ❡♥❣✐♥❡ ♦r ❡①❤❛✉st
❋✐❣✉r❡ ✻✳✷✿ ▼❊▼❙ ✐♥ ❛✉t♦♠♦t✐✈❡ ✭Pr❡❝✐s✐♦♥
❊♥❣✐♥❡❡r✐♥❣✱ ❜② ❱✳❈✳ ❱❡♥❦❛t❡s❤✱ ❙✉❞✐♥ ■③♠❛♥✮✳
♣✐♣❡ ❬✸✺✹❪✳ ❋✉rt❤❡r♠♦r❡✱ 80% ♦❢ t❤❡ ❛✐♥t❡✲
♥❛♥❝❡ ❝♦sts ❛r❡ r❡❧❛t❡❞ t♦ ✇✐r✐♥❣ ❛♥❞ ❝♦♥t❛❝t
♣r♦❜❧❡♠s✳ ❚❤✉s✱ s✐♠♣❧✐✜❝❛t✐♦♥ ❛♥❞ ♠✐♥✐❛✲
t✉r✐③❛t✐♦♥ ♦❢ t❤❡s❡ ♥❡t✇♦r❦s ✐s ❛ ❦❡② ✐ss✉❡
✐♥ ♦r❞❡r t♦ r❡❞✉❝❡ ✇❡✐❣❤t✱ s♣❛❝❡ ❛♥❞ ❝♦st
♦❢ ❢✉t✉r❡ ❛✉t♦♠♦❜✐❧❡s ❛♥❞ ❛✐r❝r❛❢ts ❬✸✺✺❪✳
❖♥❡ ❜✐❣ st❡♣ ❢♦r✇❛r❞ ✐♥ t❤❡ ✐♥t❡❣r❛t✐♦♥ ♦❢
s❡♥s♦rs ✇♦✉❧❞ ❜❡ t❤❡ ✉s❛❣❡ ♦❢ ♠❛✐♥t❡♥❛♥❝❡✲
❢r❡❡ s❡♥s♦rs ♦♣❡r❛t✐♥❣ ✐♥ ✇✐r❡❧❡ss ♠♦❞❡ ❛♥❞
❞r❛✇✐♥❣ t❤❡ s♦✉r❝❡ ♦❢ ♣♦✇❡r ❢r♦♠ t❤❡ ❡♥✲
✈✐r♦♥♠❡♥t✱ ❛s ✐✳❡✳ ❢r♦♠ ✈✐❜r❛t✐♦♥s✱ ❤❡❛t
♦r s♦❧❛r ❡♥❡r❣✐❡s✳ ❚❤❡ ❞❡❛❧ ❝♦♥s✐sts t❤❡r❡✲
❢♦r❡ t♦ ❞❡✈❡❧♦♣ ❤✐❣❤ ❛✉t♦♥♦♠② ❛♥❞ ❤✐❣❤ ❡✣✲
❝✐❡♥❝② ♠✐♥✐❛t✉r✐③❡❞ ❡♥❡r❣② ❤❛r✈❡st❡rs ❜❛s❡❞
♦♥ t❤❡ ❤②❜r✐❞✐③❛t✐♦♥ ♦❢ ♣✐❡③♦❡❧❡❝tr✐❝ tr❛♥s✲
❞✉❝❡r ❛♥❞ t❤❡ t❤❡r♠❛❧ ♣r✐♥❝✐♣❧❡ t♦ s✉♣✲
♣❧② t❤❡ ▼❊▼❙ s❡♥s♦rs ✐♥ t❤❡ ❛✉t♦♠♦t✐✈❡s✳
❆ ♥❛t✐♦♥❛❧ ♣r♦❥❡❝t✷ ❤❛s ❥✉st ❜❡❡♥ s✉❜♠✐t✲
t❡❞✳ ❋✐✈❡ ♣❛rt♥❡rs✱ ❧✐st❡❞ ❜❡❧♦✇✱ ❛r❡ ✐♥✲
✈♦❧✈❡❞✳
→ ❋❊▼❚❖✲❙❚ ✐♥st✐t✉t❡ ❛t ❇❡s❛♥ç♦♥✿ ❞❡s✐❣♥ ♦❢ t❤❡ ❤❛✈❡st❡rs str✉❝t✉r❡s ❜② ✉s✐♥❣ ❝♦♥tr♦❧
t❤❡♦r② ✭❆❙✷▼ ❞❡♣❛rt♠❡♥t✮✱ ♥✐♦❜❛t❡ ❧✐t❤✐✉♠ ♠❛t❡r✐❛❧s s②♥t❤❡s✐s ❛♥❞ ✐♠♣r♦✈❡♠❡♥t ✭▼◆✷❙ ❞❡✲
♣❛rt♠❡♥t✮✱ ❞❡♣♦s✐t✐♦♥ ♦❢ ♥✐♦❜❛t❡ ❧✐t❤✐✉♠ ✜❧♠s ❜② s♣r❛②✴❛❡r♦s♦❧ ♣②r♦❧②s✐s ✭❚❋ ❞❡♣❛rt♠❡♥t✮✳
→ ▲●❊❋ ❧❛❜♦r❛t♦r② ❛t ■◆❙❆ ▲②♦♥✿ ❞❡s✐❣♥ ♦❢ s♠❛rt ❡❧❡❝tr♦♥✐❝ ❝✐r❝✉✐ts✳
→ ❈❡❞r❛t ❚❡❝❤♥♦❧♦❣② ❝♦♠♣❛♥② ❛t ●r❡♥♦❜❧❡✿ ❣✉✐❞❡❧✐♥❡s✱ r❡q✉✐r❡♠❡♥ts✴❝♦♥str❛✐♥ts ♦❢ ✐♥❞✉str✐❛❧
❢❛❜r✐❝❛t✐♦♥ ♦❢ ❡♥❡r❣② ❤❛r✈❡st❡rs✱ ✐♥t❡❣r❛t✐♦♥ ✐♥ s❡♥s♦rs✳
→ ❋r❡❝⑤♥⑤s②s ❝♦♠♣❛♥② ❛t ❇❡s❛♥ç♦♥✿ ✇❛❢❡r ♦♥ ✇❛❢❡r t❡❝❤♥♦❧♦❣②✱ ♣✐❡③♦❡❧❡❝tr✐❝ s✐♠✉❧❛t✐♦♥✳
→ P❙❆ P❡✉❣❡♦t ❈✐tr♦ë♥ ❝♦♠♣❛♥②✿ ❣✉✐❞❡❧✐♥❡s✱ ❤❛r✈❡st❡rs ✇♦r❦✐♥❣ ❝♦♥❞✐t✐♦♥s✱ ✐♥✲s✐t✉ t❡st✳
Pr♦❥❡❝t ❝♦♦r❞✐♥❛t♦rs✿ ❆✉sr✐♥❡ ❇❛rt❛s②t❡ ❛♥❞ ▼✐❝❦② ❘❛❦♦t♦♥❞r❛❜❡✱ ❋❊▼❚❖✲❙❚ ■♥st✐t✉t❡✳
❙❡❝♦♥❞ ❛♣♣❧✐❝❛t✐♦♥✿ ❡♥❡r❣② ❤❛r✈❡st✐♥❣ ❛♥❞ ❛♥✐♠❛❧ tr❛❝❦✐♥❣
❆♥✐♠❛❧ tr❛❝❦✐♥❣ ✐s ❛♥ ❛♣♣❧✐❝❛t✐♦♥ t❤❛t ❤❛s ❜❡❡♥ r❛✐s❡❞ ✐♥ ♠❛♥② r❡s❡❛r❝❤ ♣r♦❥❡❝ts ❛♥❞ ❤❛s
♣r♦❞✉❝❡❞ ✐♥❞✉str✐❛❧✐③❡❞ ❞❡✈✐❝❡s✳ ❆❝t✐✈❡ t❛❣s ✐♥ ❛♥✐♠❛❧ tr❛❝❦✐♥❣ ❛r❡ ❡♠❜❡❞❞❡❞ ❞❡✈✐❝❡s t❤❛t ❝❛♥
s❛✈❡ ❞❛t❛ ❛✉t♦♥♦♠♦✉s❧② ♦r ❡♠✐t s✐❣♥❛❧s ❜② t❤❡✐r ♦✇♥✳ ❚❤✐s ♣❡r♠✐ts t♦ r❡❝♦r❞✱ t♦ ❢♦❧❧♦✇ ❛♥❞ t♦
✷❊◆❍❆◆❈❊ ♣r♦❥❡❝t✿ ❊◆❡r❣② ❍❛r✈❡st❡rs ❢♦r s❡❧❢ ♣♦✇❡r❡❞ ❛✉t♦♠♦t✐✈❡ s❡♥s♦rs✿ ❢r♦♠ ❛❞✈❆◆❈❊❉ ♠❛t❡r✐❛❧s
t♦ s♠❛rt ❞❡✈✐❝❡s✳
✶✸✸
❛♥❛❧②③❡ t❤❡✐r ♠♦✈❡♠❡♥ts✱ t♦ ✐❞❡♥t✐❢② ❛♥❞ t♦ tr❛❝❡ t❤❡✐r ♦r✐❣✐♥s ✭♠❛✐♥❧② ❢♦r ❛♥✐♠❛❧s ❢♦r ❢♦♦❞s✮✱
t♦ tr❛❝❦ t❤❡✐r ♣♦s✐t✐♦♥s✱ t♦ ❤❡❛❧t❤✲♠♦♥✐t♦r✱ ♦r t♦ ✉♥❞❡rst❛♥❞ t❤❡✐r ✇❛②s ♦❢ ❧✐❢❡✳ ▼❛♥② ❛♥✐♠❛❧s
t②♣❡s ❛r❡ ✐♥✈♦✈❧❡❞✱ ❢♦r ✐♥st❛♥❝❡✿ ❧✐✈❡st♦❝❦s✱ s♥❛❦❡s✱ ❜✐r❞s✱ ❧②♥①s✱✳✳✳ ❆❝t✐✈❡ tr❛❝❦✐♥❣ ❞❡✈✐❝❡s
r❡q✉✐r❡ ❤♦✇❡✈❡r ❡♥❡r❣②✳ ❚❤❡ ♠✐♥✐❛t✉r✐③❡❞ ❛♥❞ ❤✐❣❤❧② ❛✉t♦♥♦♠♦✉s ❡♥❡r❣② ❤❛r✈❡st❡rs ♣r♦♣♦s❡❞
✐♥ t❤❡ ❛❜♦✈❡ ♣❡rs♣❡❝t✐✈❡ ❝❡rt❛✐♥❧② ♣r❡s❡♥t ♠❛♥② ❛❞✈❛♥t❛❣❡s ✐♥ ❛♥✐♠❛❧s tr❛❝❦✐♥❣ ❛♣♣❧✐❝❛t✐♦♥✳
❋✐rst✱ t❤❡ tr❛❝❦✐♥❣ ❞❡✈✐❝❡s ✇✐❧❧ ♥♦t ❞✐sr✉♣t t❤❡ ❛♥✐♠❛❧s✱ ❛s t❤❡ ❞❡✈✐❝❡s ❛r❡ ✈❡r② s♠❛❧❧ ❛♥❞ t❤❡✐r
♠❛ss❡s ✈❡r② ❧✐❣❤t✳ ❙❡❝♦♥❞✱ t❤❡ ❞❡✈✐❝❡s ❝❛♥ ❜❡ ✐♥❥❡❝t❡❞ ✐♥ t❤❡ ❛♥✐♠❛❧s ♦r ✇❡❧❧ ❞✐ss✐♠✉❧❛t❡❞ ♦♥
t❤❡♠✱ ❛♥❞ t❤✉s ❞✐s❝r❡❡t✳ ❚❤✐s ❧❛tt❡r ❛❞✈❛♥t❛❣❡ ✐s ♣❛rt✐❝✉❧❛r❧② ✐♥t❡r❡st✐♥❣ ✐♥ s✐t✉❛t✐♦♥s ✇❤❡r❡
❛♥✐♠❛❧s t❤❡❢t ✐s ❝♦♠♠♦♥ ✭❡❣✳ ❧✐✈❡st♦❝❦s t❤❡❢t✮✳ ■♥❞❡❡❞✱ t❤❡ ❞❡s❛❝t✐✈❛t✐♦♥ ♦r t❤❡ r❡♠♦✈❡ ♦❢
t❤❡ ❞❡✈✐❝❡s ❜② t❤❡ t❤✐❡✈❡s ❛r❡ ❛✈♦✐❞❡❞ ❛❧❧♦✇✐♥❣ ❛ ❝❤❛♥❝❡ t♦ ❧♦❝❛t❡ t❤❡ ♣♦s✐t✐♦♥ ♦❢ t❤❡ st♦❧❡♥
❧✐✈❡st♦❝❦s✳ ❋✐❣✳ ✻✳✸ ♣✐❝t✉r❡ ❛♥ ❡①❛♠♣❧❡ ♦❢ ❛❝t✐✈❡ tr❛❝❦✐♥❣ ❞❡✈✐❝❡ ✐♥❞✉str✐❛❧✐③❡❞ ❜② ❚❡❦✈❡t ❛♥❞
■❇▼ ❝♦♠♣❛♥✐❡s t♦ tr❛❝❦ ❧✐✈❡st♦❝❦s ❬✸✺✼❀ ✸✺✽❪✳ ❚❤❡ ✜❣✉r❡ s❤♦✇s t❤❛t t❤❡ ❛❝t✉❛❧ ❞❡✈✐❝❡ ✐s st✐❧❧
❜✉❧❦②✱ ♠❛② ❜❡ ✉♥❝♦♠❢♦rt❛❜❧❡ ❢♦r t❤❡ ❛♥✐♠❛❧s✱ ❛♥❞ ❛r❡ ♥♦t ❝♦♥❝❡❛❧❛❜❧❡✳ ❚❤✐s ❞❡✈✐❝❡ ✐s ♣♦✇❡r❡❞
❜② ❛ ❜❛tt❡r② ❛♥❞ t❤✉s ♥♦t ❛✉t♦♥♦♠♦✉s✳ ❚❤❡ ❧❛st ❛❞✈❛♥t❛❣❡ ♦❢ t❤❡ ❡♥❡r❣② ❤❛r✈❡st❡rs ♣r♦♣♦s❡❞
✐♥ t❤❡ ❛❜♦✈❡ ♣❡rs♣❡❝t✐✈❡ ❝♦♥❝❡r♥s t❤❡ ❛✉t♦♥♦♠② ✐ts❡❧❢✳ ❙♦♠❡ ❛♥✐♠❛❧ tr❛❝❦✐♥❣ ❛♣♣❧✐❝❛t✐♦♥s
❧✐❦❡ ♠✐❣r❛t♦r② ❜✐r❞s tr❛❝❦✐♥❣ r❡q✉✐r❡ ❛ ✈❡r② ❤✐❣❤ ❛✉t♦♥♦♠② ♦❢ t❤❡ ❡❧❡❝tr✐❝❛❧ ❣❡♥❡r❛t♦r ✭s❡✈❡r❛❧
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❋✐❣✉r❡ ✻✳✸✿ ❆♥ ❛❝t✐✈❡ tr❛❝❦✐♥❣ ❞❡✈✐❝❡ t♦ tr❛❝❦ ❧✐✈❡st♦❝❦s✱ ❞❡✈❡❧♦♣❡❞ ❛♥❞ ✐♥❞✉str✐❛❧✐③❡❞ ❜②
❚❡❦✈❡t ❛♥❞ ■❇▼ ❬✸✺✼❀ ✸✺✽❪✳
▼❡❞✐❝❛❧ ❛♣♣❧✐❝❛t✐♦♥s
❆♥ ❛♣♣❧✐❝❛t✐♦♥ t♦ ✇❤✐❝❤ t❤❡ ▼■◆❆❘❖❇ t❡❛♠ ♦❢ t❤❡ ❆❙✷▼ ❞❡♣❛rt♠❡♥t ✐s ♥♦✇❛❞❛②s ❢❛❝✐♥❣
✐s t❤❡ ♠❡❞✐❝❛❧ ❛♣♣❧✐❝❛t✐♦♥✳ ■♥tr❛✲❜♦❞② ❝❛♣s✉❧❡s ❛♥❞ ♠✐❝r♦r♦❜♦ts r❡q✉✐r❡ ❡♥❡r❣② t♦ ♣❡r❢♦r♠ t❤❡
t❛s❦s t❤❡② ❤❛✈❡ t♦ ❞♦✿ s✉r❣❡r②✱ ✜❧♠✐♥❣ t❤❛♥❦s t♦ ❡♠❜❡❞❞❡❞ ❝❛♠❡r❛s✱ ✳✳✳ ❚❤❡ ❝❛♣s✉❧❡s ❛♥❞
♠✐❝r♦r♦❜♦ts ❛r❡ ❣✉✐❞❡❞ ❢r♦♠ t❤❡ ❡①t❡r♥❛❧ ✇✐t❤ ❛ ♠❛❣♥❡t✐❝ ✜❡❧❞ ❬✽❀ ✸✺✾❪✳ ❚❤❡ s❛♠❡ ❣✉✐❞❛♥❝❡
♠❛❣♥❡t✐❝ ✜❡❧❞ ❝❛♥ ❛❧s♦ ❜❡ ✉s❡❞ t♦ ❝♦♥✈❡② ❛❞❞✐t✐♦♥❛❧ ♠❛❣♥❡t✐❝ s✐❣♥❛❧ t❤❛t ✇✐❧❧ ❡①❝✐t❡ ❛t ❤✐❣❤
❢r❡q✉❡♥❝② ❛♥ ❡♥❡r❣② ❤❛r✈❡st❡r ❞❡✈✐❝❡ ❡♠❜❡❞❞❡❞ ✐♥ t❤❡ ❝❛♣s✉❧❡✳
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❆ ❧♦♥❣ t❡r♠ ❛♥❞ r❡♠❛rq✉❛❜❧❡ ♣❡rs♣❡❝t✐✈❡ ❞❡❛❧s ✇✐t❤ t❤❡ ❡①♣❧♦✐t❛t✐♦♥ ♦❢ t❤❡ ❞❡✈❡❧♦♣❡❞ ♠✐♥✐❛✲
t✉r✐③❡❞ ❛♥❞ ▼❊▼❙ ❤②❜r✐❞ t❤❡rr♠❛❧✴✈✐❜r❛t✐♦♥s ♣✐❡③♦❡❧❡❝tr✐❝ ❤❛r✈❡st❡rs ♣r❡✈✐♦✉s❧② ♣r♦♣♦s❡❞ t♦
❝r❡❛t❡ ❛ ❤❛r✈❡st❡r ♠❛tt❡r ✇✐t❤ s✉r❢❛❝❡ ♦r ✈♦❧✉♠❡ s❤❛♣❡✱ ❞❡❢♦r♠❛❜❧❡✴✢❡①✐❜❧❡ ♦r r✐❣✐❞ str✉❝t✉r❡✳
❆s t❤❡ ✐♥❞✐✈✐❞✉❛❧ ▼❊▼❙ ❤❛r✈❡st❡rs ❛r❡ ❞❡s✐❣♥❡❞ t♦ ❜❡ ❤✐❣❤❧② ❛✉t♦♥♦♠♦✉s ❛♥❞ ❤✐❣❤❧② ❡✣❝✐❡♥t✱
✇❡ ❝❛♥ ❛ss❡ss t❤❛t t❤❡ ♠❛tt❡r ♦✈❡r ✇❤✐❝❤ t❤❡ ▼❊▼❙ ❤❛r✈❡st❡rs ❛r❡ ❞✐str✐❜✉t❡❞ ✇✐❧❧ ❢❡❛t✉r❡s ❛
❤✐❣❤ ❛✉t♦♥♦♠② ❛♥❞ ❛ ❤✐❣❤ ❡♥❡r❣② ❞❡♥s✐t②✳ P♦ss✐❜❧❡ ❛♣♣❧✐❝❛t✐♦♥s ♦❢ ❤❛r✈❡st❡r ♠❛tt❡rs ✐♥❝❧✉❞❡
t❤❡ ❡♥❡r❣② ❤❛r✈❡st✐♥❣ ✐♥ ✈❡r② ✐s♦❧❛t❡❞ ❛r❡❛✱ ✐♥ ❛❡r♦s♣❛❝❡✱ ✳✳✳ ❇❡②♦♥❞ t❤❡ ❣♦♦❞ ❡♥❡r❣② ❞❡♥✲
s✐t② ✐ts❡❧❢ ❛♥❞ t❤❡ ❡❧❡❝tr✐❝❛❧ ❣❡♥❡r❛t♦r ❛♣♣❧✐❝❛t✐♦♥s✱ ♦♥❡ ♦❢ t❤❡ ♠❛✐♥ ✐♥t❡r❡sts ❤❡r❡ ✐s t❤❡ ❢❛❝t
t❤❛t ✇❡ ❝❛♥ ❡①t❡♥❞ t❤❡ ❝♦♥❝❡♣t ♦❢ ✧✐♥t❡❧❧✐❣❡♥t ♠❛tt❡r✧ ✭❞❡✈❡❧♦♣❡❞ ✐♥ t❤❡ ▲❆❇❊❳ ❆❈❚■❖◆
❬✸✺✵❪✮ t♦ ✧❛✉t♦♥♦♠♦✉s ✐♥t❡❧❧✐❣❡♥t ♠❛tt❡r✧ ❛♥❞ ✧s❡❧❢✲s✉♣♣❧✐❡❞ ✐♥t❡❧❧✐❣❡♥t ♠❛tt❡r✧✳ ❚❤❡ ❡♥t✐r❡
❛✉t♦♥♦♠♦✉s ❛♥❞ s♠❛rt ♠✐♥✐❛t✉r✐③❡❞ s②st❡♠ ❞❡✈❡❧♦♣❡❞ ✐♥ ❙❡❝t✐♦♥✳ ✻✳✷✳✷✮ ❝❛♥ ❜❡ t❛❦❡♥ ❛s t❤❡
❜❛s✐❝ ❡❧❡♠❡♥ts ♦❢ ❛ s♠❛rt ❛♥❞ ❛✉t♦♥♦♠♦✉s ♠❛tt❡r✱ ❛s ❞❡♣✐❝t❡❞ ✐♥ ❋✐❣✳ ✻✳✹✳
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A.1   PERSONAL TRACK
Manitrarivo Micky John RAKOTONDRABE
Associate Professor (Maître de Conférences), University of Franche-Comté (UFC)
AS2M department of the FEMTO-ST Institute
CNRS URM6174 – UFC – ENSMM – UTBM
24, rue Alain Savary, 25000 Besançon, FRANCE
Tel: +33 381 402 810  – Fax: +33 381 402 809 
mrakoton@femto-st.fr ;  http://sites.femto-st.fr/~micky.rakotondrabe/ 
Date of birth: February 8, 1978 in Ambohijanajary, MADAGASCAR
Citizenships: French, Malagasy
A.1.1   POSITIONS___________________________________________________________________
2012 Visiting researcher, University of Newcastle/CDSC - Australia, 3 months (march to june)
2011 Visiting researcher, University of Texas at Arlington/ARRI Institute - TX USA, 1 month (nov.)
2011-2012 CNRS fellow (délégation CNRS), 1 year
2007 onwards Associate Professor, UFC at Besançon; research appointment at FEMTO-ST Institute 
2006-2007 Assistant Professor, UFC at Besançon; research appointment at FEMTO-ST Institute 
A.1.2   EDUCATION and DIPLOMA_____________________________________________________
2014 Habilitation to Direct Research diploma (HDR) , UFC at Besançon
2006 PhD on Control Systems , UFC at Besançon
2003 MSc on Control Systems, National Institute of Applied Sciences (INSA) Lyon, France 
2002 'diplôme d'Ingénieur', Catholic Institute of Arts and Métiers (ICAM) Lille, France 
A.1.3   RESEARCH ACTIVITIES: summary_______________________________________________
My research activities are led at the department of AS2M of FEMTO-ST Institute. They deal with the: design,  
development, modeling, control and signals measurement and estimation in piezoelectric based microsystems.  
The systems behaviors include linear and nonlinearities (hysteresis and creep) and badly damped vibrations. The  
proposed control techniques enclose feedforward and feedback schemes. In feedback schemes, mainly robust  
techniques  are  studied:  H-infinity  techniques  and  interval  control  techniques.  In  the  use  of  intervals,  new 
theoretical results are also proposed and are applied to different applications: design, control, structural analysis. 
A.1.4   TEACHING ACTIVITIES: summary_______________________________________________
My  teaching  activities  are  principally  for  3rd year  undergrad  (EEA:  Electrical  and  Control  Engineering 
department) students and for Master 1st and 2nd year (Mechatronics). My lectures are: robotics, control systems.
A.1.5   PRIZES, AWARDS and DISTINCTIONS____________________________________________
2013 Among the 5 most cited papers of IEEE TASE ('Complete open loop control of hysteretic...')
Nov 2011 Romanian Scientific-Activties-Award (shared with Dr I. A. Ivan, Univ. Targoviste Romania)
Oct 2011 French Scientific-Excellence-Award (the national PES award)
2011 CNRS fellow (1 year)
2011 CRCT fellow (6 months), I have declined the CRCT in favour of the CNRS fellow
2011 Best Application Paper finalist, IEEE CASE Triesta Italy
2006 Best PhD thesis finalist, University of Franche-Comté
2006 Best Paper Award finalist (4 selected among 580 papers), IEEE ICARCV Singapour
2003 Ministerial grant award for the PhD works (2003 – 2006)
A.1.6   MISC________________________________________________________________________
2013 onwards Committee member of the Service of Handicapped Persons at the diocese of Besançon
2012 onwards Committee member of the Service of Migrants at the diocese of Besançon
summer 2011 International solidarity travel in Tchad for the schooling and integration of disadvantaged youngs
2002-2003 President of an  association in Lyon for schooling Malagasy disadvantaged youngs
1996-1997 Placement year in order to travel around Madagascar
A.2   RESEARCH ACTIVITIES
A.2.1   Journal Editorial Activities and Technical Committee Activities__________________________
2015 Guest Editor of "special issue: High resolution actuators", MDPI ACTUATORS
2015 Guest Editor of "focused section: Hysteresis in Smart Mechatronic Systems: Modeling, 
Identification,  and Control", IEEE/ASME TRANSACTIONS ON MECHATRONICS 
2014-onwards Active member of the IEEE-RAS Technical Committee on Micro/Nano Robotics and Automation
2012 Guest Editor of "special issue: advanced control in micro/nanosystems", JOURNAL OF CONTROL 
SCIENCE AND ENGINEERING
A.2.2   Editorial and Organization Responsabilities in Conferences______________________________
2015 Program Committee, IEEE ICIA Yunnan China
2015 Program Committee, IEEE MSC Sydney Australia
2015 Program Committee, IEEE/ASME AIM Pusan South Korea
2015 Program Committee, IEEE ICRA Seattle WA USA
2015 Program Committee, SPIE Sensing Technology + Applications Baltimore MD USA
2014 Program Committee, IEEE ROBIO Hanoi, Vietnam
2014 Program Committee, IEEE ICRA Hong Kong China
2014 Program Committee, IEEE/ASME AIM Besançon France
2014 IEEE/ASME AIM Besançon France
Organizing Committee Chair,
Webmaster of the conference website,
Papercept and Papercept-registration technical co-administrator, 
2013 Program Committee, IEEE/ASME AIM Wollongong Australia
2013 Program Committee, IEEE ICRA Karlsruhe Germany
2012 Programm Committee for the Workshop: "µCONTROL", Besançon France
2012 Committee Member for the IEEE ICRA 2012 Best Automation Paper Award, St Paul MN USA
2010 Program Committee, IEEE-CASE Toronto Canada
2006 Local organization committee, the 'Génie Industrielle (GI)', Besançon France
2006 Local organization committee, the 'International Workshop on MicroFactory (IWMF)', Besançon France
A.2.3   ADVISED post-docs, PhD, Engineers and MSc internships______________________________
(for postdoctoral and PhD fellowships, the co-advisors are in parenthesis)
POST-DOCS  
- Omar ALJANAIDEH, 2014 (7 months, with Philippe Lutz) .
- Vincent CHALVET, 2014 (6 months, with Cédric Clévy) .
- Eakkachai Ton PENGWANG, 2013-2014 (12 months, with Kanty Rabenorosoa and Nicolas Andreff) .
- Ioan Alexandru IVAN, 2012-2013 (10 months, with Philippe Lutz). 
- Alex BIENAIME, 2012-2013 (12 months, with Cédric Clévy). 
- Juan Antonio ESCARENO, 2012-2013 (15 months, with Joël abadie). 
- Ioan Alexandru IVAN, 2008-2010 (24 months, with Philippe Lutz and Nicolas Chaillet). 
PHD  
- Yasser Al HAMIDI, UFC Besançon, nov 2013- nov 2016 (with Philippe Lutz until december 2014). 
- Didace HABINEZA, UFC Besançon, oct 2012- sept 2015 (with Yann Le Gorrec). 
- Sergio Andree LESCANO ALVARADO, UFC Besançon, jan 2012- jan 2015 (with Nicolas Andreff). 
- Sofiane KHADRAOUI, UFC Besançon, feb 2009 - jan 2012 (with Philippe Lutz). 
ENGINEERS AND MSC INTERNSHIPS  
- Ismaël Ahmed ISMAEL, MSc degree UFC Besançon, 2014.
- Fadwa HOUSSALI, MSc degree UFC Besançon, 2014. 
- Erwann DUPONT, MSc degree UFC and ENSMM Eng. School Besançon, 2014.
- Vincent TRENCHANT, MSc degree UFC and ENSMM Eng. School Besançon, 2014.
- Yasser Al HAMIDI, MSc degree UFC Besançon, 2013. 
- Adiasa ADIASA, MSc degree UFC and ENSMM Eng. School Besançon, 2013. 
- Quentin ASSAILLY , Engineering diploma, ENSIAME Valenciennes Eng. School, 2013. 
- Mohamed Lamine BERRANDJIA, MSc degree, CDTA, Alger Algeria, 2012. 
- Paul Michaël MOORE, BSc/PhD degree, University of Florida, Gainesville, 2011. 
- Qihong ZHOU, MSc degree UFC Besançon, 2011. 
- Kamel NCIR, MSc degree University of Montpellier, 2009. 
- Elodie Havet, Engineering degree IPSA Eng. School Paris, 2008. 
- Mamadou Cissé DIOUF, MSc degree UFC Besançon, 2007. 
A.2.4   PROJECTS and FUNDINGS Responsabilities________________________________________
(the amount corresponds to the grant given to the laboratory. The total is: 827k€) 
2014 University of Franche-Comté post-doc fellowship funding, 'Self-sensing in 2-DoF piezoelectric 
actuators: observer and control', 21k€, 7 months. Coordinators: Micky RAKOTONDRABE. 
2012-2016 National ANR Young Investigator C-MUMS project (http://sites.femto-st.fr/c-mums/), 'Control of 
Multivariable Piezoelectric Microsystems with Minimization of Sensors', 177k€, 42 months. Principal  
Investigator and Coordinator: Micky RAKOTONDRABE.
2012-2013 National ANR Emergence MYMESYS project (http://sites.femto-st.fr/mymesys/), 'High 
Performances Embedded Measurement Systems for multiDegrees of Freedom Microsystems', 300k€, 24 mois. 
Principal Investigator and Coordinator: Micky RAKOTONDRABE.
2013 University  of  Franche-Comté  post-doc  fellowship  funding,  'Design,  development, 
characterization and modeling of a 3-Dof (rho-theta-z) hybrid piezoelectric micro-platform for laser scanning in 
phonosurgery  ',  27k€,  9  months.  Coordinators:  Kanty  RABENOROSOA,  Nicolas  ANDREFF and  Micky  
RAKOTONDRABE. 
2013 University of Franche-Comté BQR funding, 'Energy harvesting for autonomous in-vivo 
millimetric robots', 16k€, 12 months. Coordinators: Kanty Rabenorosoa and Micky RAKOTONDRABE. 
2011 University of Franche-Comté BQR funding, 'Interval tools for the modeling, design and robust 
control of multivariable piezoelectric microgripper', 5k€, 12 months. Principal Investigator and Coordinator:  
Micky RAKOTONDRABE. 
2010 ENSMM BQR funding, 'Measurement and control of force/position multidirectional 
microassembly system', 14k€, 12 months. Coordinators: Cédric Clévy and Micky RAKOTONDRABE.
2009-2012 Funding for one PhD student from the Conseil Général du Doubs, 'Interval modeling and control 
of piezoelectric microactuators', 36 months, 90k€. Coordinators: Philippe Lutz and Micky RAKOTONDRABE. 
2008-2010 European FP7-PEOPLE-IEF MicroPADS project (http://sites.femto-st.fr/micropads/), 'New 
Micro-Robotic Systems featuring Piezoelectric Adaptive MicroStructures for Sensing and Actuating, with 
Associated Embedded Control: Microstructured Piezoelectric Adaptronic Systems',171k€, 24 month, With 
researcher fellow Dr Ioan Alexandru IVAN. Scientific Coordinator: Micky RAKOTONDRABE. 
2006 OSEO-ANVAR funding, 'Modeling, identification and control of monovariable hysteresis', 
6k€, 7 months. Coordinators: Mamadou Cissé DIOUF and Micky RAKOTONDRABE. 
A.2.5   PROJECTS Participation_________________________________________________________
(active participation to the following past and present funded projects)
2011- 2014 μRALP (european project), coordinators: Nicolas ANDREFF (FEMTO-ST) and Leo de MATOS.
2011-2014 NET4M (european/USA project), coordinator: Philippe LUTZ.
2012-2013 MIM-Hac (regional project), coordinator: Cédric CLEVY.
2008-2012 ANR NANOROL (national project), coordinator: Michaël GAUTHIER and Stéphane REGNIER.
2010- 2011 Maturation-project (regional project), coordinator: Philippe LUTZ.
2010-2012 MicroFactory-2 (regional project), coordinator: Jean-Marc NICOD.
2007-2009 MicroFactory (regional project), coordinator: Laurent PHILIPPE.
2004-2008 EUPASS (european project), coordinators: Philippe LUTZ (FEMTO-ST) and Sergej FATIKOW.
A.2.6   Other responsabilities____________________________________________________________
2014-onwards Committee member of the “TEMIS Innovation Pépinière d'Entreprises“ for the expertise of 
newly created companies.
A.2.7   Workshops, Tutorials and special sessions organization_________________________________
2015 Organizer of the special session on 'Control of smart mechatronic systems'
ACC Chicago IL USA
2014 Organizer of the 2 special sessions on 'Advances in micro and nano-scale positioning: design and control'
IEEE/ASME-AIM Besançon France (11 invited papers for two twin sessions)
2014 Organizer of the Tutorial 'Advanced control and noise reduction for micromanipulation'
IEEE/ASME-AIM Besançon France (http://sites.femto-st.fr/tutoAIM14/).
2011 Organizer of the Workshop 'Automation of assembly and packaging at the micro/nano-world', 
IEEE-CASE Triesta Italy (http://sites.femto-st.fr/WS-case11/).
2011 Organizer of the Tutorial 'Dynamics, characterization and control at the micro/nano-world', 
IEEE-ICRA Shanghai China (http://sites.femto-st.fr/Tuto-icra11/).
2010 Organizer of the Workshop 'Signal measurement and estimation techniques issues in the 
micro/nano-world ', IEEE-ICRA Alaska USA (http://sites.femto-st.fr/WS-icra10/).
2009 Organizer of the Workshop 'Control issue in the micro/nanoworld", IEEE-ICRA Japan (http://sites.femto-
st.fr/~micky.rakotondrabe/icra09/).
A.2.8   PhD Committee________________________________________________________________
2012 Committee member of the PhD dissertation of Muhamed Rashid PAC, University of Texas at Arlington 
(UTA TX) USA, title 'Precision and mobility analysis for microrobot desing and control', nov. 2012.
A.2.9   Reviewing_____________________________________________________________________
(regular or punctual reviewer for the following book, conferences and journals)
BOOK REVIEWING  
2014 Reviewer of the book proposal “Precision modeling and control of systems with hysteresis”, by Dr Liu 
Lei, publisher: Elsevier Chandos Publishing.
CONFERENCES   
IEEE-ICRA,  IEEE-IROS,  IEEE-CASE,  IEEE-IECON,  IEEE-ICIT,  IEEE-NANO,  IEEE-MSC,  IEEE-ROBIO, 
IEEE/ASME AIM, ASME IDETC, IFAC Symposium on Mechatronics, IFAC Symposium on NOLCOS, IFAC 
World Congress, WorldHaptics, ROCOND, CDC, ACC, RSI ICRoM.
JOURNALS  
- IEEE Transactions on Robotics 
- IEEE Transactions on Biomedical Engineering 
- IEEE Transactions on Control Systems Technology 
- IEEE Transactions on Automation Science and Engineering 
- IEEE Transactions on Instrumentation & Measurement 
- IEEE Transactions on Industrial Electronics 
- IEEE Transactions on Industrial Informatics
- IEEE Transactions on Vehicular Technology
- IEEE/ASME Transactions on Mechatronics 
- SIAM Journal of Optimization and Control
- IFAC AUTOMATICA
- IFAC/Elsevier Control Engineering Practice
- IFAC Mechatronics 
- International Journal of Control 
- Asian Journal of Control 
- IET Control Theory & Applications
- Elsevier Sensors & Actuators A: Physical 
- Elsevier Energy Conversion and Management 
- Elsevier Measurement
- Elsevier Sensors Robotics and Computer Integrated Manufacturing 
- Taylor & Francis International Journal of Systems Science
- IOP Journal of Micromechanics and Microengineering
- IOP Review of Scientific Instruments 
- IOP Smart Materials and Structures
- Springer Meccanica 
- Springer Cell Biochemistry & Biophysics 
- Springer Journal of Intelligent and Robotic Systems 
- Springer Control Theory and Technology (Journal of Control Theory and Applications)
- Birkhäuser/Springer Journal of Mathematics in Computer Science
- SAGE Journal of Intelligent Material Systems and Structures
- SAGE Journal of Vibration and Control
- SAGE Journal of Systems and Control Engineering
- SAGE Journal of Mechanical Engineering Science
- MDPI International Journal of Molecular Sciences
- MDPI Sensors 
- MDPI Materials
- Journal of Low Frequency Noise, Vibration and Active Control
- International Journal of Advanced Robotic Systems
- Hindawi Journal of Robotics
- Hindawi Mathematical Problems in Engineering
- Hindawi Discrete Dynamics in Nature and Society
- Merit Research Journal of Education and Review
A.2.10   Societies and groups memberships________________________________________________
- IEEE: StudM'05, M'07
- Group of Set Membership Computation (the MEA group of the GDR-MACS society, France), member
- Group of Methods and Tools for the Analysis and Synthesis in Robustness (the MOSAR group of the GDR-
MACS), member 
- Group of Mechatronic Systems (the SYSME group of the GDR-MACS society, France), member
- Group of Multiscale Manipulation (the MM group of the GDR-Robotics society, France), member. 
A.3   TEACHING ACTIVITES
A.3.1  Pedagogic and administrative responsabilities_________________________________________
TEACHING MODULES RESPONSABILITIES  
- Responsible of the module 'Advanced Control Systems' for 2nd  year MSc Mechatronics and Microsystems
- Responsible of the module 'Control Systems: modeling and basics on control' for 3rd year BSc EEA
- Responsible of the module 'Linear Control: Continous Systems' for 3rd year BSc EEA
- Responsible of the module 'Robotics' for 3rd year BSc ARIA (until 2011)
ADMINISTRATIVE RESPONSABILITIES  
- Elected UFC consultant at the AIP-PRIMECA-pôle of Franche-Comté since march 2012. The AIP-PRIMECA-
pôle is one of the competitive and great poles in France for robotics and production platforms devoted to robotics  
and  mechanics  teachings.  Each  of  these  poles  is  used  by  several  universities,  institutes  and  “Ecoles  
d'Ingénieurs”.
- Committee member for the Academic Recruitment (Commissions Universitaires) at INSA (National Institute of 
Applied Sciences), LYON FRANCE, since 2013. 
- Scientific committee of the AIP-PRIMECA congress, 2015.
A.3.2   TEACHING for undergrads (BSc), UFC  University___________________________________
TEACHINGS  :
- Introduction to Electrical and Control Engineering (Découverte de l'EEA): labs (until 2011), 1st year BSc EEA
- Control Systems: modeling and basics on control (Introduction à la Commande): courses/tutorials/labs, 3rdyear 
BSc EEA
- Linear Control: Continous Systems (Asservissement Continu): courses/tutorials/labs, 3rd year BSc EEA
- Digital Control (Asservissement Numérique): labs (until 2011), 3rd year BSc EEA
- Linear Control Systems (Automatique): labs (until 2011), 2nd year of ISIFC Engineering School
- Robotics (Robotique): courses/tutorials/labs (until 2011), 3rd year BSc ARIA 
SIGNIFICATIONS OF THE ACRONYMS AND TERMS  
UFR ST: Unité mixte de Formation et de Recherche, Science et Techniques (School of Sciences and Techniques) 
EEA: Electronique Electrotechnique Automatique (Electronics, Electrical and Control Engineering) 
ARIA: Automatique, Robotique, Informatique et Assemblage (Control Engineering, Robotics, Computer science  
and Assembly), BSc with professional qualification
A.3.3   TEACHING for MSc UFC University and “Ecoles d'Ingénieurs”_________________________
TEACHINGS:  
- MicroMechatronics (Micromécatronique): courses/tutorials, 2nd year MSc Mechatronics and Microsystems
- Advanced Control Systems: H-inf and µ-synthesis theories (Automatique Avancée): courses/tutorials/labs, 2nd 
year MSc Mechatronics and Microsystems
- Multivariable Control Systems (Commande des Systèmes Multivariables): labs, 1st year MSc Mechatronics and 
Microsystems 
- Robotics (Robotique): labs (until 2011), 1st year MSc Mechatronics and Microsystems
- Robotics (Robotique): labs (until 2011), 2 nd year of MSc SAPIAA
- Robotics (Robotique): labs (until 2011), 3 nd year of ISIFC “Ecole d'Ingénieurs”
SIGNIFICATIONS OF THE ACRONYMS AND TERMS  
SAPIAA: Systèmes Automatisés de Production dans les Industries Agro-Alimentaires (Automated production 
systems in food-processing industry, MSc with professional qualification) 
ISIFC: Institut Supérieur des Ingénieurs de Franche-Comté (Institute of Engineers of Franche-Comté, “Ecole  
d'Ingénieurs”) 
A.3.4   INVITED LECTURE____________________________________________________________
- Invited lecture (1h) on 'Control of microrobots' at the University of Texas at Arlington (UTA TX USA)  
in november 2012: courses for BSc, MSc and PhD.
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✶✹✼
B.1   BOOK and EDITED BOOKS_______________________________________________________
[B4]  Micky  Rakotondrabe,  'Piezoelectric  cantilevered  structures:  modeling  control  and
measurement/estimation aspects', Springer - Verlag, Monography in preparation (still !!). 
[B3] Micky Rakotondrabe, 'Smart materials-based actuators at the micro/nano-scale: characterization, control
and applications', edited book, Springer  - Verlag, New York, ISBN 978-1-4614-6683-3, 2013.
[B2] Cédric Clévy, Micky Rakotondrabe and Nicolas Chaillet, 'Signal measurement and estimation techniques
issues in the micro/nano world', edited book, Springer - Verlag, New York, ISBN 978-1-4419-9945-0, 2011.
[B1] Micky Rakotondrabe, 'Microrobots et stations de microassemblage', Monography, Editions Universitaires
Européennes, ISBN: 978-613-1-51443-2, June 2010. (related to my phd works)
B.2   BOOK CHAPTERS______________________________________________________________
[BC11] Yassine Haddab, Vincent Chalvet et Micky Rakotondrabe, 'Open-loop control approaches of compliant 
micromanipulators', a chapter in 'Flexible robotics: Applications to Multiscale Manipulations' edited by Mathieu 
Grossard, Nicolas Chaillet et Stéphane Régnier, Wiley - ISTE, ISBN 978-1-84821-520-7, July 2013.
[BC10] Yassine Haddab, Vincent Chalvet et Micky Rakotondrabe, 'Approches de commande en boucle ouverte 
pour les micro-manipulateurs flexibles à base de matériaux actifs', a chapter in 'Robotique flexible: manipulation
multi-échelle' edited by Mathieu Grossard, Nicolas Chaillet et Stéphane Régnier, Hermès Science, ISBN 
9782746245099, July 2013.
[BC9] Micky Rakotondrabe, Mohammad Al Janaideh, Alex Bienaimé and Qingsong Xu, 'Introduction: smart 
materials as essential base for actuators in micro/nanopositioning', a chapter in 'Smart materials-based actuators
at the micro/nano-scale: characterization, control and applications' edited by Micky Rakotondrabe, Springer - 
Verlag, New York, ISBN 978-1-4614-6683-3, 2013.
[BC8] Micky Rakotondrabe and Sofiane Khadraoui, 'Design of piezoelectric actuators with guaranteed 
performances using the performances inclusion theorem and interval tools', a chapter in 'Smart materials-based 
actuators at the micro/nano-scale: characterization, control and applications' edited by Micky Rakotondrabe, 
Springer - Verlag, New York, ISBN 978-1-4614-6683-3, 2013.
[BC7] Micky Rakotondrabe, Juan-Antonio Escareno, Didace Habineza and Sergio Lescano 'Kalman filtering 
and state-feedback control of a nonlinear piezoelectric cantilevered actuator', a chapter in 'Smart materials-
based actuators at the micro/nano-scale: characterization, control and applications' edited by Micky 
Rakotondrabe, Springer - Verlag, New York, ISBN 978-1-4614-6683-3, 2013.
[BC6] Micky Rakotondrabe, 'Modeling and robust H-inf control of a nonlinear and oscillating 2-dof 
multimorph cantilevered piezoelectric actuator', a chapter in 'Smart materials-based actuators at the micro/nano-
scale: characterization, control and applications' edited by Micky Rakotondrabe, Springer - Verlag, New York, 
ISBN 978-1-4614-6683-3, 2013. 
[BC5] Micky Rakotondrabe, 'Feedforward control of flexible and nonlinear piezoelectric actuators', a chapter 
in 'Smart materials-based actuators at the micro/nano-scale: characterization, control and applications' edited 
by Micky Rakotondrabe, Springer - Verlag, New York, ISBN 978-1-4614-6683-3, 2013.
[BC4] Sofiane Khadraoui, Micky Rakotondrabe and Philippe Lutz, 'Interval modeling and robust feedback 
control of piezoelectric-based microactuators', a chapter in 'Smart materials-based actuators at the micro/nano-
scale: characterization, control and applications' edited by Micky Rakotondrabe, Springer - Verlag, New York, 
ISBN 978-1-4614-6683-3, 2013.
[BC3] Cédric Clévy and Micky Rakotondrabe, 'Microscale specificities', a chapter in 'Signal measurement and 
estimation techniques issues in the micro/nano world' edited by Cédric Clévy, Micky Rakotondrabe and Nicolas 
Chaillet, Springer - Verlag, ISBN 978-1-4419-9945-0, August 2011. 
[BC2] Ioan Alexandru Ivan, Micky Rakotondrabe, Philippe Lutz and Nicolas Chaillet, 'Self-sensing 
measurement in piezoelectric cantilevered actuators for micromanipulation and microassembly contexts', a 
chapter in 'Signal measurement and estimation techniques issues in the micro/nano world' edited by Cédric 
Clévy, Micky Rakotondrabe and Nicolas Chaillet, Springer - Verlag, ISBN 978-1-4419-9945-0, August 2011. 
[BC1] Micky Rakotondrabe, Yassine Haddab and Philippe Lutz, 'Modeling and control of stick-slip 
micropositioning devices', a chapter in 'Micro nanosystems & systems on chips: modeling, control and 
estimation' edited by Alina Voda, Wiley - ISTE, ISBN: 978-1-84821-190-2, Jan. 2010. (related to my phd works)
B.3   PATENTS______________________________________________________________________
[PT3] Ioan Alexandru Ivan, Joël Agnus and Micky Rakotondrabe, 'Multi-DOF micropositioning techniques for 
piezoelectric actuators and relative devices', PCT procedure finished N°PCT/FR2013/050622, patent extension is
ongoing for the following countries: european countries, Switzerland and USA. 
[PT2] Ioan Alexandru Ivan, Joël Agnus and Micky Rakotondrabe, 'Technique de micropositionnement à 
multidegrés de liberté pour actionneurs piézoélectriques et dispositifs associés', french Patent, INPI FR-
N°12/52554, march 2013.
[PT1] Ioan Alexandru Ivan and Micky Rakotondrabe, 'Micro-actionneur et Micro-pince', french Patent, INPI 
FR1053377, delivered in 8th june 2012.
B.4   JOURNAL PAPERS______________________________________________________________
[J24] Didace Habineza, Micky Rakotondrabe and Yann Le Gorrec, 'Bouc-Wen Modeling and Feedforward 
Control of multivariable Hysteresis in Piezoelectric Systems: Application to a 3-DoF Piezotube scanner', IEEE - 
Transactions on Control Systems Technology (T-CST), DOI.10.1109/TCST.2014.2386779, in press.
[J23] Micky Rakotondrabe, Alexandru Ivan, Sofiane Khadraoui, Philippe Lutz and Nicolas Chaillet, 
'Simultaneous displacement and force self-sensing in piezoelectric actuators and applications to robust control of
the displacement', IEEE/ASME - Transactions on Mechatronics (T-mech), DOI.10.1109/TMECH.2014.2300333, 
Jan 2014. 
[J22] Sofiane Khadraoui, Micky Rakotondrabe and Philippe Lutz, 'Interval force/position modeling and control
of a microgripper composed of two collaborative piezoelectric actuators and its automation', Springer - 
International Journal of Control, Automation and Systems (IJCAS), Vol 12, No 2, Page 358-371, April 2014.
[J21] Sofiane Khadraoui, Micky Rakotondrabe and Philippe Lutz, ' Optimal design of piezoelectric cantilevered
actuators with guaranteed performances by using interval techniques', IEEE/ASME - Transactions on 
Mechatronics (T-mech), Volume 19, Issue 5, Page 1660-1668, October 2014.
[J20] Micky Rakotondrabe, Anthony Fowler and S.O. Reza Moheimani, 'Control of a novel 2-DoF MEMS 
nanopositioner with electrothermal actuation and sensing', IEEE - Transactions on Control Systems Technology 
(T-CST), Volume 22, Number 4, Page 1486-1497, July 2014.
[J19] Joël Agnus, Nicolas Chaillet, Cédric Clévy, Sounkalo Dembélé, Michaël Gauthier, Yassine Haddab, 
Guillaume Laurent, Philippe Lutz, Nadine Piat and Micky Rakotondrabe, 'Robotic Microassembly and 
micromanipulation at FEMTO-ST', Journal of Micro-Bio Robotics (JMBR), Volume 8, Issue 2, Page 91-106, 
2013. 
[J18] Sofiane Khadraoui,  Micky Rakotondrabe and Philippe Lutz,  'Design of  RST-structured controller for
parametric uncertain system using interval analysis: application to piezocantilever' ,  Asian Journal of Control
(AJC), Vol.15, Num.1, pp.142-154-13, January 2013.
[J17] Qingsong Xu, Pak-Kin Wong, Minping Jia, Micky Rakotondrabe and Li Zhang, 'Guest editorial 
introduction to the special issue on advanced control in micro/nanosystems', Journal of Control Science and 
Engineering, vol. 2012, Article ID 827479, 2 pages, doi:10.1155/2012/827479, 2012. 
[J16] Sofiane Khadraoui, Micky Rakotondrabe and Philippe Lutz, 'Combining H-inf approach and interval 
tools to design a low order and robust controller for systems with parametric uncertainties: application to 
piezoelectric actuators', International Journal of Control (IJC), vol. 85, no1-3, pp. 251-259, 2012. 
[J15] Sofiane Khadraoui, Micky Rakotondrabe and Philippe Lutz, 'Interval Modeling and Robust Control of 
Piezoelectric Microactuators', IEEE - Transactions on Control Systems Technology (T-CST), Vol.20, Num.2, 
pp.486-494, March 2012. 
[J14] Micky Rakotondrabe and Alexandru Ivan, 'Development and Force/Position Control of a New Hybrid 
Thermo-Piezoelectric microGripper dedicated to micromanipulation tasks', IEEE - Transactions on Automation 
Science and Engineering (T-ASE), Vol.8, Issue.4, pp.824-834, 0ctober 2011. 
[J13] Micky Rakotondrabe, Kanty Rabenorosoa, Joël Agnus and Nicolas Chaillet, 'Robust feedforward-
feedback control of a nonlinear and oscillating 2-dof piezocantilever', IEEE - Transactions on Automation 
Science and Engineering (T-ASE),Vol.8, Issue.3, pp.506-519, July 2011. 
[J12] Micky Rakotondrabe, 'Bouc-Wen modeling and inverse multiplicative structure to compensate hysteresis 
nonlinearity in piezoelectric actuators', IEEE - Transactions on Automation Science and Engineering (T-ASE), 
Vol.8, Issue.2, pp.428-431, April 2011.
[J11] Ioan Alexandru Ivan, Valentin Stihi, Michaela Ivan, C. Stihi, Micky Rakotondrabe, A. Jelea, 'Battery 
powered cost effective TDS logger intended for water testing', Romanian Journal of Physics (RJP), ISSN 1221-
146X, Vol.56(3-4), 2011. 
[J10] Micky Rakotondrabe, Ioan Alexandru Ivan, Valentin Stihi, Simona Noveanu and Eugenia Minca, 'Design 
and modeling of a piezoelectrically actuated microvalve', Romanian Journal of Physics (RJP), Vol.56, pp.141-
149, 2011. 
[J9] Micky Rakotondrabe and Alexandru Ivan, 'Development and dynamic modeling of a new hybrid thermo-
piezoelectric micro-actuator', IEEE - Transactions on Robotics (T-RO), Vol.26, Issue.6, pp.1077-1085, Dec 2010.
[J8] Ioan Alexandru Ivan, Micky Rakotondrabe, Joël Agnus, Roger Bourquin, Nicolas Chaillet, Philippe Lutz, 
Jean-Claude Ponçot, Roland Duffait, Olivier Bauer, 'Comparative material study between PZT ceramic and 
newer crystalline PMN-PT and PZN-PT materials for composite bimorph actuators', Review on Advanced 
Materials Science (RAMS), Vol.24(1), 2010. 
[J7] Micky Rakotondrabe, Cédric Clévy and Philippe Lutz, 'Complete open loop control of hysteretic, creeped 
and oscillating piezoelectric cantilever', IEEE - Transactions on Automation Science and Engineering (T-ASE), 
Vol.7(3), pp:440-450, July 2010. 
[J6] Alexandru Ivan, Micky Rakotondrabe, Philippe Lutz and Nicolas Chaillet, 'Current integration force and 
displacement self-sensing method for cantilevered piezoelectric actuators', Review of Scientific Instruments 
(RSI), Vol.80(12), 2126103, December 2009. 
[J5] Alexandru Ivan, Micky Rakotondrabe, Philippe Lutz and Nicolas Chaillet, 'Quasi-static displacement self-
sensing method for cantilevered piezoelectric actuators', Review of Scientific Instruments (RSI), Vol.80(6), 
065102, June 2009. 
[J4] Hui Xie, Micky Rakotondrabe and Stéphane Régnier, 'Characterizing piezoscanner hysteresis and creep 
using optical levers and a reference nanopositioning stage', Review of Scientific Instruments (RSI), Vol.80, 
046102, April 2009. 
[J3] Micky Rakotondrabe, Yassine Haddab and Philippe Lutz, 'Development, Modeling, and Control of a 
Micro-/Nanopositioning 2-DOF Stick–Slip Device', IEEE/ASME - Transactions on Mechatronics (T-mech), 
Vol.14, Issue 6, pp:733-745, December 2009. (related to my phd works)
[J2] Micky Rakotondrabe, Yassine Haddab and Philippe Lutz, 'Quadrilateral modeling and robust control of a 
nonlinear piezoelectric cantilever', IEEE - Transactions on Control Systems Technology (T-CST), Vol.17, Issue 3,
pp:528-539, May 2009. (related to my phd works)
[J1] Micky Rakotondrabe, Yassine Haddab and Philippe Lutz, 'Voltage/frequency proportional control of stick-
slip microsystems', IEEE - Transactions on Control Systems Technology (T-CST), Vol.16, Issue 6, pp:1316-1322, 
November 2008. (related to my phd works)
B.5   INTERNATIONAL CONFERENCES ________________________________________________
[C55] Ton E. Pengwang, Kanty Rabenorosoa, Micky Rakotondrabe and Nicolas Andreff, 'Characterizations 
and Micro-assembly of Electrostatic Actuators for 3-DOF Micromanipulators in Laser Phonomicrosurgery ', 
IEEE/ASME-MESA, (International Conference on Mechatronic and Embedded Systems and Applications), 
accepted, Senigallia Ancona Italy, September 2014.
[C54] Juan Antonio Escareno, Didace Habineza and Micky Rakotondrabe, 'Tracking Control of a 
Piezocantilever Using a Bounded-Input Adaptive Backstepping Scheme and Sliding-Mode Observer', IFAC - 
WC , (World Congress), accepted, Cape Town, South Africa, August 2014.
INVITED SESSION.
[C53] Didace Habineza, Micky Rakotondrabe and Yann Le Gorrec, 'Multivariable generalized Bouc-Wen 
modeling, identification and feedforward control and its application to a 2-DoF piezoelectric multimorph 
actuator ', IFAC - WC , (World Congress), accepted, Cape Town, South Africa, August 2014.
[C52] Juan Antonio Escareno, Joël Abadie, Micky Rakotondrabe and Emmanuel Piat, 'H-inf based Trajectory 
Control of a 2DOF piezo-cantilever Using Embedded/Integrated Magnetic Sensors', IEEE/ASME - AIM, 
(International Conference on Advanced Intelligent Mechatronics), pp.1676-1682, Besançon, France, July 2014 
INVITED SESSION.
[C51] Omar Aljanaideh, Mohammad Al Janaideh and Micky Rakotondrabe, 'Enhancement of Micro-positioning
Accuracy of a Piezoelectric Positioner by Suppressing the Rate-Dependant Hysteresis Nonlinearities', 
IEEE/ASME - AIM, (International Conference on Advanced Intelligent Mechatronics), pp.1683-1688, Besançon, 
France, July 2014 
INVITED SESSION.
[C50] Bilal Komati, Cédric Clévy, Micky Rakotondrabe and Philippe Lutz, 'Dynamic Force/Position Modeling 
of a one-DOF Piezoelectric Smart Micro-Finger with sensorized end-effector', IEEE/ASME - AIM, (International
Conference on Advanced Intelligent Mechatronics), pp.1474-1479, Besançon, France, July 2014 
INVITED SESSION.
[C49] Juan Antonio Escareno, Gerardo Ramon Flores Colunga, Micky Rakotondrabe and Rogelio Lozano, 
'Task-based Control of a Multirotor Miniature Aerial Vehicle Having an Onboard Manipulator', ICUAS, 
(International Conference on Unmanned Aircraft Systems), accepted, Orlando, FL USA, May 2014 
[C48] Didace Habineza, Micky Rakotondrabe and Yann Le Gorrec, 'Modeling, identification and feedforward 
control of multivariable hysteresis by combining Bouc-Wen equations and the inverse multiplicative structure', 
ACC, (American Control Conference), pp.4783-4789, Portland Oregon USA, June 2014. 
INVITED SESSION.
[C47] Xin Xu, Joël Agnus and Micky Rakotondrabe, 'Development and characterization of a new silicone / 
platine based 2-DoF sensorized end-effector for micromanipulators', SPIE - Sensing Technology+Applications; 
Sensors for Next Generation Robots conference, Baltimore Maryland USA, May 2014. 
[C46] Ton E. Pengwang, Kanty Rabenorosoa, Micky Rakotondrabe and Nicolas Andreff, 'Integrative Micro 
Actuators for Robot-assisted Laser Phonomicrosurgery', RGC, Russian German Conference (Russian Bavarian 
Conference on Bio-Medical Engineering), Hannover Germany, October 2013.
[C45] Sergio Lescano, Dimiter Zlatanov, Micky Rakotondrabe and Nicolas Andreff, 'Kinematic Analysis of a 
Meso Scale Parallel Robot for Laser Phonomicrosurgery', IAK, (International Conference on Interdisciplinary 
Applications in Kinematic), Lima Peru, September 2013.
[C44] Muhammed Rashid Pac, Micky Rakotondrabe, Sofiane Khadraoui, Dan O. Popa and Philippe Lutz, 
'Guaranteed Manipulator Precision via Interval Analysis of Inverse Kinematics', ASME - IDETC/CIE, 
(International Design Engineering Technical Conference & Computers and Information in Engineering 
Conference), Portland Oregon USA, August 2013.
[C43] Micky Rakotondrabe, 'Towards high autonomy energy harvesters based on piezoelectric MEMS', 
Nanoenergy, (International Conference on Nanoenergy), Perugia Italy, July 2013.
[C42] Juan Antonio Escareno, Micky Rakotondrabe, Gerardo Ramon Flores Colunga and Rogelio Lozano, 
'Rotorcraft MAV Having an Onboard Manipulator: Longitudinal Modeling and Robust Control', ECC, (European
Control Conference), Zürich Switzerland, pp.3258-3263, July 2013.
[C41] Micky Rakotondrabe, 'Combining self-sensing with an Unkown-Input-Observer to estimate the 
displacement, the force and the state in piezoelectric cantilevered actuator', ACC, (American Control 
Conference), pp.4523-4530, Washington DC USA, June 2013.
[C40] Anthony Fowler, Micky Rakotondrabe, and S.O. Reza Moheimani, 'Closed-Loop Control of a Novel 2-
DOF MEMS Nanopositioner with Electrothermal Actuation', IFAC Mechatronics, (Symposium on Mechatronic 
Systems), pp.391-398, Hangzhou China, April 2013.
[C39] Micky Rakotondrabe, Anthony Fowler and S.O. Reza Moheimani 'Characterization of a 2-dof 
electrothermal MEMS with integrated actuation and sensing capability', IEEE - Sensors, pp.973-976, Taipei 
Taiwan, October 2012. 
[C38] Dominique Gendreau, Micky Rakotondrabe and Philippe Lutz, 'Towards reconfigurable and modular 
microfactory based on the TRING-module stick-slip microrobot', IWMF, (International Workshop on 
MicroFactory), Tempere, Finland, June 2012. 
[C37] Sofiane Khadraoui, Micky Rakotondrabe and Philippe Lutz, 'Combining H-inf and interval techniques to
design robust low order controllers: application to piezoelectric actuators', ACC, (American Control 
Conference), pp.104-110, Montréal Canada, June 2012. 
[C36] Micky Rakotondrabe, 'Classical Prandtl-Ishlinskii modeling and inverse multiplicative structure to 
compensate hysteresis in piezoactuators', ACC, (American Control Conference), pp.1646-1651, Montréal 
Canada, June 2012.
[C35] Micky Rakotondrabe, 'Modeling and Compensation of Multivariable Creep in multi-DOF Piezoelectric 
Actuators', IEEE - ICRA, (International Conference on Robotics and Automation), pp.4577-4581, St Paul 
Minnesota USA, May 2012. 
[C34] Paul M. Moore, Micky Rakotondrabe, Cédric Clévy and Gloria J. Wiens, 'Development of a modular and
compliant micro-assembly platform with integrated force measurement capabilities', ICOMM, (International 
Conference on MicroManufacturing), Northwestern University, March 2012. 
[C33] Ioan Alexandru Ivan, Joël Agnus, Micky Rakotondrabe, Philippe Lutz and Nicolas Chaillet, 'PMN-PT 
piezoelectric material and related applications in silicon-integrated devices like microactuators and energy 
harvesting', IEEE - CAS, (International Semiconductor Conference CAS2011), Sinaia Romania, October 2011. 
[C32] Gilgueng Hwang, Ioan Alexandru Ivan, Joël Agnus, Micky Rakotondrabe, Edgar Leon Perez, Stamboul 
Meriemn Hugo Salmon, Sinan Haliyon, Nicolas Chaillet, Stéphane Régnier and Anne-Marie Hanghiri-Gosnet, 
'Remotely powered floating microswimmers as colloidam microparticle manipulators', MNE, (International 
Conference on Micro and Nano Engineering), Berlin Germany, September 2011. 
[C31] Micky Rakotondrabe, Joël Agnus and Philippe Lutz, 'Feedforward and IMC-feedback control of a 
nonlinear 2-DOF piezoactuator dedicated to automated micropositioning tasks', IEEE - CASE, (International 
Conference on Automation Science and Engineering), pp.393-398, Trieste Italy, August 2011. 
BEST PAPER AWARD FINALIST.
[C30] Sofiane Khadraoui, Micky Rakotondrabe and Philippe Lutz, 'Modeling and Robust Deflection Control of 
Piezoelectric microActuators modeled by Zero-Order Numerator Interval System', IFAC - WC, (World Congress),
pp.9763-9768, Milano Italy, August 2011. 
[C29] Ioan Alexandru Ivan, Joël Agnus, Micky Rakotondrabe, Philippe Lutz and Nicolas Chaillet, 
'Microfabricated PMN-PT on Silicon cantilevers with improved static and dynamic piezoelectric actuation: 
development, characterization and control', IEEE/ASME - AIM, (International Conference on Advanced 
Intelligent Materials), pp.403-408, Budapest Hungary, July 2011. 
[C28] Micky Rakotondrabe, 'Performances inclusion for stable interval systems', ACC, (American Control 
Conference), pp.4367-4372, San Francisco CA USA, June-July 2011. 
[C27] Sofiane Khadraoui, Micky Rakotondrabe and Philippe Lutz, 'PID-Structured Controller Design for 
Interval Systems: Application to Piezoelectric Microactuators', ACC, (American Control Conference), pp.3477-
3482, San Francisco CA USA, June-July 2011. 
[C26] Ioan Alexandru Ivan, Gilgueng Hwang, Joël Agnus, Micky Rakotondrabe, Nicolas Chaillet and Stéphane 
Régnier, 'First experiments on MagPieR: a planar wireless magnetic and piezoelectric microrobot', IEEE - 
ICRA, (International Conference on Robotics and Automation), pp.102-108, Shanghai China, May 2011.
[C25] Sofiane Khadraoui, Micky Rakotondrabe and Philippe Lutz, 'Robust control for a class of interval 
model: application to the force control of piezoelectric cantilevers', IEEE - CDC, (Conference on Decision and 
Control), pp.4257-4262, Atlanta Georgia USA, December 2010. 
[C24] Dominique Gendreau, Micky Rakotondrabe and Philippe Lutz, 'Modular design method applied to a 
micromanipulation station', IWMF, (International Workshop on MicroFactory), Daejeon, Korea, October 2010. 
[C23] Micky Rakotondrabe and Yann Le Gorrec, 'Force control in piezoelectric microactuators using self 
scheduled H_inf technique', IFAC - Mech, (Symposium on Mechatronic Systems), pp.417:422, Cambridge 
Massachusetts USA, September 2010. 
INVITED SESSION.
[C22] Micky Rakotondrabe, Cédric Clévy, Kanty Rabenorosoa and Kamel Ncir, 'Presentation, Force 
Estimation and Control of an Instrumented platform dedicated to Automated Micromanipulation Tasks', IEEE - 
CASE, (International Conference on Automation Science and Engineering), pp:722-727, Toronto Ontario CA, 
Aug 2010. 
[C21] Kanty Rabenorosoa, Cédric Clévy, Micky Rakotondrabe and Philippe Lutz, 'Guiding strategies for the 
assembly of micro-components subjected to planar pull-off force', ASME - DETC/CIE, (International Design 
Engineering Technical Conference & Computers and Information in Engineering Conference), DETC2010-
29213, Montreal Canada, August 2010. 
[C20] Micky Rakotondrabe, Ioan Alexandru Ivan, Sofiane Khadraoui, Cédric Clévy, Philippe Lutz and Nicolas 
Chaillet, 'Dynamic displacement self-sensing and robust control of cantilevered piezoelectric actuators dedicated
to microassembly tasks', IEEE/ASME - AIM, (International Conference on Intelligent Materials), pp:557-562, 
Montreal Canada, July 2010. 
[C19] Micky Rakotondrabe and Ioan Alexandru Ivan, 'Principle, characterization and control of a new hybrid 
thermo-piezoelectric microactuator', IEEE - ICRA, (International Conference on Robotics and Automation), 
pp:1580-1585, Anchorage Alaska USA, May 2010. 
[C18] Micky Rakotondrabe, Joël Agnus, Kanty Rabenorosoa and Nicolas Chaillet, 'Characterization, modeling 
and robust control of a nonlinear 2-dof piezocantilever for micromanipulation/microassembly', IEEE/RSJ - 
IROS, (International Conference on Intelligent Robots and Systems), pp:767-774, St Louis MO USA, October 
2009.
[C17] Ioan Alexandru Ivan, Micky Rakotondrabe and Nicolas Chaillet, 'High Coupling Factor Materials for 
Bending Actuators: Analytical and Finite Elements Modeling Results', COMSOL Conference, Milan Italy, 
October 2009.
[C16] Micky Rakotondrabe and Patrick Rougeot, 'Presentation and improvement of an AFM-based system for 
the measurement of adhesion forces', IEEE - CASE, (International Conference on Automation Science and 
Engineering), pp:585-590, Bangalore India, August 2009. 
[C15] Micky Rakotondrabe and Philippe Lutz, 'Force estimation in a piezoelectric cantilever using the inverse-
dynamics-based UIO technique', IEEE - ICRA, (International Conference on Robotics and Automation), 
pp:2205-2210, Kobe Japan, May 2009. 
[C14] Micky Rakotondrabe, Cédric Clévy and Philippe Lutz, 'Hysteresis and vibration compensation in a 
nonlinear unimorph piezocantilever', IEEE/RSJ - IROS, (International Conference on Intelligent Robots and 
Systems), pp:558-563, Nice France, Sept 2008. 
[C13] Micky Rakotondrabe, Mamadou Cissé Diouf and Philippe Lutz, 'Robust feedforward-feedback control of 
a hysteretic piezocantilever under thermal disturbance', IFAC - WC , (World Congress), pp:13725-13730, Seoul 
Corea, July 2008. 
INVITED SESSION.
[C12] Micky Rakotondrabe, Cédric Clévy and Philippe Lutz, 'H-inf deflection control of a unimorph 
piezoelectric cantilever under thermal disturbance', IEEE/RSJ - IROS, (International Conference on Intelligent 
Robots and Systems), pp:1190-1197, San Diego CA USA, Oct-Nov 2007. 
[C11] Micky Rakotondrabe, Cédric Clévy and Philippe Lutz, 'Modelling and robust position/force control of a 
piezoelectric microgripper', IEEE - CASE, (International Conference on Automation Science and Engineering), 
pp:39-44, Scottsdale AZ USA, Sept 2007. 
[C10] Micky Rakotondrabe, Yassine Haddab and Philippe Lutz, 'Nonlinear modelling and estimation of force in
a piezoelectric cantilever', IEEE/ASME - AIM, (International Conference on Advanced Intelligent 
Mechatronics), Zurich Switzerland, Sept 2007.  (related to my phd works)
[C9] Micky Rakotondrabe, Yassine Haddab and Philippe Lutz, 'Modelling and H-inf force control of a 
nonlinear piezoelectric cantilever', IEEE/RSJ - IROS, (International Conference on Intelligent Robots and 
Systems), pp:3131-3136, San Diego CA USA, Oct-Nov 2007.  (related to my phd works)
[C8] Micky Rakotondrabe, Yassine Haddab and Philippe Lutz, 'High-stroke motion modelling and 
voltage/frequency proportional control of a stick-slip microsystem', IEEE - ICRA, (International Conference on 
Robotics and Automation), pp:4490-4496, Roma Italy, April 2007.  (related to my phd works)
[C7] Micky Rakotondrabe, Yassine Haddab and Philippe Lutz, 'Plurilinear modeling and discrete µ-synthesis 
control of a hysteretic and creeped unimorph piezoelectric cantilever', IEEE - ICARCV, (International 
Conference on Automation, Robotics, Control and Vision), pp:57-64, Grand Hyatt Singapour, December 2006. 
BEST PAPER AWARD FINALIST.  (related to my phd works)
[C6] Micky Rakotondrabe, Yassine Haddab and Philippe Lutz, 'Results on the closed-loop control of the 
TRING-module dedicated to a modular micromanipulation station', IWMF, (International Workshop on 
MicroFactory), Besançon, October 2006.  (related to my phd works)
[C5] Micky Rakotondrabe, Yassine Haddab and Philippe Lutz, 'TRING-module : a high-range and high-
precision 2DoF microsystem dedicated to a modular micromanipulation station', IWMF, (International Workshop
on MicroFactory), Besançon, October 2006.  (related to my phd works)
[C4] Micky Rakotondrabe, Yassine Haddab and Philippe Lutz, 'Design, development and experiments of a high 
stroke-precision 2DoF (linear-angular) microsystem', IEEE - ICRA, (International Conference on Robotics and 
Automation), pp:669-674, Orlando FL USA, May 2006.  (related to my phd works)
[C3] Micky Rakotondrabe, Samir Benbelkacem, Yassine Haddab, Christophe Perrard, Philippe Lutz, 'Approche 
architecturale pour la ré-organisabilité d'une micro-usine hautement modulaire', GI, (franco-Canadian Industrial 
Engineering Conference), poster session, Besançon France, June 2005.  (related to my phd works)
[C2] Micky Rakotondrabe, Yassine Haddab and Philippe Lutz, 'Step modelling of a high precision 2DoF 
(linear-angular) microsystem', IEEE - ICRA, (International Conference on Robotics and Automation), pp:151-
157, Barcelona Spain, April 2005.  (related to my phd works)
[C1] Micky Rakotondrabe, Yassine Haddab and Philippe Lutz, 'Modelling and control of a highly modular 
microassembly system', IWMF, (International Workshop on MicroFactory), pp:140-145, Shanghai China, October
2004.  (related to my phd works)
B.6   WORKSHOPS__________________________________________________________________
[WT15] Alex Bienaimé, Cédric Clévy and Micky Rakotondrabe, 'High performance piezoelectric 
microactuators: toward a new 6 DOF microactuated platform', PiezoNEMS 2013 Workshop, november 2013.
[WT14] Sergio Lescano, Micky Rakotondrabe and Nicolas Andreff, 'Conception d'un Microrobot Parallèle 
Destiné à la Phonomicrochirugie Laser', GT6 of the GDR-Robotique, (Workshop on Robts Design), Paris 
France, September 2013.
[WT13] Micky Rakotondrabe, 'Control of piezoelectric microsystems with minimization of sensors: 
feedforward control and feedback control with self-sensing', GDR MNS - MNF, (National Workshop - Micro 
Nano Systems - Micro Nano Fluidics), Bordeaux France, July 2012. 
[WT12] Sofiane Khadraoui, Micky Rakotondrabe and Philippe Lutz, 'Interval control design and Hinf based 
performances analysis for piezoelectric microactuators', GT-MOSAR of the GDR-MACS (Workshop on 
Methods and Tools for the Synthesis and Analysis on Robustness), Paris France, January 2011.
[WT11] Sofiane Khadraoui, Micky Rakotondrabe and Philippe Lutz, 'Performances analysis of controlled 
interval systems using Hinf approach', GT-MEA of the GDR-MACS, (Workshop on Set Computations for 
Automatic control), Paris France, December 2010.
[WT10] Sofiane Khadraoui, Micky Rakotondrabe and Philippe Lutz, 'Modélisation et Commande Robuste par 
Intervalle des Micropinces Piézoélectriques dédiées à la Micromanipulation et au Microassemblage', Poster, 
JJCR, (Journées des Jeunes Chercheurs en Robotique), Paris France, November 2010.
[WT9] Sofiane Khadraoui, Micky Rakotondrabe and Philippe Lutz, 'Robust control of parametric uncertain 
systems: application to the control of piezoelectric cantilevers', SWIM, (Small Workshop on Interval Methods), 
Nantes France, June 2010.
[WT8] Sofiane Khadraoui, Micky Rakotondrabe and Philippe Lutz, 'Control of microsystems: introducing 
interval computation to account the model uncertainties', LEA, (Workshop with Associated European 
Laboratories) Arc-et-Senans France, September 2009. 
[WT7] Micky Rakotondrabe, Ioan Alexandru Ivan, Valentin Stihi, Simona Noveanu and Eugenia Minca, 
'Design and modeling of a piezoelectrically actuated microvalve', IBWAP, (International Balkan Workshop on 
Applied Physics), Constanta Romania, July 2009.
[WT6] Sofiane Khadraoui, Micky Rakotondrabe and Philippe Lutz, 'Design of a robust controller for 
guaranteed performances: application to piezoelectric cantilevers', SWIM, (Small Workshop on Interval 
Methods), Lausanne Switzerland, June 2009.
[WT5] Micky Rakotondrabe, 'Modélisation et commande des poutres piézoélectriques dédiées à la 
micromanipulation', GT-Manipulation Multi-échelle of the GDR-Robotique, (Workshop on Multi-Scale 
Manipulation), Besançon France, February 2008. 
[WT4] Micky Rakotondrabe, 'TRING-module : développement, modélisation et commande', GT SYSME of the 
GDR-MACS, (Workshop on Mechatronic Systems), Lyon France, March 2007. (related to my phd works)
[WT3] Micky Rakotondrabe, Yassine Haddab and Philippe Lutz, 'Le TRING-module : un microsystème à 2DdL 
(linéaire et angulaire) de très haute précision (submicrométrique) et de grande course (quelques centimètres)', 
INTERCONNEX , (Meeting of research institutes and industries on microelectronic and micromecanics), 
Besançon France, Septembre 2006. (related to my phd works)
[WT2] Micky Rakotondrabe, Yassine Haddab and Philippe Lutz, 'Modular and re-organizable 
micromanipulation station', RTP-Microrobotiques, (Workshop on Microrobotics), EPFL Lausanne Switzerland, 
December 2004. (related to my phd works)
[WT1] Micky Rakotondrabe, Yassine Haddab and Philippe Lutz, 'Commande d'une station de micro-
assemblage modulaire', LEA, (Workshop with Associated European Laboratories), Arc-et-Senans France, 
September 2004. (related to my phd works)
B.7   INVITED TALKS and SEMINARS_________________________________________________
B.7.1   Invited talks in organized workshops and tutorials_____________________________________
[IT8] Micky Rakotondrabe, 'Feedforward control of hysteresis: the classical Prandtl-Ishlinskii approach', lecture
presented at the tutorial: 'Advanced control and noise reduction for micromanipulation', IEEE/ASME - AIM, 
(International Conference on Advanced Intelligent Mechatronics),  Lecture at the tutorial session.
[IT7] Micky Rakotondrabe and Philippe Lutz, 'Using interval techniques for the design of robust controllers and
for the robust performances analysis: application to piezoelectric microactuators', talk at the Workshop on New 
Trends and Challenges in Modeling and Control of Microsystems (µControl), Besançon, June 2012. Workshop 
talk.
[IT6] Sergio Lescano, Micky Rakotondrabe and Nicolas Andreff, 'Micromechanisms for laser phonosurgery: A 
Review of Actuators and Compliant Parts', talk presented at the workshop: 'Robot-Assisted Laryngeal 
Microsurgery', IEEE - BIOROB, (International Conference on Biomedical Robotics and Biomechatronics), Roma
Italy, June 2012. Workshop talk.
[IT5] Sofiane Khadraoui, Micky Rakotondrabe and Philippe Lutz, 'Robust automated pick-and-place tasks 
using piezoelectric microgripper with force/position interval control', talk at the workshop 'Automation of 
assembly and packaging at the micro/nano-scale', IEEE - CASE (International Conference on Automation 
Science and Engineering), Trieste Italy, August 2011. Workshop talk.
[IT4] Micky Rakotondrabe, 'Hysteresis modelling, identification and feedforward control for piezoelectric 
based Microsystems', lecture presented at the tutorial: 'Dynamics, characterization and control at the micro/nano 
scale', IEEE - ICRA, (International Conference on Robotics and Automation), Shanghai China, May 2011. 
Lecture at the tutorial session.
[IT3] Micky Rakotondrabe, 'Force observation and force/position control of a micromanipulation / 
microassembly system', presented in the workshop: 'Automation at the Microscale and Beyond', IEEE - CASE, 
(International Conference on Automation Science and Engineering), Toronto Ontario CA, August 2010. 
Workshop talk.
[IT2] Micky Rakotondrabe, Cédric Clévy, Ioan Alexandru Ivan and Nicolas Chaillet, 'Observer Techniques 
Applied to the Control of Piezoelectric Microactuators', presented in the workshop: 'Signals Measurement and 
Estimation Techniques Issues in the Micro/Nano-World', IEEE - ICRA, (International Conference on Robotics 
and Automation), Workshop, Anchorage Alaska USA, May 2010. Workshop talk.
[IT1] Micky Rakotondrabe and Philippe Lutz, 'Main aspects of the control issues in the micro/nano-world', 
presented in the workshop: 'Control issues in the micro/nano-world', IEEE - ICRA, (International Conference on 
Robotics and Automation), Workshop, Kobe Japan, May 2009. Workshop talk.
B.7.2   Invited seminars in research institutes and universities__________________________________
[IS9] Micky Rakotondrabe, 'Modeling and control of systems: feedforward control', presented at the University 
of Science and Technologies of Oran, Algeria, June 2014. 
[IS8] Micky Rakotondrabe, 'Introduction to feedforward control of vibration in systems', presented at 
the Texas A & M University at Qatar, Qatar, May 2013. 
[IS7] Micky Rakotondrabe, 'Using Interval techniques to synthesis robust controllers and to perform an à 
posteriori performances analysis of closed-loop: application to piezoelectric actuators', seminar at the University 
of Newcastle, Australia, June 2012.
[IS6] Micky Rakotondrabe, 'Hysteresis modeling, identi#cation and feedforward control for piezoelectric based
Microsystems and microrobots', guest lecture at the University of Texas at Arlington (UTA), Arlington Texas 
USA, Nov 2011. Guest lecture for undergraduate, graduate and phd students.
[IS5] Micky Rakotondrabe, 'Interval tools for design, modeling, signal estimation and control of systems 
working at the microworld', seminar at the University of Texas at Arlington (UTA), Arlington Texas USA, Nov 
2011.
[IS4] Micky Rakotondrabe, 'Control of piezoelectric microsystems with minimized number of sensors: from 
feedforward to combined observer/feedback approach', seminar at the ARRI Institute, Arlington Texas USA, Nov
2011.
[IS3] Micky Rakotondrabe, 'Design and development of piezoelectric microsystems, modeling, observer 
techniques and feedback/feedforward control', seminar at the Néel Institute - University of Joseph Fourier, 
Grenoble FR, June 2011
[IS2] Micky Rakotondrabe, 'Modeling, estimation and control of piezoelectric microsystems', seminar at the 
Italian Institute of Technology (IIT), Genoa Italy, 27 April 2010.
[IS1] M. Rakotondrabe, 'Control of piezoelectric microsystems', seminar at the ARRI Institute, Arlington Texas 
USA, September 2007.
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♠♦r♣❤✮ t❤❛t ❤❛✈❡ r❡❝t❛♥❣✉❧❛r s❡❝t✐♦♥✳ ❚❤❡ ❝❛♥t✐❧❡✈❡r ✐s ❞❡♣✐❝t❡❞ ✐♥ ❋✐❣✳ ❈✳✶✲❛✳ ❚❤❡ ♠♦❞❡❧
✐♥❝❧✉❞❡s t❤❡ st❛t✐❝ ❛♥❞ t❤❡ ❞②♥❛♠✐❝ ❜❡❤❛✈✐♦rs✳ ■t ♣r♦✈✐❞❡s t❤❡ r❡❧❛t✐♦♥ ❜❡t✇❡❡♥ ❢♦✉r ❡①t❡r♥❛❧
❡①❝✐t❛t✐♦♥s ✭✈♦❧t❛❣❡ u✱ ♠♦♠❡♥t M ✱ ❢♦r❝❡ ❛t t❤❡ t✐♣ F ❛♥❞ ✉♥✐❢♦r♠ ♣r❡ss✉r❡ ❧♦❛❞ p✮ ❛♣♣❧✐❡❞ t♦
t❤❡ ❝❛♥t✐❧❡✈❡r ❛♥❞ ❢♦✉r r❡s✉❧t✐♥❣ ♦✉t♣✉ts ❛t ❛♥② ❛r❜✐tr❛r② ♣♦✐♥t x ✭❝❤❛r❣❡ Q(x)✱ ❜❡♥❞✐♥❣ ❛♥❣❧❡
α(x)✱ ❜❡♥❞✐♥❣ ♦r ❞✐s♣❧❛❝❡♠❡♥t δ(x) ❛♥❞ ❞✐s♣❧❛❝❡❞ ✈♦❧✉♠❡ V (x)✮✱ s❡❡ ❋✐❣✳ ❈✳✶✲❜✳ ■♥ t❤❡ ✜❣✉r❡s✱
z¯ ✐♥❞✐❝❛t❡s t❤❡ ❞✐st❛♥❝❡ ❜❡t✇❡❡♥ t❤❡ ♥❡✉tr❛❧ ❛①✐s ❛♥❞ t❤❡ ❜♦tt♦♠ s✉r❢❛❝❡ ♦❢ t❤❡ ❝❛♥t✐❧❡✈❡r✳
❚❤❡ ♣✐❡③♦❡❧❡❝tr✐❝ ❝❛♥t✐❧❡✈❡r s❤♦✉❧❞ ✐♥❝❧✉❞❡ ❛t ❧❡❛st ♦♥❡ ♣✐❡③♦❡❧❡❝tr✐❝ ❧❛②❡r ✭♣✐❡③♦❧❛②❡r✮✳ ❚❤❡
♥♦♥✲♣✐❡③♦❡❧❡❝tr✐❝ ❧❛②❡rs ❛r❡ ❝❛❧❧❡❞ ♣❛ss✐✈❡ ❧❛②❡rs✳ ❚❤❡ ❝❛♥t✐❧❡✈❡r ❤❛s ❛ ❧❡♥❣t❤ L ❛♥❞ ❛ t♦t❛❧
t❤✐❝❦♥❡ss h =
n∑
i=1
hj ✇❤❡r❡ hi ✐s t❤❡ t❤✐❝❦♥❡ss ♦❢ t❤❡ ith ❧❛②❡r ❛♥❞ n ✐s t❤❡✐r t♦t❛❧ ♥✉♠❜❡r✳ ❆❧❧
❧❛②❡rs ❤❛✈❡ t❤❡ s❛♠❡ ✇✐❞t❤ w✳ ❚❤❡ ith ❧❛②❡r ❤❛s ❛ tr❛♥s✈❡rs❛❧ ♣✐❡③♦❡❧❡❝tr✐❝ ❝♦❡✣❝✐❡♥t d31,i ❛♥❞
❛ ❧♦♥❣✐t✉❞✐♥❛❧ ❝♦♠♣❧✐❛♥❝❡ s11,i✳ ❚❤❡ ❧♦❝❛❧ ❛①✐s (3) ✐♥ t❤❡ ❝♦❡✣❝✐❡♥ts d31,i ❛♥❞ s11,i ❝♦rr❡s♣♦♥❞s
t♦ t❤❡ ❛①✐s ♦❢ ♣♦❧✐♥❣ ♦❢ t❤❡ ♣✐❡③♦❧❛②❡r ✭❛①✐s z ✐♥ t❤❡ ✜❣✉r❡✮ ❛♥❞ t❤❡ ❧♦❝❛❧ ❛①✐s (1) ❝♦rr❡s♣♦♥❞s
✶✺✾
t♦ t❤❡ ❛①✐s x ❜❡❢♦r❡ ❜❡♥❞✐♥❣✳ ❈♦❡✣❝✐❡♥t d31,i ✐s t❛❦❡♥ t♦ ❜❡ ③❡r♦ ❢♦r ❛❧❧ ♥♦♥✲♣✐❡③♦❡❧❡❝tr✐❝ ❧❛②❡rs✳
■❢ t❤❡ ❝❛♥t✐❧❡✈❡r ❝♦♥t❛✐♥s t✇♦ ❧❛②❡rs✱ ♦♥❡ ❜❡✐♥❣ ♣✐❡③♦❡❧❡❝tr✐❝ ❛♥❞ ♦♥❡ ♣❛ss✐✈❡✱ t❤❡ ❛❝t✉❛t♦r ✐s
❝♦♠♠♦♥❧② ❝❛❧❧❡❞ ✉♥✐♠♦r♣❤ ♣✐❡③♦❡❧❡❝tr✐❝ ❝❛♥t✐❧❡✈❡r✳ ❲❤❡♥ t❤❡ t✇♦ ❧❛②❡rs ❛r❡ ❜♦t❤ ♣✐❡③♦❡❧❡❝tr✐❝✱
t❤❡ ❛❝t✉❛t♦r ✐s ❝❛❧❧❡❞ ❜✐♠♦r♣❤ ♣✐❡③♦❡❧❡❝tr✐❝✳ ❚❤❡ ❡❧❡❝tr✐❝❛❧ ❝♦♥♥❡❝t✐♦♥ ✐♥ ❛♥ ✉♥✐♠♦r♣❤ ✐s ❡❛s✐❡r
t❤❛♥ ✐♥ ❛ ❜✐♠♦r♣❤✳ ■♥ ❝♦✉♥t❡r♣❛rt✱ ✐♥ ❜✐♠♦r♣❤✱ ✐t ✐s ♣♦ss✐❜❧❡ t♦ ♦❜t❛✐♥ s✐♠✐❧❛r ❞✐s♣❧❛❝❡♠❡♥t
t❤❛♥ ✐♥ ✉♥✐♠♦r♣❤ ✇✐t❤ ❧♦✇❡r ✈♦❧t❛❣❡s✳
❲❤❡♥ ❛♥ ❡❧❡❝tr✐❝❛❧ ✜❡❧❞ ✐s ❛♣♣❧✐❡❞ t♦ t❤❡ ♣✐❡③♦❡❧❡❝tr✐❝ ❧❛②❡rs t❤r♦✉❣❤ t❤❡ ✈♦❧t❛❣❡ u✱ t❤❡②
❝♦♥tr❛❝t ♦r ❡①♣❛♥❞ ❛❧♦♥❣ t❤❡ x✲❛①✐s t❤❛♥❦s t♦ t❤❡ d31 ❝♦❡✣❝✐❡♥t✳ ❉✉❡ t♦ t❤❡ ✐♥t❡r❢❛❝❡s ❝♦♥✲
♥❡❝t✐♦♥ ❜❡t✇❡❡♥ t❤❡ ❧❛②❡rs✱ t❤❡s❡ ❝♦♥tr❛❝t✐♦♥ ♦r ❡①♣❛♥s✐♦♥ ✇✐❧❧ r❡s✉❧t ✐♥ ❛ ❞❡✢❡❝t✐♦♥ δ ♦❢ t❤❡
✇❤♦❧❡ ❝❛♥t✐❧❡✈❡r ❋✐❣✳ ❈✳✶✲❜✳ ❚❤✐s ❜❡♥❞✐♥❣ ✐s ♠✉❝❤ ❧❛r❣❡r t❤❛♥ t❤❡ ❝♦♥tr❛❝t✐♦♥ ♦r ❡①♣❛♥s✐♦♥ ♦❢
t❤❡ ❧❛②❡rs✱ ✇❤✐❝❤ ✐s t❤❡ ♠❛✐♥ ✐♥t❡r❡st ♦❢ ❝❛♥t✐❧❡✈❡r str✉❝t✉r❡s✳
...
1st layer
2nd layer
n-1 layer
n layer
(a)
axis
axis
(b)axis
❋✐❣✉r❡ ❈✳✶✿ ❆ ♠✉❧t✐❧❛②❡r❡❞ ♣✐❡③♦❡❧❡❝tr✐❝ ❝❛♥t✐❧❡✈❡r✳
✶✻✵
❈✳✷ ▼♦❞❡❧ ♦❢ ♠✉❧t✐♠♦r♣❤ ♣✐❡③♦❡❧❡❝tr✐❝ ❝❛♥t✐❧❡✈❡rs
❈✳✷✳✶ ❙t❛t✐❝ ❜❡❤❛✈✐♦r
❚❤❡ ❇❛❧❧❛s st❛t✐❝ ♠♦❞❡❧ ♦❢ ❛ ♠✉❧t✐❧❛②❡r❡❞ ♣✐❡③♦❡❧❡❝tr✐❝ ❝❛♥t✐❧❡✈❡r ✐s ❣✐✈❡♥ ❜②✿

α(x)
δ(x)
V (x)
Q(x)

 =


m11(s) m12(s) m13(s) m14(s)
m21(s) m22(s) m23(s) m24(s)
m31(s) m32(s) m33(s) m34(s)
m41(s) m42(s) m43(s) m44(s)


︸ ︷︷ ︸
M


M
F
p
u

 ✭❈✳✶✮
✐♥ ✇❤✐❝❤ M ✐s t❤❡ ❝♦✉♣❧✐♥❣ ♠❛tr✐① ❛♥❞✳ ❚❤❡ ✜rst r♦✇ ✐s✿
m11(x) =
L
C
(
x
L
)
m12(x) =
L2
2C
[
2
(
x
L
)
−
(
x
L
)2]
m13(x) =
wL3
6C
[
3
(
x
L
)
− 3
(
x
L
)2
+
(
x
L
)3]
m14(x) =
mpiezoL
C
(
x
L
)
✭❈✳✷✮
t❤❡ s❡❝♦♥❞ r♦✇ ✐s✿
m21(x) =
L2
2C
(
x
L
)2
m22(x) =
L3
6C
[
3
(
x
L
)2
−
(
x
L
)3]
m23(x) =
wL4
24C
[
6
(
x
L
)2
− 4
(
x
L
)3
+
(
x
L
)4]
m24(x) =
mpiezoL
2
2C
(
x
L
)2
✭❈✳✸✮
t❤❡ t❤✐r❞ r♦✇ ✐s✿
m31(x) =
wL3
6C
(
x
L
)3
m32(x) =
L4
24C
[
4
(
x
L
)3
−
(
x
L
)4]
m33(x) =
w2L5
120C
[
10
(
x
L
)3
− 5
(
x
L
)4
+
(
x
L
)5]
m34(x) =
mpiezowL
3
6C
(
x
L
)3
✭❈✳✹✮
❛♥❞ t❤❡ ❧❛st r♦✇ ✐s✿
m41(x) = −
mpiezoL
C
(
x
L
)
m42(x) =
mpiezoL
2
2C
[
2
(
x
L
)
−
(
x
L
)2]
m43(x) =
wmpiezoL
3
6C
[
3
(
x
L
)
− 3
(
x
L
)2
+
(
x
L
)3]
m44(x) =
[
n∑
i=1
wL
hi
(
εT33,i −
d231,i
s11,i
)
+
m2piezoL
C
] (
x
L
)
✭❈✳✺✮
✇✐t❤
✶✻✶


mpiezo =
1
2
n∑
i=1
wd31,i
s11,ihi
[
2z¯hi − 2hi
i∑
j=1
hj + h
2
i
]
C = 13
n∑
i=1
w
s11,i
[
3hi
(
z¯ −
i∑
j=1
hj
)(
z¯ −
i−1∑
j=1
hj
)
+ h3i
] ✭❈✳✻✮
❚❤❡ ❞✐st❛♥❝❡ t❤❡ ❞✐st❛♥❝❡ ❜❡t✇❡❡♥ t❤❡ ♥❡✉tr❛❧ ❛①✐s ❛♥❞ t❤❡ ❜♦tt♦♠ s✉r❢❛❝❡ ✐s ❞❡✜♥❡❞ ❜②✿
z¯ = −
n∑
i=1
w
s11,i
h2i − 2
n∑
i=1
w
s11,i
hi
i∑
j=1
hj
2
n∑
i=1
w
s11,i
hi
✭❈✳✼✮
❈✳✷✳✷ ❉②♥❛♠✐❝ ❜❡❤❛✈✐♦r
❚❤❡ ❞②♥❛♠✐❝ ❜❡❤❛✈✐♦r ♦❢ ❛ ♠✉❧t✐❧❛②❡r❡❞ ♣✐❡③♦❡❧❡❝tr✐❝ ❝❛♥t✐❧❡✈❡r❡❞ ✐s ❣✐✈❡♥ ❛s t❤❡ r❡s♦♥❛♥t
❢r❡q✉❡♥❝✐❡s ✐♥ t❤❡ ❇❛❧❧❛s ♠♦❞❡❧✳ ❚❤❡ r❡s♦♥❛♥t ❢r❡q✉❡♥❝② ♦❢ t❤❡ mth ♠♦❞❡ ✭m = 1, 2, · · · ,∞✮
✐s✿
fm =
(kmL)
2πL2
√
C
µ
✭❈✳✽✮
✇❤❡r❡ µ = mcL =
n∑
i=1
ρihiw ✐s t❤❡ t♦t❛❧ ♠❛ss r❡❧❛t❡❞ t♦ t❤❡ ❛❝t✉❛t♦r✬s ❧❡♥❣t❤✱ mc ❜❡✐♥❣ t❤❡
♠❛ss ♦❢ t❤❡ ✇❤♦❧❡ ❝❛♥t✐❧❡✈❡r ❛♥❞ ρi ❜❡✐♥❣ t❤❡ ❞❡♥s✐t② ♦❢ t❤❡ ith ❧❛②❡r✳ ❚❤❡ ♠✉❧t✐♣❧✐❝❛t✐♦♥ kmL
❛r❡ ❣✐✈❡♥ ✐♥ ❚❛❜❧❡ ❈✳✶✳
❚❛❜❧❡ ❈✳✶✿ ◆✉♠❡r✐❝❛❧ ✈❛❧✉❡s ♦❢ kmL ❢♦r t❤❡ mth ♠♦❞❡✳
m 1 2 3 4 5 · · ·
kmL 1.8751 4.6941 7.8548 10.9955 14.137 · · ·
❈✳✸ ❯s✉❛❧ ❝❛s❡s
❈✳✸✳✶ ❯♥✐♠♦r♣❤ ❛❝t✉❛t♦rs
=0
poutre unimorphe
δ
U=0
passive layer
piezolayer
❋✐❣✉r❡ ❈✳✷✿ ❆ ✉♥✐♠♦r♣❤ ♣✐❡③♦❡❧❡❝tr✐❝ ❛❝t✉❛t♦r✳
❆ ✉♥✐♠♦r♣❤ ♣✐❡③♦❡❧❡❝tr✐❝ ❝❛♥t✐❧❡✈❡r ❛❝t✉❛t♦r
❤❛s t✇♦ ❧❛②❡rs✿ ♦♥❡ ♣✐❡③♦❧❛②❡r ❛♥❞ ♦♥❡ ♣❛ss✐✈❡
❧❛②❡r✳ ■t ✐s ✈❡r② ❝♦♠♠♦♥ ❜❡❝❛✉s❡ ♦❢ t❤❡ ❡❛s❡
♦❢ ❢❛❜r✐❝❛t✐♦♥ ❛♥❞ ❡❛s❡ ♦❢ ❝♦♥♥❡❝t✐♦♥✳ ❚❤❡
❛♣♣❧✐❝❛t✐♦♥ ♦❢ ❛ ✈♦❧t❛❣❡ u t♦ t❤❡ ♣✐❡③♦❧❛②❡r
✶✻✷
②✐❡❧❞s ❛♥ ❡①♣❛♥s✐♦♥ ♦r ❝♦♥tr❛❝t✐♦♥ ♦❢ t❤✐s ❧❛t✲
t❡r ❛♥❞ t❤✉s r❡s✉❧ts ✐♥ ❛ ❜❡♥❞✐♥❣ ♦❢ t❤❡ t♦t❛❧
❝❛♥t✐❧❡✈❡r✱ s❡❡ ❋✐❣✉r❡ ✷✳✶✳ ❲❡ ♣r♦✈✐❞❡ ❤❡r❡
t❤❡ ♠♦❞❡❧ t❤❛t ❧✐♥❦s t❤❡ ❛♣♣❧✐❡❞ ❢♦r❝❡✱ t❤❡ ❛♣♣❧✐❡❞ ✈♦❧t❛❣❡ ❛♥❞ t❤❡ ♦✉t♣✉t ❞✐s♣❧❛❝❡♠❡♥t ✭❜❡♥❞✲
✐♥❣✮ ♦❢ t❤❡ ❝❛♥t✐❧❡✈❡r✳
❋r♦♠ t❤❡ ❛❜♦✈❡ ♠✉❧t✐❧❛②❡r❡❞ ♠♦❞❡❧✱ t❤❡ st❛t✐❝ ❜❡❤❛✈✐♦r ♦❢ ❛ ✉♥✐♠♦r♣❤ ✐s✿
δ(x) =
−3d31s11,nps11,phnp (hnp + hp)x
2
(s11,p)
2 h4np + s11,nps11,p
(
4hph3np + 6h
2
ph
2
np + 4h
3
phnp
)
+ (s11,np)
2 h4p
u ✭❈✳✾✮
❛♥❞ t❤❡ r❡s♦♥❛♥t ❢r❡q✉❡♥❝② ❛t ♠♦❞❡ m ✐s✿
fm =
(kmL)
2
2πL2
√
(s11,p)
2 h4np + s11,nps11,p
(
4hph3np + 6h
2
ph
2
np + 4h
3
phnp
)
+ (s11,np)
2 h4p
12s11,nps11,p (s11,nphp + s11,phnp) (ρnphnp + ρphp)
✭❈✳✶✵✮
✇❤❡r❡ t❤❡ s✉❜s❝r✐♣t p ♠❡❛♥s ❢♦r t❤❡ ♣✐❡③♦❧❛②❡r ❛♥❞ t❤❡ s✉❜s❝r✐♣t np ♠❡❛♥s ❢♦r t❤❡ ♣❛ss✐✈❡
❧❛②❡r ✭♥♦♥♣✐❡③♦❡❧❡❝tr✐❝✮✳
❈✳✸✳✷ ❇✐♠♦r♣❤ ❛❝t✉❛t♦rs
-1
(a)
(b)
(c)
❋✐❣✉r❡ ❈✳✸✿ ❆ ❜✐♠♦r♣❤ ♣✐❡③♦❡❧❡❝tr✐❝ ❛❝t✉❛t♦r✳
❆ ❜✐♠♦r♣❤ ❛❝t✉❛t♦r ✐s ❝♦♠♣♦s❡❞ ♦❢ t✇♦ ♣✐❡③♦✲
❧❛②❡rs st✐❝❦❡❞ t❤❛♥❦s t♦ ❛ t❤✐♥ ❧❛②❡r ♦❢ ❣❧✉❡✳
❚❤❡ ♦❜t❡♥t✐♦♥ ♦❢ t❤❡ ❜❡♥❞✐♥❣ ✐s ♠❛❞❡ ❜② t❤❡
❡①t❡♥s✐♦♥ ♦❢ ♦♥❡ ❧❛②❡r ❛♥❞ t❤❡ ❝♦♥tr❛❝t✐♦♥ ♦❢
t❤❡ ♦t❤❡r ♦♥❡✳ ❚✇♦ ♣♦ss✐❜✐❧✐t✐❡s ❡①✐st ❢♦r t❤❛t✳
■♥ t❤❡ ✜rst ❝❛s❡ ❞❡♣✐❝t❡❞ ✐♥ ❋✐❣✉r❡ ❈✳✸✲❛✱
❜♦t❤ t❤❡ t✇♦ ♣✐❡③♦❧❛②❡rs ❤❛✈❡ t❤❡ s❛♠❡ ❞✐r❡❝✲
t✐♦♥ ♦❢ ♣♦❧✐♥❣✳ ❍❡♥❝❡✱ ♦♥❡ ✈♦❧t❛❣❡ u s✉✣❝❡s
t♦ ❝r❡❛t❡ t❤❡ ❡①♣❛♥s✐♦♥ ❛♥❞ t❤❡ ❝♦♥tr❛❝t✐♦♥✳
❚❤❡ ❜✐♠♦r♣❤ ✐s s❛✐❞ t♦ ❤❛✈❡ ♣❛r❛❧❧❡❧ ♣♦❧✐♥❣✳
❚❤❡ s❡❝♦♥❞ ❝❛s❡ ✐s ❞❡♣✐❝t❡❞ ✐♥ ❋✐❣✉r❡ ❈✳✸✲❜✳
■♥ t❤✐s✱ t❤❡ t✇♦ ♣♦❧✐♥❣ ❞✐r❡❝t✐♦♥s ❛r❡ ♦♣♣♦✲
s✐t❡ ❛♥❞ t❤❡ ❜✐♠♦r♣❤ ✐s ❝❛❧❧❡❞ ❛♥t✐✲♣❛r❛❧❧❡❧✳
❚♦ ♦❜t❛✐♥ t❤❡ s❛♠❡ ❜❡♥❞✐♥❣ t❤❛♥ t❤❡ ♣r❡✈✐✲
♦✉s ❝❛s❡✱ ❛ ✈♦❧t❛❣❡ u ❛♥❞ ✐ts ♦♣♣♦s✐t❡ −u ❛r❡
r❡q✉✐r❡❞✳ ■t ✐s ♣♦ss✐❜❧❡ t♦ ❛✈♦✐❞ t❤❡ ✉s❡ ♦❢
♦♣♣♦s✐t❡ ✈♦❧t❛❣❡✳ ❍♦✇❡✈❡r✱ t❤✐s ✇✐❧❧ r❡q✉✐r❡
t✇✐❝❡ t❤❡ ♣r❡✈✐♦✉s ✈♦❧t❛❣❡ ❛s s❝❤❡♠❛t❡❞ ✐♥
❋✐❣✉r❡ ❈✳✸✲❝✳
❆♥ ❛❞✈❛♥t❛❣❡ ♦❢ ❜✐♠♦r♣❤ r❡❧❛t✐✈❡ t♦ ✉♥✐♠♦r♣❤ ✐s t❤❡ ❤✐❣❤❡r ❜❡♥❞✐♥❣ ♦❜t❛✐♥❡❞ ✇✐t❤ t❤❡
s❛♠❡ ♣♦t❡♥t✐❛❧ u ❡♠♣❧♦②❡❞✳ ❍♦✇❡✈❡r✱ t❤❡ ❡❧❡❝tr✐❝❛❧ ❝♦♥♥❡❝t✐♦♥ ✐s ♠♦r❡ ❝♦♠♣❧❡①✳
✶✻✸
❈♦♥s✐❞❡r ❛ ❜✐♠♦r♣❤ ✇❤❡r❡ t❤❡ t✇♦ ♣✐❡③♦❧❛②❡rs ❤❛✈❡ t❤❡ s❛♠❡ t❤✐❝❦♥❡ss hp✳ ❋r♦♠ t❤❡ ❛❜♦✈❡
♠✉❧t✐❧❛②❡r❡❞ ♠♦❞❡❧✱ t❤❡ st❛t✐❝ ❜❡❤❛✈✐♦r ♦❢ t❤❡ ❜✐♠♦r♣❤ ✐s✿
δ(x) =
−3d31x
2
4h2p
u ✭❈✳✶✶✮
❛♥❞ t❤❡ r❡s♦♥❛♥t ❢r❡q✉❡♥❝② ❛t ♠♦❞❡ m ✐s✿
fm =
(kmL)
2 hp
2πL2
√
1
3ρps11,p
✭❈✳✶✷✮
✶✻✹
❆♣♣❡♥❞✐① ❉
❇❛s✐❝s ♦♥ ✐♥t❡r✈❛❧s ❛♥❞ ♦♥ r❡❧❛t❡❞
t❡❝❤♥✐q✉❡s
❈♦♥t❡♥ts
❉✳✶ ❉❡✜♥✐t✐♦♥s ✶✻✺
❉✳✷ ❖♣❡r❛t✐♦♥s ♦♥ ✐♥t❡r✈❛❧s ✶✻✻
❉✳✸ ❆ s❡t ✐♥✈❡rs✐♦♥ ♣r♦❜❧❡♠ ✶✻✼
❉✳✹ ■♥t❡r✈❛❧ s②st❡♠s ✶✻✼
❉✳✹✳✶ ❉❡✜♥✐t✐♦♥ ✶✻✼
❉✳✹✳✷ ❑❤❛r✐t♦♥♦✈ ✈❡rt❡① ♣♦❧②♥♦♠✐❛❧s ✶✻✽
❉✳✹✳✸ ❙t❛❜✐❧✐t② ♦❢ ✐♥t❡r✈❛❧ s②st❡♠s ✶✻✽
❉✳✹✳✹ H∞✲♥♦r♠ ♦❢ ✐♥t❡r✈❛❧ s②st❡♠s ✶✻✾
❘❡❢❡r❡♥❝❡s ❬✶✼✷❪ ♦r ❬✶✺✽❪ ❛r❡ s✉❣❣❡st❡❞ ✐❢ t❤❡ r❡❛❞❡r ✇♦✉❧❞ ❧✐❦❡ t♦ ❣♦ ❢✉rt❤❡r ♦♥ ✐♥t❡r✈❛❧s
❛♥❞ ♦♥ ✐♥t❡r✈❛❧ t❡❝❤♥✐q✉❡s✳
❉✳✶ ❉❡✜♥✐t✐♦♥s
❆ ❝❧♦s❡❞ ✐♥t❡r✈❛❧ ❞❡♥♦t❡❞ ❜② [x]✱ ✐s t❤❡ s❡t ♦❢ r❡❛❧ ♥✉♠❜❡rs ❣✐✈❡♥ ❜②✿
[x] = [x−, x+] =
{
x ∈ R/x− ≤ x ≤ x+
}
✭❉✳✶✮
❚❤❡ ❡♥❞♣♦✐♥ts x− ❛♥❞ x+ ❛r❡ r❡s♣❡❝t✐✈❡❧② t❤❡ ❧❡❢t ❛♥❞ r✐❣❤t ❡♥❞♣♦✐♥t ♦❢ [x]✳
❲❡ s❛② t❤❛t [x] ✐s ❞❡❣❡♥❡r❛t❡ ✐❢ x− ❂ x+✳ ❙✉❝❤ ❛♥ ✐♥t❡r✈❛❧ ❝♦♥t❛✐♥s ❛ s✐♥❣❧❡ r❡❛❧ ♥✉♠❜❡r
x✳ ❇② ❝♦♥✈❡♥t✐♦♥✱ ❛ ❞❡❣❡♥❡r❛t❡ ✐♥t❡r✈❛❧ [a, a] ❝❛♥ ❜❡ ❞❡s❝r✐❜❡❞ ✇✐t❤ t❤❡ r❡❛❧ ♥✉♠❜❡r a✳
❚❤❡ ✇✐❞t❤ ♦❢ ❛♥ ✐♥t❡r✈❛❧ [x] ✐s ❣✐✈❡♥ ❜②✿
w([x]) = x+ − x− ✭❉✳✷✮
✶✻✺
❚❤❡ ♠✐❞♣♦✐♥t ♦❢ ❬①❪ ✐s ❣✐✈❡♥ ❜②✿
mid([x]) =
x+ + x−
2
✭❉✳✸✮
❚❤❡ r❛❞✐✉s ♦❢ [x] ✐s ❞❡✜♥❡❞ ❜②✿
rad([x]) =
x+ − x−
2
✭❉✳✹✮
❉✳✷ ❖♣❡r❛t✐♦♥s ♦♥ ✐♥t❡r✈❛❧s
❚❤❡ ❡❧❡♠❡♥t❛r② ♠❛t❤❡♠❛t✐❝❛❧ ♦♣❡r❛t✐♦♥s ❛r❡ ❛❧s♦ ❡①t❡♥❞❡❞ t♦ ✐♥t❡r✈❛❧s✱ t❤❡ ♦♣❡r❛t✐♦♥ r❡s✉❧t
❜❡t✇❡❡♥ t✇♦ ✐♥t❡r✈❛❧s ✐s ❛♥ ✐♥t❡r✈❛❧ ❝♦♥t❛✐♥✐♥❣ ❛❧❧ t❤❡ ♦♣❡r❛t✐♦♥s r❡s✉❧ts ♦❢ ❛❧❧ ♣❛✐rs ♦❢ ♥✉♠❜❡rs
✐♥ t❤❡ t✇♦ ✐♥t❡r✈❛❧s✳ ❙♦✱ ✐❢ ✇❡ ❤❛✈❡ t✇♦ ✐♥t❡r✈❛❧s [x] = [x−, x+] ❛♥❞ [y] = [y−, y+] ❛♥❞ ❛ ❧❛✇
◦ ∈ {+,−, ., /} ✱ ✇❡ ❝❛♥ ✇r✐t❡✿
[x] ◦ [y] = {x ◦ y |x ∈ [x], y ∈ [y]} ✭❉✳✺✮
❚❤❡ ❢♦✉r ❜❛s✐❝ ♦♣❡r❛t✐♦♥s ❛r❡✿
t❤❡ s✉♠ ♦❢ t✇♦ ✐♥t❡r✈❛❧s [x] + [y] ✐s ❞❡✜♥❡❞ ❜②✿
[x] + [y] = [x− + y−, x+ + y+] ✭❉✳✻✮
t❤❡ ❞✐✛❡r❡♥❝❡ ♦❢ t✇♦ ✐♥t❡r✈❛❧s [x]− [y] ✐s ❣✐✈❡♥ ❜②✿
[x]− [y] = [x− − y+, x+ − y−] ✭❉✳✼✮
t❤❡ ♣r♦❞✉❝t ♦❢ t✇♦ ✐♥t❡r✈❛❧s [x].[y] ✐s t❤❡ s❡t✿
[x].[y] = [min(x−y−, x−y+, x+y−, x+y+),max(x−y−, x−y+, x+y−, x+y+)] ✭❉✳✽✮
t❤❡ q✉♦t✐❡♥t [x]/[y] ✐s ❞❡✜♥❡❞ ❛s✿
[x]/[y] = [x].[1/y+, 1/y−], 0 /∈ [y] ✭❉✳✾✮
❚❤❡ ✐♥t❡rs❡❝t✐♦♥ ♦❢ t✇♦ ✐♥t❡r✈❛❧s [x] ∩ [y] ✐s t❤❡ ✐♥t❡r✈❛❧ ❞❡✜♥❡❞ ❜②✿
✶✲ ✐❢ y+ < x− ♦r x+ < y− t❤❡ ✐♥t❡rs❡❝t✐♦♥ ✐s t❤❡ ❡♠♣t② s❡t✿
[x] ∩ [y] = ∅ ✭❉✳✶✵✮
✷✲ ❖t❤❡r✇✐s❡✿
[x] ∩ [y] = [max
{
x−, y−
}
,min
{
x+, y+
}
] ✭❉✳✶✶✮
■♥ t❤❡ ❧❛tt❡r ❝❛s❡✱ t❤❡ ✉♥✐♦♥ ♦❢ [x] ❛♥❞ [y] ✐s ❛❧s♦ ❛♥ ✐♥t❡r✈❛❧✿
✶✻✻
[x] ∪ [y] = [min
{
x−, y−
}
,max
{
x+, y+
}
] ✭❉✳✶✷✮
❲❤❡♥ [x] ∩ [y] = ∅✱ t❤❡ ✉♥✐♦♥ ♦❢ t❤❡ t✇♦ ✐♥t❡r✈❛❧s ✐s ♥♦t ❛♥ ✐♥t❡r✈❛❧✳ ❋♦r t❤❛t✱ t❤❡ ✐♥t❡r✈❛❧
❤✉❧❧ ✐s ❞❡✜♥❡❞✿
[x]∪[y] = [min
{
x−, y−
}
,max
{
x+, y+
}
] ✭❉✳✶✸✮
■t ✐s ✈❡r✐✜❡❞ t❤❛t✿ [x] ∪ [y] ⊆ [x]∪[y] ❢♦r ❛♥② t✇♦ ✐♥t❡r✈❛❧s [x] ❛♥❞ [y] ✳
❉✳✸ ❆ s❡t ✐♥✈❡rs✐♦♥ ♣r♦❜❧❡♠
▲❡t [❢] : IRp → IRn ❜❡ ❛ ❝♦♥t✐♥♦✉s ❢✉♥❝t✐♦♥✳ ▲❡t [❨] ⊆ IRn ❜❡ ❛ ✈❡❝t♦r ♦❢ ✐♥t❡r✈❛❧s ✭❛❧s♦ ❝❛❧❧❡❞
❜♦①✮ t❤❛t ✐s ❦♥♦✇♥✳ ❲❡ ✇✐s❤ t♦ ✜♥❞ ❛ s❡t S s✉❝❤ t❤❛t✿
S = [❢]−1([❨]) = {[①] ⊆ IRp |[❢]([①]) ⊆ [❨]} ✭❉✳✶✹✮
S ✐s t❤❡ r❡❝✐♣r♦❝❛❧ ✐♠❛❣❡ ♦❢ [①] ✈✐❛ t❤❡ ❢✉♥❝t✐♦♥ [❢]✳ ❋✐♥❞✐♥❣ t❤❡ s❡t S ♦❢ ❛❧❧ s♦❧✉t✐♦♥s ♦❢
❊q✳ ✭❉✳✶✹✮ ✐s ❝❛❧❧❡❞ ❛ s❡t ✐♥✈❡rs✐♦♥ ♣r♦❜❧❡♠✳
❆♥ ❛❧❣♦r✐t❤♠ t❤❛t ♣❡r♠✐ts t♦ s♦❧✈❡ ❛ s❡t ✐♥✈❡rs✐♦♥ ♣r♦❜❧❡♠ ✐s t❤❡ ❙■❱■❆ ❛❧❣♦r✐t❤♠ ✭❙❡t
■♥✈❡rs✐♦♥ ❱✐❛ ■♥t❡r✈❛❧ ❆♥❛❧②s✐s✮ ❬✶✼✶❀ ✶✼✷❪✳ ❚❛❜❧❡ ❉✳✸ ❞❡♣✐❝ts t❤❡ ❛❧❣♦r✐t❤♠✳ ■♥ t❤❡ t❛❜❧❡✱
w([①]) ♠❡❛♥s ✇✐❞t❤ ♦❢ [①]✳
❙■❱■❆✭✐♥♣✉ts✿ [①]✱ t✱ ǫ ❀ ♦✉t♣✉ts✿ S✱ S ✮
✶ ✐❢ [❢]([①]) ∩ [❨] = ∅✱ [①] ✐s ♥♦♥✲s♦❧✉t✐♦♥❀
✷ ✐❢ [❢]([①]) ⊆ [❨]✱ t❤✉s S := S ∪ [①] ❀ S := S ∪ [①] ❀
✸ ✐❢ w([①]) < ǫ t❤✉s S := S ∪ [①] ❀
✹ s✐♥♦♥ ❜✐ss❡❝t❡r [①] ❡♥ [①1] ❡t [①2]❀
❙■❱■❆✭✐♥♣✉ts✿ [①1]✱ t✱ ǫ ❀ ♦✉t♣✉ts✿ S✱ S✮ ❀
❙■❱■❆✭✐♥♣✉ts✿ [①2]✱ t✱ ǫ ❀ ♦✉t♣✉ts✿ S✱ S✮✳
❚❛❜❧❡ ❉✳✶✿ ❚❤❡ ❙■❱■❆ ❛❧❣♦r✐t❤♠ ❬✶✼✶❪✳
❉✳✹ ■♥t❡r✈❛❧ s②st❡♠s
❉✳✹✳✶ ❉❡✜♥✐t✐♦♥
P❛r❛♠❡tr✐❝ ✉♥❝❡rt❛✐♥ s②st❡♠s ❝❛♥ ❜❡ ♠♦❞❡❧❡❞ ❜② ✐♥t❡r✈❛❧ s②st❡♠s✳ ❆♥ ✐♥t❡r✈❛❧ s②st❡♠ ❞❡♥♦t❡❞
[G](s, [a], [b]) ✐s ❛ ❢❛♠✐❧② ♦❢ s②st❡♠s✿
✶✻✼
[G] (s, [a], [b]) =
[N ](s, [❜])
[D](s, [❛])
=
m∑
j=0
[bj ]s
j
n∑
i=0
[ai]si
=


m∑
j=0
bjs
j
n∑
i=0
aisi
|bj ∈ [b
−
j , b
+
j ]; aj ∈ [a
−
j , a
+
j ]

 ✭❉✳✶✺✮
s✉❝❤ ❛s✿ [b] = [[b0], ..., [bm]] ❛♥❞ [a] = [[a0], ..., [an]] ❛r❡ t✇♦ ❜♦①❡s ✭✈❡❝t♦rs ♦❢ ✐♥t❡r✈❛❧ ♥✉♠✲
❜❡rs✮ ❛♥❞ s t❤❡ ▲❛♣❧❛❝❡ ✈❛r✐❛❜❧❡✳
❆♥ ✐♥t❡r✈❛❧ s②st❡♠ ✐s st❛❜❧❡ ✐❢ ❛♥❞ ♦♥❧② ✐❢ t❤❡ ❢♦✉r ❝♦rr❡s♣♦♥❞✐♥❣ ✈❡rt❡① s②st❡♠s ❛r❡ st❛❜❧❡
❬✷✶✵❪✳ ❚❤❡s❡ ✈❡rt❡① ❛r❡ ✭♣♦✐♥t✮ s②st❡♠s ✇❤♦s❡ ♣❛r❛♠❡t❡rs ❛r❡ ❜❛s❡❞ ♦♥ t❤❡ ❡♥❞♣♦✐♥ts ♦❢ t❤❡
✐♥t❡r✈❛❧ s②st❡♠ ♣❛r❛♠❡t❡rs✳
❉✳✹✳✷ ❑❤❛r✐t♦♥♦✈ ✈❡rt❡① ♣♦❧②♥♦♠✐❛❧s
●✐✈❡♥ t❤❡ ✐♥t❡r✈❛❧ s②st❡♠ [G](s, [❛], [❜]) ❞❡✜♥❡❞ ❛s ✐♥ ❊q✳ ✭❉✳✶✺✮ s✉❝❤ t❤❛t✿

[N ](s, [❜]) = [b0] + [b1]s+ [b2]s
2 + ...+ [bm]s
m
[D](s, [❛]) = [a0] + [a1]s+ [a2]s
2 + ...+ [an]s
n
✭❉✳✶✻✮
❚❤✉s✱ t❤❡ ❢♦✉r ❑❤❛r✐t♦♥♦✈ ✈❡rt❡① ♣♦❧②♥♦♠✐❛❧s ❝♦rr❡s♣♦♥❞✐♥❣ t♦ [N ](s, [❜]) ❛♥❞ [D](s, [❛])
❛r❡✿
N (1)(s) = b−0 + b
−
1 s+ b
+
2 s
2 + b+3 s
3 + b−4 s
4 + b−5 s
5 + ...
N (2)(s) = b−0 + b
+
1 s+ b
+
2 s
2 + b−3 s
3 + b−4 s
4 + b+5 s
5 + ...
N (3)(s) = b+0 + b
−
1 s+ b
−
2 s
2 + b+3 s
3 + b+4 s
4 + b−5 s
5 + ...
N (4)(s) = b+0 + b
+
1 s+ b
−
2 s
2 + b−3 s
3 + b+4 s
4 + b+5 s
5 + ...
✭❉✳✶✼✮
❛♥❞
D(1)(s) = a−0 + a
−
1 s+ a
+
2 s
2 + a+3 s
3 + a−4 s
4 + a−5 s
5 + ...
D(2)(s) = a−0 + a
+
1 s+ a
+
2 s
2 + a−3 s
3 + a−4 s
4 + a+5 s
5 + ...
D(3)(s) = a+0 + a
−
1 s+ a
−
2 s
2 + a+3 s
3 + a+4 s
4 + a−5 s
5 + ...
D(4)(s) = a+0 + a
+
1 s+ a
−
2 s
2 + a−3 s
3 + a+4 s
4 + a+5 s
5 + ...
✭❉✳✶✽✮
r❡s♣❡❝t✐✈❡❧②✳
❚❤❡ s✐①t❡❡♥ ❑❤❛r✐t♦♥♦✈ ✭♣♦✐♥t✮ s②st❡♠s t❤❛t ❝♦rr❡s♣♦♥❞s t♦ t❤❡ ✐♥t❡r✈❛❧ s②st❡♠ [G] ❛r❡ t❤❡
❝♦♠❜✐♥❛t✐♦♥ ♦❢ t❤❡s❡ ✈❡rt❡① ♣♦❧②♥♦♠✐❛❧s✳ ❚❤❡s❡ s✐①t❡❡♥ ❑❤❛r✐t♦♥♦✈ s②st❡♠s ❛r❡ ❝❛❧❧❡❞ ✈❡rt❡①
♦❢ [G]✳ ❲❡ ❞❡♥♦t❡ t❤❡s❡ s✐①t❡❡♥ ❑❤❛r✐t♦♥♦✈ ✈❡rt❡① ❜② G(i)✱ ✇✐t❤ i = 1→ 16✳
❉✳✹✳✸ ❙t❛❜✐❧✐t② ♦❢ ✐♥t❡r✈❛❧ s②st❡♠s
❚❤❡ st❛❜✐❧✐t② ♦❢ t❤❡ ✐♥t❡r✈❛❧ s②st❡♠ ✐♥ ❊q✳ ✭❉✳✶✺✮ ❝❛♥ ❜❡ ❞❡❝✐❞❡❞ ❜② ❛♥❛❧②③✐♥❣ ❜② t❤❡ ♣♦❧②♥♦♠✐❛❧
[D](s)✳ ❆ s✐♠♣❧❡ ✇❛② t♦ t❤✐s ❛♥❛❧②s✐s ❝♦♥s✐sts ✐♥ ❞✐r❡❝t❧② ❛♣♣❧②✐♥❣ t❤❡ ❛❧❣❡❜r❛✐❝ ❘♦✉t❤✲❍✉r✇✐t③
✶✻✽
❝r✐t❡r✐❛ t♦ [D](s) ❬✶✼✷❀ ✷✶✻❪✳ ■♥ ♦r❞❡r t♦ ✐♥tr♦❞✉❝❡ ❛ r♦❜✉st♥❡ss ♦♥ t❤❡ st❛❜✐❧✐t②✱ t❤❡ ♣r❡✈✐♦✉s
r❡s✉❧t ✇❛s ❡①t❡♥❞❡❞ t♦ t❤❡ δ✲st❛❜✐❧✐t② ♦❢ ✐♥t❡r✈❛❧ s②st❡♠s ❬✶✼✷❪✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ t❤❡ st❛❜✐❧✐t②
❢r♦♠ t❤❡ ❑❤❛r✐t♦♥♦✈ t❤❡♦r❡♠ ❬✷✶✵❪ ✐s s✉♠♠❛r✐③❡❞ ❛s ❢♦❧❧♦✇s✳
❚❤❡♦r❡♠ ❉✳✹✳✶✳ ❈♦♥s✐❞❡r t❤❡ ✐♥t❡r✈❛❧ s②st❡♠ [G](s, [❛], [❜]) = [N ](s,[❜])[D](s,[❛]) ❞❡✜♥❡❞ ✐♥ ❊q✳ ✭❉✳✶✺✮✳
❆❧❧ ♣♦✐♥t s②st❡♠s ✐♥ t❤✐s ✐♥t❡r✈❛❧ s②st❡♠ ✐s st❛❜❧❡ ✐✐❢ t❤❡ ❢♦✉r ✈❡rt❡① ♣♦❧②♥♦♠✐❛❧s ♦❢ [D](s, [❛])
❛♥❞ ❣✐✈❡♥ ✐♥ ❊q✳ ✭❉✳✶✽✮ ❛r❡ ❍✉r✇✐t③✳
Pr♦♦❢✳ s❡❡ ❬✷✶✵❪✳
❚❤❡ ❛❜♦✈❡ ❑❤❛r✐t♦♥♦✈ t❤❡♦r❡♠ ✐s ❜❛s❡❞ ✐♥ ❛ ❢❛❝t t❤❛t t❤❡ ✐♥t❡r✈❛❧ ♣❛r❛♠❡t❡rs ❛r❡ ✐♥❞❡✲
♣❡♥❞❡♥t✳ ❲❤❡♥ t❤❡s❡ ♣❛r❛♠❡t❡rs ❛r❡ ❞❡♣❡♥❞❡♥t✱ t❤❡ t❤❡♦r❡♠ ❜❡❝♦♠❡s ❝♦♥s❡r✈❛t✐✈❡ ❛♥❞ t❤❡
❝♦♥❞✐t✐♦♥ ✐s ♦♥❧② s✉✣❝✐❡♥t✳ ❉✐✛❡r❡♥t ✇♦r❦s ❬✷✷✻✕✷✷✽❪ ❤❛✈❡ ❜❡❡♥ ❝❛rr✐❡❞ ♦✉t t♦ ❣❡♥❡r❛❧✐③❡
t❤❡ ❑❤❛r✐t♦♥♦✈ t❤❡♦r❡♠✳ ❋✐♥❛❧❧②✱ t❤❡ ▲②❛♣✉♥♦✈ st❛❜✐❧✐t② ✇❛s ❡①t❡♥❞❡❞ t♦ ✐♥t❡r✈❛❧ s②st❡♠s ✐♥
❬✷✷✸❪✳
❉✳✹✳✹ H∞✲♥♦r♠ ♦❢ ✐♥t❡r✈❛❧ s②st❡♠s
❚❤❡♦r❡♠ ❉✳✹✳✷✳ ❈♦♥s✐❞❡r t❤❡ ✐♥t❡r✈❛❧ s②st❡♠ [G](s, [❛], [❜]) ❞❡✜♥❡❞ ✐♥ ❊q✳ ✭❉✳✶✺✮✳ ❚❤❡ H∞✲
♥♦r♠ ♦❢ [G] ✐s t❤❡ ♠❛①✐♠❛❧ ❛♠♦♥❣ t❤❡ H∞✲♥♦r♠ ♦❢ t❤❡ s✐①t❡❡♥ ✈❡rt❡①✱ ✐✳❡✳✿
‖[G]‖
∞
= max
i=1→16
∥∥G(i)∥∥
∞
Pr♦♦❢✳ s❡❡ ❬✷✷✸❀ ✷✷✹❪✳
❲❤❡♥ t❤❡ ✐♥t❡r✈❛❧ s②st❡♠ [G] ✐s ✇❡✐❣❤t❡❞ ❜② ❛ ❢✉♥❝t✐♦♥ W (s) ✇❤✐❝❤ ✐s ❛ ♣♦✐♥t✱ ✐t ✐s ♥♦t
❛❞✈✐s❡❞ t♦ ❝♦♠♣✉t❡ t❤❡ ♠✉❧t✐♣❧✐❝❛t✐♦♥ W [G] ✜rst ❛♥❞ ❝♦♠♣✉t❡ t❤❡ H∞✲♥♦r♠ ♦❢ t❤❡ r❡s✉❧t✐♥❣
✐♥t❡r✈❛❧ ♣❧❛♥t ❛❢t❡r✇❛r❞s✳ ■♥❞❡❡❞✱ ❞❡✈❡❧♦♣♣✐♥❣ t❤❡ ♠✉❧t✐♣❧✐❝❛t✐♦♥ ♦❢ t❤❡ ✐♥t❡r✈❛❧s ♣♦❧②♥♦♠✐❛❧s
♣r♦❞✉❝❡s ❛ ♠✉❧t✐✲♦❝❝✉r❛♥❝❡ ♦❢ t❤❡ ♣❛r❛♠❡t❡rs ❛♥❞ t❤❡r❡❢♦r❡ ❛ s✉r❡st✐♠❛t✐♦♥ ♦❢ t❤❡ r❡s✉❧t✐♥❣
✐♥t❡r✈❛❧s✳ ❚❤✉s✱ t❤❡ H∞✲♥♦r♠ ♦❢ W [G] ✐s ❞❡✜♥❡❞ ❛s ❢♦❧❧♦✇s✿
‖W [G]‖
∞
= max
i=1→16
∥∥∥WG(i)∥∥∥
∞
✭❉✳✶✾✮
■♥ ❬✷✷✺❪✱ t❤❡ H∞✲♥♦r♠ ♦❢ t❤❡ s❡♥s✐t✐✈✐t② ❢✉♥❝t✐♦♥ ♦❢ ❛♥ ✐♥t❡r✈❛❧ s②st❡♠ [G](s, [❛], [❜]) ✐s
♣r♦♣♦s❡❞✳ ❚❤❡ s❡♥s✐t✐✈✐t② ♦❢ [G] ✐s ❞❡✜♥❡❞ ❜② [S] = 11+[G] =
[D]
[N ]+[D] ✱ ✇❤❡r❡ [N ] ❛♥❞ [D] ❛r❡ t❤❡
♥✉♠❡r❛t♦r ❛♥❞ ❞❡♥♦♠✐♥❛t♦r ❞❡✜♥❡❞ ✐♥ ❊q✳ ✭❉✳✶✺✮✳ ■t ❤❛s ❜❡❡♥ t❤❡♥ ❞❡♠♦♥str❛t❡❞ t❤❛t t❤❡
s❡♥s✐t✐✈✐t② [S] ❤❛s ♦♥❧② t✇❡❧✈❡ ✈❡rt❡① ✐♥st❡❛❞ ♦❢ s✐①t❡❡♥ ✈❡rt❡① ❛♥❞ t❤✉s ✐ts H∞✲♥♦r♠ ✐s t❤❡
♠❛①✐♠❛❧ ❛♠♦♥❣ t❤❡ t✇❡❧✈❡ ♥♦r♠s✿
‖[S]‖
∞
=
∥∥∥∥ [D][N ] + [D]
∥∥∥∥
∞
= max
i=1→12
∥∥∥S(i)∥∥∥
∞
✭❉✳✷✵✮
✶✻✾
✶✼✵
❆♣♣❡♥❞✐① ❊
❆♣♣r♦①✐♠❛t✐♦♥ s❝❤❡♠❡s ❢♦r ♥♦♥❧✐♥❡❛r
❞②♥❛♠✐❝❛❧ s②st❡♠s
❈♦♥t❡♥ts
❊✳✶ ❍❛♠♠❡rst❡✐♥✲❲✐❡♥❡r s❝❤❡♠❡ ✶✼✶
❊✳✷ ❍❛♠♠❡rst❡✐♥ s❝❤❡♠❡ ✶✼✷
❊✳✸ ❲✐❡♥❡r s❝❤❡♠❡ ✶✼✷
❈♦♥s✐❞❡r t❤❡ ♥♦♥❧✐♥❡❛r ❛♥❞ ❞②♥❛♠✐❝❛❧ s②st❡♠ ♣✐❝t✉r❡❞ ✐♥ ❋✐❣✳ ❊✳✶ ✇✐t❤ ❞r✐✈✐♥❣ ✐♥♣✉t u
❛♥❞ ♦✉t♣✉t y✳
nonlinear
and dynamical
system
❋✐❣✉r❡ ❊✳✶✿ ❆ ♥♦♥❧✐♥❡❛r s②st❡♠✳
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output
nonlinearity
linear
dynamics
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